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ON COMPACTNESS OF PRODUCTS OF TOEPLITZ OPERATORS
TRIEU LE, TOMAS MIGUEL RODRIGUEZ, AND SONMEZ SAHUTOGLU

ABSTRACT. We study compactness of product of Toeplitz operators with symbols continuous
on the closure of the polydisc in terms of behavior of the symbols on the boundary. For certain
classes of symbols f and g, we show that TT, is compact if and only if fg vanishes on the
boundary. We provide examples to show that for more general symbols, the vanishing of fg on
the whole polydisc might not imply the compactness of T¢T;. On the other hand, the reverse
direction is closely related to the zero product problem for Toeplitz operators on the unit disc,
which is still open.

Let Q) be a bounded domain in C". The Bergman space A%(Q)) consists of all holomorphic
functions on () that are square integrable with respect to the Lebesgue volume measure dV.
The orthogonal projection P : L?(Q)) — A2(Q) is known as the Bergman projection. For a
bounded measurable function f on (), the Toeplitz operator Ty : A%(Q2) — A%(Q)) is defined
as

T¢h = P(fh)
for h € A*(Q)). We call f the symbol of Tf.

There is an extensive literature on the study of Toeplitz operators on various domains. In
this paper, we are particularly interested in the case the domain is the polydisc and compact-
ness of product of Toeplitz operators whose symbols are continuous up to the boundary.

A classical approach to compactness of Toeplitz operators involves the Berezin transform.
For finite sum of finite products of Toeplitz operators on the Bergman space of the unit disc,
the Axler-Zheng Theorem [AZ98, Theorem 2.2] characterizes compactness in terms of the
behavior of the Berezin transform of the operator. In higher dimensions, the Axler-Zheng
Theorem is extended to the case of the polydisc as seen in [Eng99] and [CKL09, p. 232], and
the unit ball as shown in [Sud07, Theorem 9.5]. Recently, there have been a few generalizations
of this result in different directions. See, for instance, [6513, MSW13, CSZlS].

In this paper, we study compactness of products of Toeplitz operators in terms of the behav-
ior of the symbols on the boundary. More specifically, we would like to characterize functions
f, ¢ that are continuous on D" such that T¢Ty is compact.
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Coburn [Cob73, Lemma 2] showed that on the Bergman space over unit ball B, for f a
continuous function on BB, the Toeplitz operator Ty is compact if and only if f = 0 on bB. Fur-
thermore, [Cob73, Theorem 1] established a *-isomorphism ¢ : 7(B)/.# — C(bB) satisfying

o(Tr+2) = flos,

where 7(IB) is the Toeplitz algebra generated by {T,, : ¢ € C(B)} and . is the ideal of com-
pact operators on A%(BB). As a consequence, we see that for fi,..., fy € C(B), the product
Ty, - - - Tf, is compact if and only if the product f; - - - fy = 0 on bB.

On the polydisc D", the first author [Le10] showed that, in the context of weighted Bergman
spaces, for f € C(ID"), the Toeplitz operator Ty is compact if and only if f vanishes on bID".
Generalizing this result, the second and the third authors in [RS] proved that compactness of
the Toeplitz operator with a symbol continuous on the closure of a bounded pseudoconvex
domain in C" with Lipschitz boundary is equivalent to the symbol vanishing on the boundary
of the domain.

Motivated by Coburn’s aforementioned result, one may expect that the necessary and suffi-
cient condition for T Ty to be compact is that f¢ vanishes on bID", the topological boundary of
ID". However, we shall see in our results and examples that while the above statement holds
for a certain class of symbols, sufficiency is false in general. On the other hand, necessity is
closely related with the famous “zero product problem” in the theory of Toeplitz operators on
the unit disc, which is still wide open.

