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1 Systems of Linear Equations

1.0.1. Linear Equations vs nonlinear Equations Which of the following equations is linear and
which is nonlinear? Why?

3x1—4x2+\/§x3:4 (1)
—x1 + 27wy + Sxg = 12 (2)
3xy — 4xg + 2/x3 = 4 (3)
4rix3 — 4w + 83 = —3 (4)

A linear equation takes the form
a1x1 + asxg + -+ -+ apxr, =C
where aq, a9, -+ ,a, and c are constants.
1. The constants ai, as, - - - a, and c are called the coefficients.
2. On the other hand x1, 9, --- and z,, are the variables that we want to solve for.

3. A solution of a linear equation is a collection of real numbers that when substituted for
x1, %9, -+ and x, we obtain the value ¢ on the right hand side.

1.0.2 Example. 2 x 2 systems. Solve the system

r =2y =95
{293 +6y =38 (1.1)

Solution.

Notice that these are the equations of two straight lines. The slope

coefficient of y

m=— my = 2, me = 3, 2#3

coefficient of z’

The two line are not parallel because the slopes are different. Therefore, the must intersect at a
unique point. The components of this point give us a unique solution for the system. Now we try
to find this point.

[-2B¢()+EqWl—Eq(1) [ —2y =5 r =2y =5 r =23/5
+10y =-2 ty =-1/5 1y =-1/5

In this example the system has a unique solution. Geometrically, the two lines intersect at the
point (23/5,—1/5).

1.0.3 Example. Solve the system

r 43y =5
{2x +6y =8 (1.2)

e In this case the two lines have the same slope m = 3.
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This means they are parallel.

But they have different y-intercepts: 5/3 and 4.

We conclude from this observation that the two lines do not intersect.

e Thus, the system does not have a solution.
e A system that has no solution is said to be inconsistent.

Let’s see what happens if we try to solve the system:

The last equation is inconsistent with what we know. Namely, that 2 £ 0. This way we can
conclude algebraically that the system does not have any solutions.

1.1 Gauss-Jordan Elimination

1.1.1 Example (Sometimes the linear system has a unique solution). Solve the following system
and describe the solution set.

T —3.1'2 +4£I§'3 =8
T —X9 —21‘3 =2 (13)
ZZL'I —5ZL’2 +3I3 =15

Answer. First use Eq(1) to eliminate z; from Eq(2) and Eq(3):

r1 —3xy +4r3 =8 1 —3xry +4x3 =8

[-Eq(1)+Eq(2)]—Eq(2) Eq(2)~Eq(3)
—————— — 219 —6x3 =—6 ——— T2 —br3 = -1
[-2Eq(1)+Eq(3)]—Eq(3) Ty —bry =—1 20y  —6xz3 = —6

Use Eq(2) to eliminate x5 from Eq(3):

[2Rg(2)+ Ba@)—Eq@) | T2 —OT2 tdry =
T T2 —br3 = —1

Use Eq(3) to eliminate x5 from Eq(1) and Eq(2):

T —3LU2 =12
i) =—0
r3 = —1
Use Eq(2) to eliminate x5 from Eq(1):
T = —06
T = —6
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Thus the solution set of (1.3) is a unique point:

—6
S {x=| -6 |}
-1
1.1.2. What does solving the system (1.3) mean? It means that if we substitute
x1 = —6,29 = —6 and z3 = —1 in the 3 equations of (1.3)), we obtain the values 8, 2 and -1
respectively.

In vector form, the system (1.3) can be written in the equivalent vector form

1 -3 4 8
2 -5 3 15

Finding a solution x = (=3, —4, —1)7 to (1.4)), equivalently to the system (1.3)), means that

1 -3 4 8
6| 1) -6 -1 ]-1 2= 2 (1.5)
2 -5 3 15

In other words (1.5) shows that we can express the vector (8,2,15)T as a linear combination of the
three vectors (1,1,2)7, (=3,—1,—5)T and (4, —2,3)T in only one way with coefficients —6, —6 and
—1 respectively.

1.1.3 Example (Sometimes a linear system has no solution). Solve the following system

1 —379 +4z3 =2
T —X2 —2I3 =3 (16)
—3x1 +10xy —1bzy = —7

Answer. Use Eq(....) to eliminate z; from Eq(2) and Eq(....):

(_Eq1+qu)!—>Eq2 Iy _SIQ +4x3 = 2
______ — +2.I'2 _6373 =1
(3Eq1+El]3)l—>qu 1'2 _31.3 _ _1

Switch Eq(....) with Eq(....):

Tt —3132 —|—4JZ‘3 =2
_— +.732 —3.T3 = -1
+2[E2 —6[E3 = ]_

T —31’2 +4£L’3 =2
————— — Y, 3wy =—1
0 =3

The Third equation is 0 = 3 which is known to be false. Thus the system (1.6) has no solution.
In this case we call the system (1.6) inconsistent.
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1.1.4. Inconsistent systems.

