Solution to Review Problems for Midterm i

Midterm II: Monday, October 18 in class
Topics: 3.1-3.7 (except 3.4)

1. Use the definition of derivative f'(z) = lim;,_.o % to find the de-
rivative of the functions.
(@) f(z) = V22 +3 (b) f(z) = 5.
Solution:
(a) First, let us find the expression
fx+h)—f(x) =+2(@+h)+3—v22+3=+v22+2h+3 -2z + 3. Now
f(x+h})b—f(a:) _ V22+42h43—v22+3 _ V22+2h+3-v2243  V224+2h+3+v2243

h - h V2x+2h+3++/22+3
_ (V2x+2h+3)2—(v/2043)2 _ 2z+2h+3—(224+3) 2h _ 2

h-(v2z+2h+3++/22+3) h-(v2z4+2h+34+v22+3)  h-(vV2x+2h+3+/2243) ~  (V22+2h+3+2x+3) "

1 flE+h)—f(z) _ 2
Thus f /2(33) = hmh—g T =m0 ZommsvaTs

= V221342213 2v2e13  V2zt3"

(b) First, let us find the expression

_ 1 1 1 1
fle+h) = f(z) = 2(z+h)+3  22+3 ~ 2z+2h+3  22+3

_ 2z+3 _ 2z+2h+3 _ 224+3—(224+2h+3) _ 2x43-22-2h—3 __ —2h
T (2z42h+3)(22+3)  (2z4+2h+3)(2z+3) — (2z+2h+3)(2z4+3) — (2z+2h+3)(2z+3) ~ (2z4+2h+3)(22+3) *
—2h)
flzth)—f(z) _ (at2r+3)Cet3) _ —2h _ —2
Now h = I = T ETE — iy Lhus
/ 1 fleth)—f(=) _ 1 —2
f(x) = limy—o h = limy, (2z+2h+3)(2213)
—2 _ -2

= (22+3)(2243)  (22+3)2°

2. Find the derivative of the following functions and simplify your an-
SWEers. ,
(@) 122° — 225 + 425 (b) (1 +4x)e ™ (c) (sec(x) + tan(x))?

(d) 2° cos(x) — 6xsin(z) — 6cos(z)  (€) (1i(§naéx))5

Solution: (a) First, we rewrite 122° — 7x2 +4gF =122° 3 724 dr So
(1225 ——+4x ) = (1215—%x*2+4x%2)’ = 1252 —2-(=2)x *3+4 (F)-x 5=

7332
602* + 7x - gx 3
(b) Applying the product rule, we have ((1 + 4z)e )" = (1 + 4z) e ** +
(1 +4x)(e™®) = 4™ + (1 + 4x)e 17 (—4x) = 4e™® + (1 + 4a)e **(—4) =

4e~1% — 4e™1® — 16xe™ 4 = —162c717,

(c) [(sec(x) + tan(z))?] = 3(sec(z) + tan(:p))2(sec(x) + tan(x))’

= 3(sec(x) + tan(x))?(sec(z) tan(x) + sec?(x))

= 3(sec(z) + tan(z))? - sec(x) - (sec(z) + sec(x)) = 3sec(z)(sec(x) + tan(x))>.
(d)(x cos(z) — 6z sin(x) — 6 cos(z)) = (2° cos(x))’ — (6xsin(z)) — (6 cos( ) =
5zt .COS( x) + :1:.'5(— sin(x)) — 6sin(x ).— 6x cos(z) — 6(— Sin(x_)) = 5zt cos(x) —
2°sin(z) — 6sin(x) — 62 cos(x) + 6sin(z) = 5% cos(z) — 2°sin(z) — 6z cos(z).
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(e) [( cos(z) )5]/ _ 5( cos(z) )4( cos(z) )/ _ 5( cos(z) )4((cos(;c))’(1+sin(gc))—cos(ac)(1+sin(a;))/)

1+si(n();r) ( ( ;;Esin(ac)( ) 1+siEl()z) 1+sin(z ) @ (1—&-251(11()@)2 )
- cos(x 4 ¢ (—sin(z))(1+sin(z))—cos(x) cos(z) cos(z) \4/ —sin(z)—sin?(z)—cos?(z
o 5( 1+sin(z) ) ( (1+sin(z))? ) o 5( 1+sin(z) ) ( (1+sin(z))? )

o cos(x) \4/ —sin(z)—1y\ _ cos(z) \4 —1 _ —5cos*(x)
o 5(1+sin(:v)) ((1+sin(a:))2) o 5( 1+sin(m)) ((1+sin(m))) " (1+sin(x))® "

