Solution to Linear Algebra (Math 2890) Review Problems II

1. (a) What is a subspace in R"?

Solution: A subspace of R" is any set H in R" that satisfies the follow-
ing three properties. (I) The zero vector is in H. (II) For each u and v
in H, then u+ v is in H. (III) For each w in H and each scalar ¢, the
vector cu is in H.

(b) Is the set {(x,y, z)|x + y + z = 1} a subspace?
Solution: This is not a subspace since the zero vector (0,0, 0) is not in
the set.

(c) Is the set {(x,y,2)|r —y — 2=0,2+y — 2z = 0} a subspace?
Solution: Yes. This is a subspace. This can be regarded as the nullspace

. 1 -1 -1
of the matrle—[l L 1l

Here Nul(A) = {(z,y, 2)| E _11 :ﬂ y| =0}.

(d) What is a basis for a subspace?
Solution: A basis for a subspace H of R" is a linearly independent set
in H that spans H.

(e) What is the dimension of a subspace?
Solution:The dimension of a nonzero subspace H is the number of vec-
tors in any basis for H.

(f) What is the column space of a matrix?
Solution: The column space of a matrix A is the set of the span of the
column vectors of A.

(g) What is the null space of a matrix?
Solution:The null space of a matrix A is the set of all solutions to the
homogeneous equation Az = 0, i.e. Nul(A) = {z|Ax = 0}.

(h) What is an eigenvalue of a matrix A?

Solution: Let A be a n X n matrix. A scalar A such that Az = Az
for some x # 0 is called an eigenvalue and the corresponding vector is
called an eigenvector.



(i) What is an eigenvector of a matrix A7

Solution: Let A be a m x n matrix. A scalar A such that Ax = Az
for some x # 0 is called an eigenvalue and the corresponding vector is
called an eigenvector.

(j) What is the characteristic polynomial of a matrix A ?
Solution: The polynomial det(A — AI) is the the characteristic polyno-
mial of a matrix A.

(k) What is the subspace spanned by the vectors vy, vy, ---
lution: The subspace spanned by vy, va, -+, v, is the set of all pos-
sible linear combination of vy, v, ---, v,, i.e. Span{vy, -+, v,} =
{c1v1 + cova + - - + cpupler, o, - -+, ¢y are Teal numbers}

, Up? So-

. Find the inverses of the following matrices if they exist.

- 1 -1 1 _—
A= ,B=1|2 3 1 [,C=1|56 T7]|.
o 8 9 10
-1 0 -1
Solution: (a) Since det(A) = —1, we have A~! = L. L2y -1 =2
‘ Y T4 7| =4 -7
(b)
1 -1 1100 o 1 -1 1|1 0 0]
2 3 1010 |rg:=rm—-2n]0 5 —-1/-210
-1 0 -1/0 0 1 -1 0 —-1[0 0 1]
- 1 =1 1]1 007
rai=r3+rm |0 5 —1|—=2 1 0
0 -1 0|1 0 1]
__ (1 -1 1|1 0 0]
ry = —r3,r3g:=19 | 0 1 0 |-1 0 -1
0 5 —1|-21 0 |
1t =1 11 o0 0]
7“32:7'3—57'2 0 1 0 -1 0 -1
0 0 —1|3 1 5 |
__ (1 -1 04 1 5]
ri:=ri+r3rg:=—r3| 0 1 0]|—-1 0 -1
0 0 1|-3 -1 -5




e~

1 00
rn:=r1+mr |01 0/—-1 0 -1
0 01

-3 -1 =5
3 1 4
SoBt=|-1 0 -1
-3 -1 =5

23 41100 o 23 411 00
5 6 71010 7’21:7“2—27°1 10 —-1|{-2 1 0
8 9 10/0 0 1 18 9 10| 0 0 1
10 —-1|-2 1 0]

re—mr |23 411 00

189 100 0 1|

o (10 -1|-2 1 0]
roi=1r9—2r,r3:=r3—8r; | 0 3 6 | 3 -1 0
|09 18|16 -8 1 |

o (10 -1|-2 1 0]

rg:=r3+(=3)ro | 0 3 6 | 3 -1 0

00 0|7 =51

So C only has one free variable ( or two pivot vectors) and C' is not
invertible.