A linear system
that has
no solution
is called
inconsistent

1.1.5 Example (Sometimes a linear system has infinitely many solutions.). Solve the following
system and describe the solution set.

21’2 —4ZL'3 = -2
1 —x9 —|-6£B3 =3

Solution.

Switch the the two equations so that we have x; with coefficient 1 in the upper left corner:

X1 —31‘2 —|—10I3 =5

Eq(l)ié'q(Q) 232’2 —41‘3 =-2
r1T —X9 —1—6953 =3
Divide Eq(2) by 2:
Fg(2))2 T —3562 +10$3 =5
— i) —21’3 =-—1
1T —X2 +6ZL‘3 =3

Use Eq(1) to eliminate z; from Eq(3):

(—Eq(1)4+Eq(3))—Eq(3) 1 _31‘2 +10$3 =95
- T X2 —223'3 =1

2{E2 —4.]73 =-2

Use Eq(2) to eliminate xs from Eq(1) and Eq(3):

(3Eq(2)+Eq(1))—Eq(1) Ty +4xs =2
(—2Eq(1)+Eq(3))—Eq(3) 0 _ 0

Remarks. We make a few remarks before we proceed with the solution.

1. The third equation is correct but useless. But we can see now that we have reduced the
original three equations with 3 unknowns of the linear system (1.7) to a system of only two
equations with the same 8 unknowns in (1.8)). This means that the original 3 equations are
not completely independent from each other. There is some redundancy among them.
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2. Notice that the linear system (1.8) cannot be reduced to one equation. That is we can not
reduce the second equation to the trivial equation 0 = 0.

Exercise Explain.

3. Notice that if we specify a value for z3, say 3 = 2, then we have solution

T1 2 — 433’3 —6

ro | = —1+2x3 | = 3

x3 X3 2
If instead we choose 3 = —3 we obtain a different solution

T 2 — 4373 14

) = -1+ 2.T3 = -7

€3 T3 -3

4. There is nothing special about the real numbers 2 and —3. We can take x3 to be any real
number, say x3 = r and obtain a solution.

Answer.

e We can see that z3 is a free variable that can take any arbitrary value z3 = r € R.

e Thus the solution set (the collection of all possible solutions) of the system (1.7) can be
written in parametric form as

.T1:2—4T’
S: T9 = —142r, —00 < 1 < 00 (1.9)
Tr3 =T

We also write the solution set in parametric vector form as

2 —4
S: x=| -1 |+r 2 1, —00 <1 < 00 (1.10)
0 1

e Description of solution set. Equation (1.10)) is the equation of a straight line in the
3-dimensional space R3: It is the straight line through the point (2, —1,0)T and parallel to
the vector (—4,2,1)T.

1.1.6. Parametric equation of a line. The equation of a line that passes through a point x, and
parallel the the vector v is

X =X, + v, —00 <t < o
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1.1.7 Example. Solve the following system and describe the solution set and find its dimension.

3 1 -3 1 1
—6 2 —6 —1 1
5 | =2 3 + 29 9 + 23 _3 + x4 1 (1.11)
12 4 —12 4 4
Solution.
First we write the vector equation as a linear system:
1 -3 ) + 3 +x4 = 3
21’1 —6 T2 — X3 +x4 = —6
-3 +9x9 +3x3 —x4 = 15 <112)
4[L‘1 —12 To +4 T3 +4£L‘4 = 12

Use Eq(1) to eliminate z; from the other three equations
r1 —3ry +xz +x4 =3
(—2Eq + Eqa) +— Eqo ' ? ° v
(BEq + Egs) +— Bgg = (1.13)
(—4qu + EQ4) — EQ4

Notice that the fourth equation became irrelevant.
Use Eq(....) to eliminate -- - from Eq(3) and Eq(...); and then divide the second by -3 and we have:

( T —31‘2 +(2/3)l’4 =-1
(cereee Feeenne )—Eq.... Q. —
______ T T3 — 4 12 (1.14)
(cevee s )—FEq.... 0 =0
\ 0 =
(2, —31o +(2/3)xy = -1
Eqs/—3 _
— = v H1/3) =4 (1.15)
L 0 =0