3. Find the derivative of the following functions. You don’t have to sim-
plify your answer.

14e2%)5

(@) (2:c F13(1+e2)Y  (b) (2x+l) (c) tan(sin(ze?))  (d) Cotﬁ(%)
(e) W (f) e (g) sin®(2t) cos®(2t) () 2 tan3((1 4 22)?)

i) oz’ Clsijg )—a? (G) zte 37 cos(5z) () sin*i(Qx)_a:cos;(Qx) ] \/1 + t cos(t2) — %sm(ﬁ)

Solution:(a) [(2z + 1)3(1 + €22)]

2z\5
= Qe+ 1T+ + 20 +1)P[(1+e*))
product rule

=320+ 1)% 2o+ 1)(1+ ) + (20 +1)°-5- (1 +*)*- (1 + >

)
=32z + 1) 2-(14+e®)P 4+ 2z +1)2 -5 (1 +e*)t- e? . (22)
=62r+1)2- (1+e*)5+ 2z +1)3-5- (1 +e¥)t. 2.2
=62+ 1)%- (1 +€*)° + 102z + 1)3(1 + €**)*

(b) First, we can rewrite ((f_f;?; = (2¢ 4+ 1)*(1 + *)°

X 3 —
[(Ees] = [z + 1(1 + e2) 77

L ——
(22 +1)*) (14 €)% + (22 + 1)* [(1 + €*)7°)

2 (2::: +1)(1+e*)7° + (22 + 1)° =5) - (1+ 62;)*6 (14 ey
2.9. (1+e**)5 +(2x+1)3- (=5) - (1 +e*)7 0. e* . (22)

2 (1 + 6290)—5 + (21. + 1)3 . (_5) . (1 + 6290)—6 . eQw .9

(14 e*)5 =102z + 1)3(1 4 e**) 76

(c) [tan(sin(ze®))]" = sec?(sin(ze®))[sin(xe®)]" = sec?(sin(ze?)) cos(xe®)(xe®)’
= sec?(sin(xe®)) cos(ze®)(e® + ze®).
(d) Note that cot®(2) = (cot(2¢t71))%. So [cotS(2)]" = [(cot(2t))5)
= 6(cot(2t71)) - [cot(2¢t71)) = 6(cot(2¢t71))® - [—esc? (2t 1) (2t~ )
= 6(cot(2t71)) - [— esc?(2t7H)](—2t72).

1

. 7 . 7 o 2 2\ "1 7 I
(e) We can rewrite Vi® ~ ament 7(z°+e7) *. So (4/—x2+ex2) =
1 1

[7<x2 + ea;Q)*Z]/ _ 7[(%2 + eaﬂ)*z]/
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=T (h) @) T @ ey
=7 (—}l) (2 et )_j - (2x + e”Q(xz)’)
=7 (—}12) (2?4 e” )*Z 2z + ex2(2x)2).
( (esec(z’ ))l:esec( (sec( )) esec(x Sec(lj) tzi?(lz)(lz)i
%) sec(x )tan( 2. (2 )
() (sin®(2t) cos?(2t))" = (sin®(2t))’ cos®(2t) + sin®(2t)(cos®(2t))’
= 3(sin?(2t)) - (sin(2t))’ cos (2 ) + sin® (2t) 3- (cos (2t))(cos(2t))
= 3(sin?(2t)) - cos(2t) 2 - cos?(2t) +sin®(2t) - 3 (Cos (2t))(—sin(2t)) - 2.
(h) [3 tan3((1 +x )2)]’ ( 3) tan3 ((1+:c ) ) + 23 [tan®((1 + 22)?))/
=322 - tan®((1 + 2%)?) + 2% - 3tan?((1 + 2%)? )[tan((l + 22)?)]
= 3z% - tan®((1 + 22)?) +x -3tan?((1 + 2%)? )[sec (14 22)?))[(1 + 2*)?)
= 3z% - tan ((1+x)2)+ -3tan?((1 4 22)?)[sec?(1+22)H)] -2+ (1 +2?) - (22)
(i)Note that (CSC S2)-2% _ (e2% cse(3x) — 22)(1 + 22) 2.
S0 (“FE) = (67 sc(Be) — o7)(1 + ) 7
= [(e*” csc(3x) )14 2?72+ (e” ZCSC(?)J}) —aH) (142377
= ([e** cse(3z)] — xg(l +2?) 7% + (e cse(3z) — 2?) -2(—2 (14 2?)73](1 + 2%
= (67 sl + (@) — 2142277 (F ox(aa) =) (D14
= ([e*" - (2z) - cse(3x) + e*”(— cse(3x) cot(3x)) - 3] — 22)(1 + x2) 2
g)((ﬁx esc(3x) —a%) - (~ )[(1+93 )7°)(22).