3. (a) Let A be an 3 x 3 matrix. Suppose A® 4+ 2A4% —3A+41=0.Is A
invertible? Express A~! in terms of A if possible.
Solution: From A3 +2A4%2 —3A+4] = 0, we have A3 +2A? —-3A = —41,
AA? +2A—31) = -4l and A- (—3(A*+2A-3I)) = 1. So A™! =
—2(A* 424 - 30).
(b) Suppose A% = 0. Is A invertible?
Solution: If A is invertible then A72A43 = A720 and A = 0 which is not
invertible. So A is not invertible.

4. Find all values of a and b so that the subspace of R* spanned by



0 b -2
{ 1 , I , 2 } is two-dimensional.
0 —a 0
-1 1 0
0O b =2
. . . 1 1 2
Solution: Consider the matrix A =
0 —a O
-1 1 0
1 1 2
) T 0O b =2
interchange first row and second row 0 —a 0
-1 1 0
1 1 2
T4 ::/;1/ + 74 b2
0 —a 0
0o 2 2
1 1 2
) 0o 2 2
interchange second row and forth row 0 —a 0
0O b -2
1 1 2 11 2
divide second row by 2 8 —1a (1) r3 =713+ arq,ry =14 — bro 8 (1) 01L
0O b -2 00 —2-—b

Now the first and second vectors are pivot vectors. So rank(A) = 2 if
a=0and -2—-b=0.

Soa=0and b= —2

1 3 0
.Let B={|0 |,]2 |,|0 [} Youcan assume that B is a basis for
0 1 2
RB
1
(a) Which vector x has the coordinate vector [x]p = |—1
2



1 30 1 30 1 1-3+4+0
Let A= [0 2 0|.Soxz=Alz]p=|0 2 0| [-1 | =[0—-240
01 2 01 2 2 0—-1+14
—2
-2
3
2
(b) Find the (-coordinate vector of y = | —2
3
2
Solution. We have to solve Ax = | -2
3
1 3 0] 2 o 1 3 0] 2 1 30
0202]7‘257“2 001 0|1 |rm=rs—7r| 01 0[-1
012} 3 012} 3 0 0 2
___ [130]2 - 100|5
7’3':%7’3 01 0|-1|ri=r1—3 |01 0|-1
00 1] 2 00 1] 2
)
So [ylp = |—1
2
Let
1130
M=11 2 51
1 3 7 2

(a) Find bases for Col(M) and Nul(M ), and then state the dimensions
of these subspaces

1130 1130
Solution: (1 2 5 1| ry:=—r +?2_,\7§:: —ro+r3 |0 1 2 1
13 7 2 0 2 4 2
o 1130 o [ -1
rg:=—2ro4+r3 |0 1 2 1| r :=—=2ry+1r;
0000

So the first two vectors are pivot vectors and {

1
2 1
0 O
1
. |2 |}isabasis
3

I
1 O~ O



for Col(M) and dim(Col(M)) = 2.
The solution to Mx =01is 21 +x3 — x4 = 0 and x9 + 223 + 24 = 0. So

—x3 + T4 -1 1
—21‘3 — T4 —2 —1 .
xr = =13 + x4 . Hence the basis for Nul(M)
I3 1 0
Ty 0 1
-1 1
is { _1 : _01 } and dim(Nul(M)) = 2.
0 1

(b) Express the third column vector M as a linear combination of the
basis of Col(M). From the row reduced echelon form, we know that
column(3) = 1 - column(1) + 2 - column(2)

3 1 1
So |5 = [1| +2|2].
7 1 3
1 1
. Find a basis for the subspace spanned by the following vectors { | 1| , |2
1 3
What is the dimension of the subspace?
1130
Solution: Consider the matrix A= |1 2 5 1
1 3 7 2
From previous example, we know that the first two vectors are pivot
1 1
vectors and { |1 |, [2 |} is a basis. The dimension of the subspace
1 3

is 2

. Determine which sets in the following are bases for R? or R®. Justify
your answer

-1 2 : . 2 —1
(a) {2 ],{_4 } Solution: Since {_4 } = -2 [ 5 }, the set

{{_21 } , [_24 }} is dependent. It is not a basis.



10.