We let 25 and x4 be free variables (parameters) that take the values x5 = r and z4 = t. Then we
express the variables 1 and x5 in terms of the parameters r and t:

T =—1+3r—(2/3)t
T2 =T
v —d—(1/3) (1.16)
T4 =t
Answer.
The solution set to the system (1.12) is
-1 3 —2/3
S: x= 0 +r L +1 O —o00 <1, t <00 (1.17)
SRR 0 ~1/3 | ’ ‘
0 0 1
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Description of S: It is the plane in R* passing through the point (—1,0,4,0)T and generated by
the two vectors vi = (3,1,0,0)T and v, = (2/3,0,—1/3,1)T.
Dimension of S. Notice that the two vectors v; and vy are not parallel. Thus dimension S = 2.

1.1.8. Remark. The solution (1.17) means that we can write (3, —6,15,12)T as a linear
combination of the 4 vectors on the right hand side of (1.11) in infinitely many ways, namely, for

any 7 € R and any ¢ € R we can write b as the linear combination of vq, ---, v4 given by
3 1 -3
—6 2 —6
5| = [—1+3r —(2/3)t] 3 +7r 9 (1.18)
12 4 —12
1 1
va-amy| e !
-3 1
4 4
For example if we take r = 3 and ¢t = —2 we have b as the linear combination
3 1 -3
—6 2 —6
5 [Tl s [ T3] o
12 4 —12
1 1
-1 1
_|_[] 3 _|_[] 1
4 4

1.1.9 Definition (Parametric form and vector parametric form of solution sets). The solution set
S of a linear system such as (1.11) can be represented in several forms:

e We call (1.16) the solution set in parametric form of the linear system (1.11)).
e We call (1.16) the solution set in parametric vector form of the linear system (1.11)).

e We refer to r and ¢ as parameter and they take any values —oo < r,t < oo.

1.1.10 Definition (The Gauss-Jordan method). The Gauss-Jordan method for solving a
linear system consists of reducing the given linear system to a simpler one using the following and
only the following elementary row operations:

e Interchanging two rows (equations).
e Multiplying (or dividing) a row (equation) by a nonzero number.
e Adding a multiple of one row (equation) to another row (equation).

1.1.11 Definition (Row-equivalent linear systems). If a linear system is reduced to another
linear system using Gauss-Jordan elimination, the two systems are said to be row-equivalent or
just equivalent.
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1.1.12 Theorem. 1. Elementary row operations are reversible.

2. Any two row-equivalent linear systems have the same solution sets.

1.2 Exercises

1. Show that for any (r,t), x = (r,7 — 2r + 5¢,t)7 is a solution of the equation

21‘1—|—$2—51’3:7

2. In each of the following systems:

(a) Find the solution set of the system in parametric form and in vector parametric form.

(b) Determine the free variables and the basic variables.

(c) What is the dimension of the solution set?
)

(d) Describe the solution set geometrically.

$1—3£C2+4$3 =5 £C1—3$2+4x3 =5
<a> { To — 2$3 =7 (b) { To — 2:1,’3 =7
1 —3%2 +x3 +x4 =3
(0) 201 + 43— 23 =06 (d) 207 —6xy —x3 4x4 = —06
1 — 3Ty —bx3 =7 3r1 —9x9 —3x3 +z4 =-—10

41’1 —121’2 +4£L‘3 +4ZL‘4 =12

1.3 Reduced Echelon Form, Leading Variables and Free variables

1.3.1. Echelon forms. A system is said to be in echelon form if it satisfies the following:

e All equations of the form 0 = 0 are at the bottom.

e The first variable with nonzero coefficient in a row (equation) is to the right of the first
variable with nonzero coefficient in the row (equation) above it.

1.3.2. Leading (basic) variables and free (independent) variables. When the system is
reduced to an echelon form using the Gauss-Jordan method, we define the following:

e The first variable that appear in a row (i.e. has a nonzero coefficient) is called a leading
variable (LV) or a basic variable (BV).

e The rest of the variables are called free variables (FV) or independent variables (IV).

1.3.3. Reduced echelon form. A system is said to be in reduced echelon form if it satisfies
the following:

e [t is already in the echelon form.



1 SYSTEMS OF LINEAR EQUATIONS 11

e Each LV appears only in the equation that it leads, and not in any other equation above it
or below it.

e The coefficient of each LV is 1.