MAIN RESULT

LetT = Z].Zi 1 Tfp e Tfj,mj be a finite sum of finite products of Toeplitz operators with f; ;. €
C(ID). Coburn’s aforementioned result implies that compactness of T on A%(ID) is equivalent
to Zjlil fi1-+ - fim; = 0 on the circle. Therefore, throughout the paper we will assume that
n > 2 as the case n = 1 is well understood.

Before we state our results, we define the restriction operator Ry s : C(ID") — C(D"1) for
¢eTandk=1,...,nas follows.

Rigf(z1,.-12n-1) = f(C 21, Zu—1),
Ruef(z1,--- zn-1) = f(z1,-- -, Zn-1,G),
and
Rklgf(zl,...,zn_l) = f(z1, -, 2k-1,C 2k - - Zn—1)
for2<k<n-1land f € C(D").
In our main result, we give a characterization of compactness of the finite sum of finite

products of Toeplitz operators in terms of the vanishing of the operator restricted to the poly-
discs in the boundary.
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I

A%(D") for fix € C(ID") with n > 2. Then T is compact on A*(ID") if and only if

Theorem 1. Let T = Z]-]\Ll Ty, - Ty, bea finite sum of finite products of Toeplitz operators on
! ]

N
Zi TRk,ij,l T TRk,;‘f jim =0
]:

on A2(D" 1) forall € Tand1 < k < n.
As an immediate corollary we get the following.

Corollary 1. Let f; € C(ID") for 1 < j < m. Assume that for each ¢ € T and 1 < k < n there exists
j such that Ry s f; = 0 on D"~ 1. Then Ty, - - - Ty, is compact on A*(ID").

APPLICATIONS

Let ¢ and i be two functions in C(ID). We define f(z,w) = ¢(w) and g(z,w) = ¢(w) for
z,w € D. Then forany ¢ € T,

Rigf(w) = f(Gw) = g(w), Rygg(w) =g w)=p(w) forweD
and
Rogf(z) = 9(&), Rogg(z) =¢(¢) forzeD.
By Theorem 1, the product T¢Ty is compact on A?(ID?) if and only if T,T, = 0 on A*(D)
and ¢(&)y(g) = 0 for all ¢ € T. Since the second condition is actually a consequence of the

first, we conclude that for such f and g, the product T;T, is compact on A?(ID?) if and only if
T,Ty = 0 on A%(DD), which is equivalent to TfTg =0on A%(ID?).

Example 1. Let

1-2lw| for0 < |w| <3
p(w) = .
0 for |w| > 5,
and
0 for 0 < |w| < 1
p(w) = L
2lw| -1 for [w| > 5.

One can check that both operators T, and T are diagonalizable with respect to the standard
orthonormal basis and their eigenvalues are all strictly positive. Hence T, Ty # 0 on A%(D).
On the other hand, ¢ = 0 on D. Then for f(z,w) = ¢(w) and ¢(z,w) = ¥(w), we have
fg = 0 on D2 but T¢Ty is not compact on A?(ID?) as T,Ty # 0. This example shows that the
vanishing of fg on bID? (or even on ID2) does not imply the compactness of T¢Ts.

Example 2. Take f as in Example 1 and define
8z, w) = ¢(2) +(w).
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Then fg is not identically zero on ID? because f(0,0) = ¢(0,0) = 1and fg = 0 on bID?. Yet,
by Theorem 1, the product T T is not compact since for ¢ € T,

TRy f TR g = ToTy
is not the zero operator on A?(ID).

Remark 1. From the previous examples we see that fg = 0 on bID? is not a sufficient condition
for the compactness of T¢Tg. Is it a necessary condition? It turns out this question is related
to the zero-product problem for Toeplitz operators on the disc. More specifically, as in Example
1, we see that with f(z,w) = ¢(w) and g(z,w) = ¢(w), if the product T,T is compact on
A?%(ID?), then Ty Ty = 0 on A%(D) (which gives ¢y = 0 on T). However, it is not known if
this condition implies that ¢ip = 0on ID. For ¢ € T and z,w € D, we have f(¢, w)g(¢, w) =
o(w)p(w) and f(z,&)g(z, &) = ¢(&)Y(¢). So fg = 0 on bID? if and only if ¢y = 0 on ID.