-1 1 2
(b) | 2 .11 |,]0 | . Yes. This set forms a basis since they are
1 0 0
independent and span R3.
-1 1
() | 2 ;11
|1 1
This is not a basis since it doesn’t span R3.
(d) _21 ] , {_11 ] . This set forms a basis since they are independent
and épan R3
—1 1 2
(e) | 2 |1 10 1,1 . This is not a basis since it is de-
1 0 0 3
pendent.
Let A be the matrix
g {—3 —4]
—4 3|

Find a polynomial f(A) in A such that f(A) = 0. Verify your answer.

: -3-)\ -
Solution: 1. A — M\ = [ 4 3_)\1.

So det(A—A)=(—3-MN)(B-A)—16=A—9—16= A2 —25

2. Let f(A) = A% — 251. Then A% — 25I = 0. One can verify this by

-3 —4||-3 —4 25 0 10
. 2 . . . .
checking A® = [ 1 3 ] { 4 3 ] = [0 25} = 25 {O 1} = 251.

Hence A% — 251 = 0.

Let A be the matrix

— = N

11
21
1 2
a) Prove that det(A — \I) = —(A — 1)2(\ — 4).

b) Find the eigenvalues and a basis of eigenvectors for A.
c¢) Diagonalize the matrix A if possible.

d) Find an expression for A
e) Find the matrix exponential e?. Solution.

(
(
(
(
(



2—A 1 1

a. 1. A=\l = 1 2—A 1
1 1 2—-A

Sodet(A—X)=2-XA4+141-2-N)—-(2-XN)—-(2-)) =
(4—4AX+2A2)(2=AN)+2—64+3A =8 —8A+2X2 — 4\ + 4\ — X3 —4+ 3\
= M +6M2 -9 \+4 = —(A—1)%(A—4). So the characteristic equation
is —(A—1))(A—4) =0.
2. Solving the characteristic equation —(A—1)*(A—4) = 0, we get that
the eigenvalues are A =1 and A = 4.

3. When A = 1, we have

2—1 1 1 1 11 1 11
AXN=| 1 2—-1 1 |=11 1|ri=r—rLrs:=r5—7r.10 0 0
1 1 2—1 1 11 000
The solution of (A —I)x =0is 1 + x5+ 23 = 0 and x; = —z3 — x3 So
T —Ty — I3 -1 —1
Null(A—=1T1)={|xs| = To =z | 1| +23| 0 |}
xs3 xs3 0 1
-1 -1
The basis for the eigenspace corresponding to eigenvalue 1is{| 1 | , | 0 |}
1
4. When X\ = 4, we have
2—4 1 1 -2 1 1
A=) = 1 2—4 1 =11 -2 1
1 1 2—4 1 1 =2
o 1 -2 1
interchange 1st row and 2nd row = |—2 1 1
1 1 =2
o 1 -2 1 o
ro:=ro+2ry,r3:=r3—1r; = [0 =3 3 | ro:=1ry/3, 19y +7T5 =
0 3 -3
1 -2 1
0 1 -1
0 0 0
o 1 0 -1
roi=1r1+2rp =10 1 -1
0 0 O



11.

The solution of (A —4[)z = 0is x; —x3 = 0 and 29 — x3 = 0. This

T3
implies that 1 = x3, x9 = z3 and 3 is free. So Null(A—1I) ={|z3| =
T3
1
xg [1]}.
1
1
The basis for the eigenspace corresponding to eigenvalue 4 is {| 1|}
1
-1 -1 1
So A is diagonalizable with A = PDP~!where P= | 1 0 1| and
0 1 1
1 00
D=0 10
0 0 4
1 0 0
Hence A =P |0 1 0| P1
0 0 4*
e 00
Also et = PePP 1 =P |0 e 0| P!
0 0 e
2 11
Let B be the matrix |0 2 1
0 0 1
(a) Find the characteristic equation of A.
2—A 1 1
Solution: B — A\l = 0 2-2A 1

0 0 1—A
So det(B — M) = (2 — A\)?(1 — \). The characteristic equation of A is
(2—=N)?*1-))=0.

(b) Find the eigenvalues and a basis of eigenvectors for B.