1.3.4 Rule. We need to express the solution of a linear system in the simplest possible way and
with absolutely no redundancy. To achieve this goal we have the following rule:

We have to reduce the system
all the way to its reduced echelon form
before we write down the solution set.

1.3.5 Theorem. 1. A linear system may have more than one echelon form.
2. But the reduced echelon form is unique.
3. A linear system is equivalent to (i.e. has the same solution set as) its reduced echelon form.

4. In fact, a linear system is equivalent to (i.e. has the same solution set as) any linear system
that we obtain from it by elementary row operations.

1.3.6 Example. 1. Equations (1.13) and (1.14) are in echelon form but not in the reduced
echelon form. (Why?)

2. Equation (1.15) is in the reduced echelon form.

1.3.7 Example. Solve the following system and describe the solution set.

2%1—43724—5273 =3 2 —4 5|3
{x1—3x2+4x3 -1 © (1 3 41) (1.19)

Solution.

1. First change the order of the equations

eq1<—>eq2{$1—3l’2+4$3 =1 (1 -3 41)
—

2. Then we use Eq(1) to eliminate x; from the second equation:

(—2eq1+eqz)—eqn { T, —3my +4zs =1 ( 1 -3 4]1 )
—

2wy —3r3 =1 0 2 -3|1
Notice that we left the first equation unchanged.
3. Divide Eq(2) by 2:

e o =3an Hay =1 1 -3 4] 1
vy —(3/2)as =1/2 0 1 -3/2[1/2
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4. Eliminate x5 from Eq(1):

Geartea)—ea 2y —(1/2)zs =1 - 10 —1/2] 1
v —(3/2)a; =5/2 0 1 —3/2|5/2

5. The free variable (parameter) is 3, it takes any arbitrary value 3 = r € R. The
basic variables are x; and x,.

Answer.

e The solution set is
r1 =1+ (1/2)r
S: xo = (5/2) + (3/2)r, —00 < 1 < 00 (1.21)
T3 =T

In parametric vector form, the solution is

1 1/2
S: x=| 5/2 | +r| 3/2 |, —00 <1 < 00 (1.22)
0 1

e Description of the solution set: The solution set S is a straight line in R? through the point
(1,5/2,0)7, parallel to the vector (1/2,3/2,1).

1.3.8 Example. Solve the following equation and describe the solution set.

2331 + 4.%2 — T3 = 5) (*)

Solution.

In this example we have three variables (unknowns) but only one equation. And we expect to
have two free variables (parameters). So, let’s take 1 = r and xg = t.

Answer.

1. Thus, the solution set is
1 =T
S: To =1, —00 <1, t < o0
r3=2r+4t—>5

In parametric vector form

T r
S: i) = t
T3 2r +4t —5
0 1 0
= O |+ O |+t 1
-5 2 4
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2. Description of solution set: The solution set S is a plane through the point (0,0, —5)T and
generated by the two vectors (1,0,2) and (0,1,4).

1.3.9. Remarks.

1. The solution set S has two free parameters r and ¢ that we cannot control and are
independent of each other. But once we make a choice (x1,z3) = (r,t), x3 is completely and
uniquely determined in terms of the ordered pair (r,t).

2. Therefore, it makes sense to say that S has two dimensions or that it is two
dimensional.

3. Question: Why do we always refer to (r,t) as an ordered pair?

1.3.10 Example. Solve the following system and describe the solution set geometrically and
explain the meaning of the solution you found.

T —3513'2 +4£L'3 =5
T —X2 —2I3 =3 (123)
21’1 —55(72 +5I3 =9

Answer. Use Eq(1) to eliminate z; from Eq(2) and Eq(3):

(—eq1+eq2)—eqa T —31’2 +4I’3 =95
______ - 21’2 _6.CE5 = -2
(Crenrem) e T2 —3z3 = —1

Switch Eq(2) with Eq(3):
eqreqs Ty —3272 +4l‘3 =5
- T —31'3 =-—1
2!L’2 —61‘3 =-2

Use Eq(2) to eliminate x5 from Eq(3):

(—2eqateqs)—eqs T —31’2 +4I3 =5
_——— — T2 —3£L'3 = —1

Use Eq(2) to eliminate xo from Eq(1):

(3ega2+eqi)—eq1 ! —5.%3 =2
b gt T —3ws = —1

0 =0

Now the system is in the reduced echelon form.
Take x3 = r to be a free variable. Then z; and x5 are basic variables and

ry =2405r
ro = —1+43r, —00 <1 < 0
r3 =T
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And the solution set is

