Solutions to Linear Algebra Practice Problems 1

1 2 -2 0 7 10 4 0 -3
-2 -3 1 -1 -5|. . 01 =30 5
1. Show that A = 3 4 0 -2 _3 is row equivalent to 00 0 1 —4
3 6 —6 5 1 00 0 0 O
1 2 =2 0
1 2 -2 0 7
| P 0 1 -3 -1
Solution: A = 3 4 0 -2 -3 ~ (2= rat2n) -3 —4 0 =2
3 6 —6 5 1
3 6 —6 5
12 -2 0 7
: 3) 01 -3 -1 9 ( 3r1)
~ (rg == r3 + 3r ~ g = Ty or
PRIV 0 2 6 2 18 e
36 =6 5 1
1 2 =2 0 7 12 -2 0 7
01 -3 -1 9 01 -3 -1 9
~ (rg:=r3—2ry)
02 -6 -2 18 00 0 0 0
00 0 5 =20 00 0 5 =20
12 -2 0 7
: /5) 01 -3 -1 9 ( )
~ (rg < ryr3 =T ~ =
3 14,73 3 00 0 1 -4 2 2008
00 0 0 0
12 20 7 10 40 -3
01 -30 5 01 -305
~ (7”1 = T1—2T2)
00 0 1 —4 00 0 1 —4
00 0 0 O 00 0 0 0

2. Determine if the following systems are consistent and if so give all
solutions in parametric vector form.



T —21‘2 =3

201 —Tz9g =0
—br1 +8ry =
1 -2 3
Solution: The augmented matrix is 2 =7 0| ~ (ro:=mry—2r)
-5 8 5
1 -2 3 1 -2 3
0 -3 —6 |~ (r3:=r34+5r1) | 0 -3 —6
-5 8 5 0 -2 20
1 -2 3
~ (rg:=mry/ —=3,r3:=1r3/—=2) | 0 1 2 ~ (rg:=r3—rm9)
0 1 -—=10
1 -2 3
0 1 2 . The last row implies that 0 - xo = —12 which is
0 0 -—12

impossible. So this system is inconsistent.
(b)
1 +2Q32 —31’3 +xry = 1
—X1 —2l’2 +4x3 —Ty =
—2x7 —4ry +Tr3 —x4 =1
1 2 =3 1 1
The augmented matrixis | =1 —2 4 =1 6 | ~ (ro:=1ry+71])

-2 -4 7 =11

1 2 -3 1 1 12 -3 11
0 0 1 0 7|~ (rge=r3+2r) [0 0 1 0 7
—2 -4 7 -11 00 1 13



12 -3 1 1 1 -2 3
~ (7"3 = ?"3—7“2) 0 0 1 0 7 ~ (7“1 = 7"1—7“3) 0 1 2
|00 0 1 —4] 0 0 -—12
(12 -3 0 5 | 1200 26
~(rii=mr-r3) |00 1 0 7 [~ (ri:=m+3r) |0 010 7
00 0 1 —4 0001 —4
So x4 is free. The solution is x; = 26 — 2x9, x5 = 7, x4 = —47. Its
T 26—2$2 26 —2
. . To| ) - 0 1
parametric vector form is o] = . =~ + 9 0
T4 —4 —4 0
13 -4 7
3. Let A=1(2 6 5 1].
39 4 5
(a) Find all the solutions of the non-homogeneous system Az = b,
-1
and write them in parametric form, where b = | —2|. Solution:
-3
13 -4 7 -1
Consider the augmented matrix [A ] = [2 6 5 1 —2|.
39 4 5 =3
Now we perform row operations on the augmented matrix.
13 -4 7 -1 13 -4 7 -1
2 6 5 1 -2 To i=— (—2)7’1 +7“2,7"3 = (—3)?"1 + 73 0 0 13 -13 0
39 4 5 =3 0 0 16 —-16 O
o 13 -4 7 -1
7"212%37"277“32:1—167“3,7“32:7“3—7“2 0 0 1 —1 0
00 0 0 O
o 130 3 -1
7‘11:4’/“2—|—T‘1 0 01 -1 0
000 0 O

So the solution is



Ty + 3x9 + 314 = —1
ZL‘3—ZE4:0 (1)

T9 and x4 are Iree.

So
I = —1- 31‘2 — 3.1'4
T9 is 1Iree
- (2)
T3 = X4
x4 I8 1ree.
-1
Thus the solution of Ax = | —2]| is
-3
Ty —1 — 329 — 314 —1 -3 -3
v= || = 2 —0+x1+x0
N Z3 o Ty N 0 2 0 4 1
Ty T4 0 0 1

where x5 and x4 are any numbers.

Find all the solutions of the homogeneous system Ax = 0, and
write them in parametric form.

Solution:From previous example, we know that the solution of
Ax = 0 is of the form

-3 -3
1 0
T = To 0 + x4 1
0 1

where x5 and x4 are any numbers.

Are the columns of the matrix A linearly independent? Write
down a linear relation between the columns of A if they are de-
pendent.

Solution: Since Ax = 0 has nontrivial solution, we know that the
columns of the matrix A are linearly dependent. The solution is

-3 -3
1 0 .

=12 | + x4 Rk Choosing o, = 1 and x3 = 0, We have
0 1



[—3
ST = (1) . This implies that
0
1] 3 —4 7 0
3121 +1-16] +0 51 +0-(1] = |0
3 9 4 5 0
1 0 1 0
2 1 -3 1
4. Let S = Span{ 3 , 1 , 9 , 1 }
1 -2 3 -3
a
(a) Find all the vectors u = ZC) such that the u is in S. Write these

d
u in parametric form. Justify your answer.
Solution: Note that u € S iff the following system is consistent.