In Proposition 1 below, we show that if the symbols are harmonic along the discs in the
boundary, then we have necessary and sufficient conditions for the compactness of the prod-
uct of two Toeplitz operators. A function f € C?(ID") is said to be n-harmonic if

82f
A]f o 482]'82]' =0

forallj =1,2,...,n. Thatis, f is harmonic in each variable separately [Rud69, pg. 16].
J p y P8

Proposition 1. Let f,¢ € C(ID") (with n > 2) such that for & € T, and 1 < k < n, the functions
Ry f and Ry g are (n — 1)-harmonic on D"~ 1. Then Ty Ty is compact if and only if fg = 0 on bID".

We note that in Example 1, both f and ¢ depend on the same single variable. In Proposition
2 below, we give a characterization when the symbols are product of single-variable functions.

Proposition 2. Let T = [1{L, Ty, be a finite product of Toeplitz operators on A*(ID") such that
fi(z) = TTi fix(z)) for fix € C(D)and z = (z1,...,24) € D" Let F = [TM, fi. Then the
following statements hold.

(i) If T is a nonzero compact operator, then F = 0 on bID".

(ii) If F = 0 on bID" and F is not identically zero on ID", then T is compact.

Remark 2. We do not know whether (i) in Proposition 2 still holds in the case T is the zero
operator. This is closely related to the zero product problem. More specifically, consider
f(z,w) = ¢(w) and g(z,w) = Pp(w), where ¢, € C(D). Then T = T;T, = 0 on A*(D?) if
and only if T, Ty = 0 on A%(D). On the other hand, F = fg = 0 on bID" if and only if ¢y = 0
on D. It is still an open problem whether T, Ty, = 0 on A%(DD) implies that ¢y = 0 on D.

Remark 3. The conclusion of (ii) in Proposition 2 does not hold if F is identically zero on ID".
Indeed, the functions f and g in Example 1 are of the type considered here and F = fg = 0
on D2 but T¢Ty is not compact on A?(ID?).
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In the proposition below, we show that when all but at most one of the symbols are poly-
nomials, compactness of a Toeplitz product on A?(ID?) is equivalent to the vanishing of the
product of the symbols on bID?. For this result, we need to restrict to dimension two. It would
be interesting to extend the result to all n > 2. See Remark 4.

Proposition 3. Let f1,..., fyand g1, . .., gn be polynomials in z,w and Z,@, and h € C(ID2). Then
Ty, -+ Ty TuTy, - - - Tgy is compact on A%(ID?) if and only if

fi--- fahgy - - gy = 0on bID?
PROOFS

Let BT(p) denote the Berezin transform of a bounded linear operator T : A?(D") —
A%(ID") at p € D". That is,
BT(p) = (Tkp, kp)
where
k(z) = & p)
K(p,p)

is the normalized Bergman kernel of ID".

We will need the following lemma whose proof is contained in the proof of Theorem 1 in
[CHS]. We provide a sketch of the proof here for the convenience of the reader. We note
that Bf denotes BTy whenever f is a bounded function and we use the following notation:
Z = (zp,...,24) € C" lforz = (z1,...,2,) € C". For functions h; defined on ID and h,

defined on D"~ !, we use h1h to denote the function hy(zq)ha(z') on D",

Lemma 1. Supposen > 2and p € C(D"). Letq = ({,q') € T x D"~ and define ; (z) = ({,2)
forz € D",
(i) If {hy : p € D"} is a bounded set in L2(ID"~1), then
~ D
lim [[(§ ~ 40 )kE || = 0.
(ii) If ¥1,..., ¥, € C(D") are functions independent of zy and W is any bounded operator on
L%(ID"), then

tim [[WTy—y, Ty, -~ Tyokyp|| = 0.