e3® cos(5a:)) = (zte™3*) - cos(bz) + xte 3" (cos(5x))’

[(xt)e™ +z (e 32)1 . cos(bx) + ze™3*(—sin(5x)) - 5

= [4x3 - 73" + 2t 737 . (=3)] - cos(bz) + zte 3% (—sin(5x)) - 5.

(k) Note that Sin_im) _ peos@n) sin~’(2z)2! — 32 cos®(2x).
1

3
So (8n°Cn) xcos;’(?w))’ = (sin~°(2z)a~1) — 3(33 cos®*(2x))’

.77

(sin™(2 )) U4 sin™(22)(z71) — é(l‘ cos®(2x) —|—:v(cos3(2x))')

_ (—5)-(sin~ ( ))(sm(Zx))’:c_l—l—sm °(2x)- ( r—2— (c0s3(2x)+x~3(cosz(2x))(cos(2x))’)
= (=5) - (sin"%(2z))(cos(2x)) - 2- 2! +sin~?(2z) - (— )

— 3(cos(2z) + x - 3(cos?(2x))(—2sin(2x)) - 2)

(l) Note that \/1 + tcos(t?) — % sin(#?) = [1 + tcos(tZ) sm(tQ)]%.

So (\/1 +tcos(t?) — Esin(2)) = ([ + tcos(t2) Sln(tQ)] 1)

= 1[I + tcos(t?) — % sin(t?)] f[l + tcos(t?) — X sin(#)]'

= 2[1 + tcos(t?) — 2 2 sin(t2)] 2[¢ cos(t2)+t(cos(t2)) (2§ ) sin(t?)— 2; (sin(t?))]
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— 41+ teos(t) - B sin(?) “leos(2) + t(—sin(£2)) - (26) — (2£2) - sin(2) —
% (cos(t?)) - 2t].

4. Find the first derivative (y’) and second derivative (y”) of the following
functions.

@y=(6+3)°(b)y=ae™

Solution: (a)Note that y = (6 + 2)> = (6 +427')°. Soy' = [(6 + 42')*) =
56 + 427146 + 4z71) = 5(6 + 4o~ 1) (—4x72) = —20(6 + 4z~ 1)tz 2.
Y’ =[-20(6 + 4z~ ")z 72 = —20[(6 + 4z~ 1)*)x™2 — 20(6 + 4z~ 1) (z72)
=-20-4-(6+4x73((6 +4z7)) - 272 —20(6 + 4z~ 1)* - (—2273)
=-20-4-(6+4x7 13 (—4x7?) - 272 +40(6 + 4z~ 1)t - 273

=320 (6 +4z71)? o7 + 40(6 + 43;_1)4 73,

(b) y/ — (.Z‘363x)/ — (1’3)/ 3x + ( ) _ SIQ 3x +x363x .3

= 32%e% + 3133 = (322 + 323)e?”

y/l — [(31.2 +3I3>631]/ (31, —f—SJZ )/ 3z + (3ZE + 3x 3)(6336)

= (6z + 92%)e + (322 + 323)e3” - 3 = (62 + 92%)e “+(9x + 923)e3”
= (6z + 92% + 92 + 92°)e*” = (6x + 1822 + 923)e*

5. Use implicit differentiation to find %.

@2y -y’ =z M 2*+32°%y+y*=8 () T =2’ +y°
(d) cos(zy) +2° =4°  (e) ™ = sin(x + 5y)

In implicit differentiation, Suppose y = y(x) then (f(y)) = f'(y)y

Solution:(a) Differentiating 22y — y* = z, we get 2(zy)’ — (v*) = 2/ =

2¢'y+2xy —2yy = 1 = 2y+2zxy' —2yy’ = 1. Now we have 2xy'—2yy’ = 1—2y

=9y2r—-2y)=1-2y =1y = %

(b) Differentiating the equation, we get (23 + 322y + y3) = (8)’

=312 + 3(2%)'y + 322y + 3y*y = 0 and 322 + 6xy + 22%y' + 3y*y’ = 0. This

implies that 222y + 3y%y = —32% — 6zy, v'(22% + 3y*) = —322 — 62y and
2

Y = S

(c) Note that ;™ = 2* +y® is the same as (v +y) = (v — y)(z* — y?).
Differentiating the equation, we get (z + ) = [(z — y) (22 — y?)]