1 0 1 0 a 10 1 0 a

-2 1 -3 1 b 0 1 -1 1 b+2a
~ (rg :=1ro+2r1)
3 1 2 1 ¢ 3 1 2 1 c
1 -2 3 -3 d 1 -2 3 -3 d
1 0 1 0 a
0O 1 -1 1 b+2a
~ (r3:=r3—3r)
1 -1 1 c¢—3a
1 -2 3 =3 d
1 0 1 0 a
( 3) 0 1 -1 1 b+2a ( )
~ (rgy =14 —3r ~ (r3:=mr3—r
T 1 2101 e—3a P
0 -2 2 -3 d-—a



1 0 1 0 a 1 0 1 0 a
0 1 -1 1 b+2a 01 -1 1  b+2a
~ (T’4 = 7”4+27"2)
0 0 0 0 c—5bHa-—-0b 00 0 0O c¢c—b5a—05b
0o -2 2 =3 d—a 00 0 -1 d+3a-+2b
10 1 0
( | 01 -11 b+2a .
~ (T < 13,7 —r IS Sys-
B Y100 0 1 —d—3a—2b Y
00 0 O c—5Ha—0>
a
tem is consistent if c — 5a—b =0. Soc = 5a+b and u = ZC) =
d
a 1 0 0
b 0 1 0
satb| — sl TO1] T4 0|
d 1 0 1
—1
3 )
(b) Isv = 9 in S.
1

Solution: We have a = —1, b = 3 and ¢ = —2. So ¢ — 5a — b =
—24+5-3=0So0veESs.

1

3 .
(c¢) [sw= _o | n S.

1
Solution: We havea =1,b=3and ¢ = —2. Soc—ba—b=—-2—-5-3 =
—10 # 0 So v is not in S.

5. Consider a linear system whose augmented matrix is of the form

LW = =
(G2 3 N
Q= =
_ SN



(a) For what values of a will the system have a unique solution? What
is the solution?(your answer may involve a and b)

(b) For what values of a and b will the system have infinitely many
solutions?

(c¢) For what values of a and b will the system be inconsistent?

Answer:
1 1 1|2 111 2
1 2 11]b ~ (7’2:27'2—'—(—1)7"1) 01 0 b—2
3 5 all 35 a 1
11 1 2
0 2 a-3 -5
11 1 2
~ (rg:=rzg+(=2)rs) |0 1 0 b—2
00 a—3 —-1-20
(a) If a — 3 # 0 then previous augmented matrix is row equiva-
111 2
lent to (73 == —tzrg) | 0 1 0 b—=2 | ~ (ry := r —r3)
~1-2b
001 ==
110 2442
010 b-2
—1-2b
00 1 ==

100 4442
~ (7"12:7'1—7’2) 010 b—2

00 1 =1=2b
a—3
The system will have a unique solution when a # 3. The solution
isx1:4+1a+—_23b—b, xgzb—Qanda:QZ_al%gb.

(b) The system will have infinitely many solutions if « —3 = 0 and
—1-2b=0, i.ea:3andb:—%.

(¢) The system will be inconsistent if a —3 =0 and —1 —2b # 0, i.e
a=3andb# —1.



e
4 =2
6. (a) 0o ol = [v1 v9]. We have v; = —2vy. So the set of column
vectors is linearly dependent.
e
(b) | 4 —2]|. The first column vector is not a multiple of the second
2 2
column vector. So the set of column vectors is linearly independent.
1 1 0
110
011 — 0 1 1
(c) 1o 1| Emorra=ran 0 11
1 00
0 -1 0
1 1 0
0 1 0
~ T = —Ty, Ty = T9 ~ T3 = T3+T2,T4 =Ty — T2
0 —1 1
0 1 1
110 1 00
010 010
N~y =Ty —T3,T =11 — T2 .50 X =19 =
001 00 1
0 01 000

x3 = 0. Thus the columns of the matrix is linearly independent.

This matrix has three pivot vectors. So the columns of the matrix form
a linearly independent set.



o O O = O O O =
|
—_
|
[\

1 1 3 —

0 1 2 Tyi=T4—T1 L2
1 -1 -1 s i =73 —7T1 -2 —4
1 0 1

—_—
r3 =13+ 2ry

[ 1

0

ra=rs+re | 0 f-=rn-—nr
| O

S O N W
[ s N
[ s

1
1
0
0

This matrix has only two pivot vectors. So the columns of the matrix
form a linearly dependent set.

(e)

The column vectors of

-4 -3 1 5 1
2 -1 4 -1 2
1 2 3 6 =3
5 4 6 =3 2

form a dependent set since we have five column vectors in R*. We will
have at least one free variable for the solution of Az = 0.

. (a)

1 1 2 - 11 2

M=11 a+1 3 |re=ro+(=Lry,rs:=rs+(=1)r; |0 a 1
1 a a+1 0 a—1 a-1)

. — 11 2 o 1 2

ryi= ——rgifa—1#£0m o |01 1r=ry+(-a)r |01 1
0 a 1 00 1—a]

Thus the column vectors are independent if a # 1.
(b) The column vectors are dependent if a = 1.



P =
5
CL
.’:h
CL
i
ﬁ\

2) = T(el) + T(@Q), T(61 — 62) =
e1)+T(e3)+T(e3). The conditions

and T'(e; + e+ €3) = [_12} can

T(e2) + T(e) = _11]
T(er) = Tlez) = j )
T(er) +T(ex) + Ties) = _12]

10