Proof. (i) Let € > 0 be given. By the uniform continuity of 1, there exists 6 > 0 such that for
allz/ e D",

[9(21,2") — Pe(z1,7)]

€
<
sup{|[ip |l 2 pn-1)} +1

whenever |z; — ¢| < 6.

Then,

|| (1/J - 1P§)k];]gjlhp||2 = || (1/J - lprf)k]]p?lhp||%2({Z€]Dn;|zl_§‘<§}) + || (1/1 - lprf)k]]p?lhp||%2({Z€]Dn;|zl_§‘2§})
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R N )Y
However,
sup{‘k];,)l(zl)‘ )z — ¢ > 5} — 0asp; — .
Then, limsup,_, ||( — 1/)§)k];?1 hy|| < e. Since € > 0 was arbitrary, we conclude that

lim [|(p — Yok lp|| = 0.

(ii) We note that k, = k]ll,ik];?n_l for p = (p1,p’). We define

n—1
hp =Ty, -~ Tyky  forp e D"
Since each ; is independent of z1, h; is independent of z; and hence it can be considered

as an element of L?(ID"~1). Note that the set {h, : p € D"} is bounded by || Ty, - - - Ty,||-
Furthermore, we have Ty, - - - Ty k, = k];?l hy. It follows that

[WTp—y Ty, - Ty kp|| < IWI - || (9 — 9p)k2 R,

which, by (i), converges to zero as p — q. O

Proof of Theorem 1. We first make the following observation. If ¢ is a bounded function on
D", then T, while initially defined on A%(ID" '), can be naturally considered as a Toeplitz
operator on A%(ID") with symbol E;¢(z1,z') = ¢(z'). This will not create any confusion due
to the fact that for 1 € A2(ID") independent of z;, the function T, ph is also independent of z;
and (Tg,oh)(z) = (Tph)(Z') forall z = (z;,2") € D"

Let ¢ € T. For each j and mj, the function fj,; can be written as fju, = (fjm — Ri,¢fjm;) +
Ry f]m] We then expand T = Zj]\il Tfj’1 e Tfj,m]- as

N
Tr= 21 (TRl,;‘fj,l T TRl,gfj,mj T T -Riefin TRigfin TRl,;‘fj,mj
]:
+Tf]1 Tfj,Z—Rl,gfj,z TRl,gffj,?a T TRl,gffj,mj +o Tfj,l Tf]Z Y Tfj,mjfl Tfj,mj_Rl,@fj,mj>
N N
= 21 TRl,;‘fj,l T TRl,gfj,mj + Zl (Tfj,l—Rl,gf i1 TR, o f j2 TR, o f jm
= =

+Tfj,1 Tf i2—Ruzfi2 TRl,éfj,s T TRl,éfj,mj Tt Tf]‘rl TfJ’,Z T T—,cf/’”]‘*lT—,cf"”j_erg—,cf"”j) )

Note that in the second sum, each summand has the form considered in Lemma 1(ii). We then
conclude that for any g = (¢,q') € T x D",

N
(1) ;lalgb HTkT’ B Z% TRigfin " TRugfimkp H =0
]:
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Now suppose that T is compact. Fix p’ € D"~1. Since k(p,p) — 0 weakly as p1 — ¢, the

compactness of T implies that ||Tk(,, ,»)|| — 0as p1 — ¢. Equation (1) then gives

= 0.

N

Since

N
D1 D"— 1
2 TRl,;‘fj, T, &fi, m; P1 ') Z TR, afin’ TRl,;‘fj,m (kplkp )
]:

o ]D ]Dn—l
k Z Tg, afin’ TRl,ij,mjkP/

and Hk]g | =1 for all py, (2) implies that

N T T k]Dn—l . 0
2 Rigfia """ " RugfimSp T
]:

Because p’ was arbitrary, it follows that Zjlil TRy TRy gf 1s the zero operator on A%(D"1).