=14y = (z—y)(2® =) + (z —y)(a® — y*)=

Lty = (1—-y)(2* —y*) + (z —y) (2 — 2yy/)

= 1+y =22 -y’ —y/(2* —y?) +22(x —y) — 2y(z — y)y
=y +y(@?—y)+2y(x—y)y =2? —y* + 222 - 20y — 1 =32> — ¢y — 22y — 1
=y (1+ 2% —y* +2yr — 2y?) = 322 —y? —2zy — 1 and ¢/ (1 + 22 — 3y* + 2yx) =

2 2 — — is oi r_ Be?—y?—2ay—1
3z —y* — 2zy — 1. This gives y' = § T oy

/
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(d) [cos(xy) +2°]' = (3°)' = —sin(zy)(ay)’ + 5a* = 5y'y/

—sin(zy)(y + xy') + x4 y'y = —sin(xy)y — sin(zy)ry’ + 5zt = Syty’

—sin(zy)zy — 5y4y’ = (my)y 52 = 1/ (— sin(zy)r — 5y*) = sin(xy)y — St
sin(zy)y—5x*

y o 7sm(a:y):p 5yt

(€) (e™)" = (sin(z + 5y))" = e"(zy)" = cos(x + 5y)(z + 5y)’
e (y+ay') = cos(x+5y)(1+5y) = e™y+e™ry = cos(x+5y)+5 cos(z+5y)y’
—b5cos(x + by)y + e™ay' = cos(x + by) — €™y

y' (=5 cos(z + by) + e™x) = cos(x + by) — e™y
; _ cos(z+by)—e®Vy
vy = —5 cos(z+5y)+ervz

6. Show that (1,2) lie on the curve 223 + 2y* — 92y = 0. Then find the the
tangent and normal to the curve at (1,2).
Solution: Plugging (1,2) to the equation 2z* + 2y* — 9zy, we get 2- 1% +
2:22-9.1-2=2+2-8-18=2+16 — 18 = 0. This means that (1,2) lie
on the curve 223 + 2y% — 92y = 0.
Next we find 4’ by implicit differentiation.
Differentiating 2z° + 2y® — 9zy = 0, we get 2(z3) + 2(y*) — 9(zy) = 0 =
622 + 6y%y’ — 9y — 9y’ = 0 = 6y*y' — 9y’ = —62% + Yy
= ¢/ (6y* — 9x) = —62° + 9y = ¢/ = 76(;2_;5;3”.

At (1,2), we have y/(1) = 51492 = =618 _ 12 _ 1 g¢ the slope of
the tangent line is m = % and the point is (1,2). By the point slope
formula, we have y —2 = 3(z — 1).

From the slope of the tangent line, we know that the slope of the
normal line is m = —2.

So the equation of the normal line is y — 2 = —2(z — 1).

7. Find the normal to the curve zy + 2x — y = 0 that are parallel to the
line x + 2y = 0.
Solution: First we find ¢y’ by implicit differentiation.
Differentiating zy + 2z — y = 0, we get (zy) +2(z) — (y) =0
sy+tay+2—y =0=uay —y =—-y—2
= y'(x — 1) = —y—2 = y = =22 So the slope of the tangent line at
(z,y) is
—_xy;_lz =1 +2 The equatlon x+ 2y = 0 can be rewritten as 2y = —z and
y = —1z. So the slope is m = —31. At (z,y), the slope of the normal to
the curve xy + 2¢ — y = 0 that are parallel to the line x + 2y = 0 must
have slope —;. This implies that {7} = -5, 22—-2= —y—2and y = —2z.
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Plugging y = —2z into the equation of the curve zy + 2z —y = 0, we
get z(—2r)+2r — (-22) =0 = -2+ 2x +20 =0 = 22 + 42 =0 =
2¢0(x —2) = 0 = o = 0or z = 2. Recall that y = —2z. This implies that
y =0 or y = —4 So the point is (0,0) and the slope is (2, —4). Recall the
slope of the normal line is —%. So the normal line parallel to 2+ 2y =0
are y = —iz (point=(0,0))and y + 4 = —1(z — 2) (point=(2, —4)).