Solving (2 — M)?(1

A=2and A\ =1.
When \ = 2, we have
2-—2 1
B -\ = 0 2-2
0 0

—_——

To =79+ 13,71 =71+ 73 =

The solution of (B — 2[)z =

— A) = 0, we know that the eigenvalues of B are

01
0 0
00—1
0

1

0

]

0is o = 0, 3 = 0 and z7 is free. So

2

[0 1
0 0
[0 0

T 1
Null(B=2I)={|0| =z, |0] }.
0 0
1
The basis for the eigenspace corresponding to eigenvalue 2 is { [0 | }.
0
When A =1, we have
2—-1 1 111
B -\l = 0 2-1 =10 11
0 0 1-1 000
o 100
T =Ty —T9 = 011
000
The solution of (B — I)x = 0is x; = 0 and x5 + 23 = 0 So x; = 0,
0 0
x9g = —xg and x3 is free. Null(B—1)={|—-x3| =3 |—1]|}.
T3 1
0
The basis for the eigenspace corresponding to eigenvalue 1 is { [ —1
1
1 0
So [0] is an eigenvector corresponding to eigenvalue 2 and |[—1] is
0 1

an eigenvector corresponding to eigenvalue 1

(c) Diagonalize the matrix B if possible.

10



12.

From (b), we know that B has only two independent eigenvectors and
B is not diagonzalizable.

Find an basis for W+ for the following W. Verify your answer.

—1
(a) W = Span{| 2 }.
1
T —1
Solution: W+ = {x = |z r-| 2 =0}
T3 1
2x9 + X3
So —x1 + 229 + 23 = 0 and 1 = 229 + x3. Hence x = T =
x3

2(132 ZT3 2 1 2 1
Ty | + 0| =29 |1 +23|0]. So{|1]|,]|0]} is a basis for W.
x3

0 0 1 0 1
2 -1 1 -1
We can check that |1 - | 2 =—-24+2=0and [O] -] 2 =
0 1 1 1
-1 2
(b)W = Span{ | 2 -3 |}
1 1
I —1 2
Solution: Wt ={ox = |z || z-| 2 =0,z- -3 | =0}
T3 1 1

So —z1 + 279 + 23 = 0 and 27, — 375 + 23 = 0. Hence W+ = Nul(A)

-1 2 1
WhereA_[2 3 1}.

-1 2 10
2 =310

Perform row reduction on [

1 -2 -1 0 1 0 50
~ (Tl = —T1,T2 = T2+2T2) |:0 1 3 0:| ~ (7’1 = 7’1+27‘2> |:O 1 3 O:|
So 1 + bx3 = 0 and x5 + 3x3 = 0. Hence 1 = —b5x3 and x5 = —3x3.

11



13.

—513 [—5] -5
r=|-3z3| =x3 |—3|. So {|—3]|} is a basis for W+.
T3 L 1 i 1
[—5] [—1 -5 2
We can check that |—3]-] 2 =5—6+1=0and |—3|-[-3 =
RN 1] [
—104+9+1=0.
—1 2
(a) Let W = Span{uy,us} where uy = | 2 | and us = [2|. Show
—2 1

that {u,us} is an orthogonal basis for .

-1 2
Solution: Compute uq -us = | 2 2| =—2+4+4—-2=0. So {uy,us}
—2 1
is an orthogonal basis for W.
[—1
(b)Find the closest point to y = | 5 | in the subspace W.
1
-1
Solution: The closest point to to y = | 5 | in the subspace W is
1
) — Yyu yu
Projw(y) = Lur + g,
-1 -1
Computey-u;=|5H|-|12|=1+10-2=09,
1 —2

~17 [-1
w =212 =1+4+4=09,
2
2| =—24+10+1=09,
1

-1
YUz = :

2
2] =4+4+1=09.
1

U9 * Uy =

12



—1 2
So Projw(y) = 311;11“1"'32“;2 Uy = gu1+gu2 =wutu,=| 2 [+]|2] =
-2 1
1
4 |.
—1

(c) Find the distance between the point y and the subspace WW.
The distance between y and the subspace W' is ||y — Projw (y)||. Com-

-1 1 —2
pute y — Projw(y)= | 5| —| 4| =]1] and
1 -1 2
—2
ly — Projw@)ll =11 | 1 | | = /(=2>+12+22 = V0 = 3. Hence

2
the distance between the point y and the subspace W is 3.

13