Applying the same method for other values of k, we have

N
Zi TRk,ij,l T TRk,;‘f jim =0
]:

on A2(D" 1) for1 <k <mnandall¢ €T.
Let us now prove the converse. Let g = (&,4') € bID" with & € T and g € D"~1. Since
Z]'Zi1 TRysfir - TRy, fim; = 0, equation (1) implies that lim, ,, || Tk,|| = 0. As a consequence,
lim BT (p) = lim (Tky, ky) = 0.
The same argument is applicable for all g € bID". By Axler-Zheng Theorem for D" ([Eng99]
and [CKLO09, p. 232]), we conclude that T is compact on A%(ID"). O

Proof of Corollary 1. We assume that for each ¢ € T and 1 < k < n there exists j such that
Ryefi = 0. Then Tg, cfu TRy = 0on A%(ID"~1). Hence, Theorem 1 implies that Tf, - Tp
is compact on A%(ID"). O

Proof of Proposition 1. To prove the forward direction, we first use Theorem 1 to conclude
that TRk,ggTRk,gf is the zero operator on A2(D" Y forall¢ € Tand 1 < k < n. Since the
symbols Ry «f and Ry g are (n — 1)-harmonic on D", we apply [CKL07, Theorem 1.1] (or
[ACO1, Corollary 2] in the case n = 2) to conclude that either Rief = 0or Rggg = 0. Then
fg = 0on bID" as desired.



8 TRIEU LE, TOMAS MIGUEL RODRIGUEZ, AND SONMEZ SAHUTOGLU

To prove the converse we argue as follows. For each 1 < k < n and ¢ € T, since both
Ry zf and Ry g are (n — 1)-harmonic and their product is zero on D" 1, either Rief = Oor
Rizg = 0. Then Tg, .¢Tg,.f = 0 on A%2(D" 1) forall ¢ € Tand 1 < k < n. Theorem 1 now
implies that T, Ty is compact. U

Proof of Proposition 2. We first prove (i). Assume that T is a nonzero compact operator. Then
by Theorem 1 when restricted on the first coordinate, for any ¢ € T,

M M M
0=T1Trs = <Hf1,k(§)) HTJ”;
k=1 k=1 k=1

on A2(D"1), where fi(z2,...,24) = fox(z2) - -+ fuk(zn). Since T is not the zero operator, the
second factor on the left hand side above is a nonzero operator. This follows from the fact that
T can be written as the product

(11750 (117)

where the first factor acts on functions in z; and the second factor acts on functions in z/ =
(z2,...,2zn). Hence, ]_[,]{Vi1 f1x(&) = 0. It follows that

M M
F(& za,...zn) = [ [ fu(C 22, .. zn) = (Hhﬂé)) (
k=1 k=1

on T x D"~1. The same argument applies to other coordinates and we have F = 0 on bD".

n

M
Hfj,k(zf)> =0

i=2k=1

Next we prove (ii). Assume that F = H,](Vi 1 fx = 0on bID" and F is not identically zero on
ID". Choose g = (q1,---,qs) € D" such that fi(q) # 0 for all k, which implies that f;;(q;) # 0
for all j and k. For any ¢ € T, since z = (¢, g2, ..., qn) € D", we have

M n M
0="F(@) = ([[Ax@) T fixlay:
k=1 j=2k=1

Because the second factor is nonzero, it follows that HkM: 1 f1xk(€) = 0. As a result,

M M M
H TRy = <Hf1k(§)) H Tﬁ =0
k=1 k=1 k=1

on A2(ID""1), where, as before, fi(zo,...,2,) = fox(z2) -« fuk(zn). The same argument
applies to other parts of bID". Then Theorem 1 implies that T = [TM, Ty, is compact on
A%(DD"). O

The proof of Proposition 3 hinges on several elementary facts about polynomials that we
describe below. We use C|z,z| to denote the vector space of all polynomials in z and z.

The following lemma is well known. The proof follows from the fact that if a real analytic
function vanishes on a non-empty open set, it must be identically zero.
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Lemma 2. Let f € C|z,Z] be not identically zero. Then the set
{zeC: f(z) =0}

has an empty interior.

Lemma 3. Let f € C|z,z|. Assume that there exist infinitely many ¢ € T such that f(¢) = 0. Then
there is a polynomial ¢ € C|z,Z] such that f(z) = (1 — |z|?)g(z). In particular, f(Z) = O for all
ceT.

Proof. For non-negative integers s, t, we write

st |z|zt=s  ift >,
z°z
lz*zt ift <.
As a result, there are integers m, M > 0 and polynomials p; (for 0 < j < M) and g; (for
0 <j < m) of a single variable such that

M ) m
z) = ) pi(l21)2 + ) ai(|z*)7
j=0 j=0

By the hypothesis, there exists infinitely many ¢ € T such that

ZP] C“qu] 7 =f@ =0

This implies that p;(1) = g;(1) = 0 for each j. As a consequence, all p;(r) and g;(r) are divisi-
ble by 1 — r. We then conclude that f(z) is divisible by 1 — |z|?, from which the conclusion of
the lemma follows. d

Lemma 4. Let f(z,w) be a polynomial in z,w,Z, @ and let h € C(ID2). Assume that fh = 0 on bID?,
Then fly.p = 00r hly,p = 0and flp,p = Oor hlp,r = 0.

Proof. Assume that i does not vanish identically on T x D. By continuity, there exist a non-
empty arc ] € T and a non-empty open set V. C D such that (¢, w) # 0 forall { € | and
w € V. It follows that f(¢,w) = 0 for all such ¢ and w. For each ¢ € ], applying Lemma
2, we conclude that f(¢,w) = 0 for all w € D. Then for each w € DD, since f(¢, w) vanishes
on ] (which is an infinite set), Lemma 3 implies that f(¢,w) = 0 for all { € T. Therefore, f
vanishes identically on T x ID. The proof for D x T is similar. O

Lemma 5 ([Thil8, Corollary 1.8]). Suppose @1, ..., ¢np and Py, ..., PN are polynomials of z,Z in
Dand g € L*(D). If Ty, - - - Tpp TgTy, - - - Ty = 0 0n A*(ID), then one of the symbols must be zero.
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Proof of Proposition 3. Assume that Ty, - - - Ty, TjTg, - - - Tg, is compact on A2(ID?), then by
Theorem 1,

TRl,tjfl T TRLngTRLghTRl,ggl T TRl,ggN = TR2,§f1 T TRz,ngTRz,ghTRz,ggl T TRz,ggN =0

on A%(D) for all £ € T. By Lemma 5, one of Rigfi,--., Rigfm, Righ, and Ryggr, ..., Ryggn
is a zero function on D. Thus, f1 - - - fahg1 - - gy = 0 on T x ID. Similar argument works for
D x T. Therefore, f1 - - - fathg1 - - gy = 0on bID2.

For the converse, by Lemma 4, one of the symbols is identically zero on T x D. It then
follows that

TRL@fl T TRl,ng TRl,gh TRl,ggl T TRl,ggN = 0.
Similarly,
TRyefi* TRogfr TRoeh TRogg1 " TRy gen = 0-
Therefore, by Theorem 1, we conclude that Ty, - - - Ty, T; Ty, - - - Tg,, is compact on A%(ID?). [

Remark 4. It is desirable to generalize Proposition 3 to ID" for all n > 2. While Lemmas 2, 3
and 4 remain true for all n, Lemma 5 has only been known for the disc. In order to extend
Proposition 3 to all n > 2, one needs to prove a several-variable version of Lemma 5. Some
partial results have been obtained in the literature. For example, the main results of [CHS22]
imply that Lemma 5 holds in several variables when ¢ = 1 or when all ¢;, i, are monomials.
As a result, Proposition 3 holds on ID" for all n > 2 in the case h = 1, or in the case all f] and
gk are monomials.
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