2 5
S: x=| -1 |+r| 3|, —00 <7 < 00 (1.24)
0 1

The solution set is the straight line that passes through the point (2, —1,0) and parallel to the
vector (5,3,1).
What does solving the system (1.23) mean? It means that if we pick any value for r, say r = 2

than x = (12, 5,2) is a solution of the system (1.23)). That is if substitute z; = 12, 25 = 5 and
x3 = 2 in the 3 equations of (1.23)), we obtain 5, 3 and -1 respectively. In vector form we have

1 3 4 5
1211 |+5( -1 |+2 -2 |=] 3 (1.25)
0 1 2 ~1

This means that if we choose r = 2 we can write the vector (5,3, —1) as a linear combination of
the 3 vectors (1,1,0), (3,—1,1) and (4, —2,2). Nothing special about r = 2. In fact for any r € R
we can write the vector (5,3, —1)

) 1 3 4
3 |=2+5) 1 | +(-14+3")| -1 | +r| -2 |, —00 <7 < 00
-1 0 1 2

1.3.11 Observation.

A linear system has either
no solution,
a unique solution,
or
infinitely many solutions

1.3.12 Observation.

# (free variables) + #(basic variables) = #(all variables)
dim(solution set) = #(.......... variables)

1.3.13 Observations.
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A linear system is inconsistent if
it has an echelon form
with an equation of the form
0 = ¢ where ¢ # 0.

A linear system is consistent
iff its echelon form
does not have an equation of the form
0 = ¢ where ¢ # 0.

A linear system is consistent
iff its echelon form
has a LV in each row (equation).

A linear system has a unique solution
if it is consistent and
each variable is a leading variable.
That is, consistent and has no free variables.

A linear system has infinitely many solutions

if it is consistent and
has at least one free variables.
In this case
dim(solution set) = #(.......... variables)

15
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1.4 Homogenous systems(General = particular + homogenous)

A linear system of the form
r1a1 + 2220+ -+ 2,8, =0
is called a homogenous linear system
or a coefficient linear system.

A homogenous system is always consistent
because it always has the zero solution (or trivial solution)
x = 0.

The system

T —31'2 +4£C3 =0
(H) T —T9 —21’3 =0
21’1 —5]32 +5ZE3 =0

is called a homogenous system
or a coefficient system.

The system

I —3I2 +4l’3 =5
(NH) ¢ 1 —xo —2z53 =3 (1.23)
2%1 —5.1'2 +5£L‘3 =9

is called a non-homogenous system
or an augmented system.

Let us find whether the homogenous system (H) has any nontrivial (non zero) other solutions:

T —SZEQ +4I’3 =0 T —3£L'2 +4ZE3 =0
(H) — 21’2 —61)3 =0 — i) —3[13'3 =0
i) —3.’E3 =0 2332 —6[L'3 =
Tt —3132 +4$3 =0 T —51’3 =0
— i) —3ZE3 =0 — T9 —3.173 =0

0 =0 0 =0

16
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Now the system is in the reduced echelon form. Take x3 = r to be a free variable. Then x; and 9
are basic variables. And the general solution (solution set) of (H) is

)
S: x, =7 3 |, —00 < T <00 (1.26)

1. We used a subscript A in x; to indicate that this is a solution to the homogenous equations.

2. Notice that the coefficient side of the homogenous system (H) is the same as that of the
system (1.23).

3. In fact, we used the same row operations to solve the two systems because row operations
depend only on the coefficient side of the equation.

4. Observe that the general solution (1.24) of the non-homogenous system (augmented system)
(1.23) is
X = X, + Xp, (1.27)

where x, is the general solution (1.26)) of the homogenous system (H) and x, = (2,—1,0)T is
the particular solution of (1.23)) that corresponds to r = 0.

5. We do not have to use x, = (2, —1,0)7. Any particular solution of the non-homogenous
system (1.23) will do. For example, if we take r = —2 in (1.24) we have a particular solution
x; = (—8,—7,—2)7 and we can write the general solution (1.24) in the form

-8 )
S: x=| -7 |+t| 3], —00 <t <00 (1.28)
—2 1

The general solution to the non-homogenous system (NH)
(NH) ria; + x0as + -+ +x,a, =b
is
x=p+h
where
h is the general solution to the associated homogenous system
(H) ria; + x0a9 + -+ - + xpa, =0
and p is any particular solution of (NH)

1.5 Exercises

1. In each of the following systems:

(a) Find the solution set of the system in parametric form and in vector parametric form.

(b) Determine the free variables and the basic variables.
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(c) What is the dimension of the solution set?

(d) Describe the solution set geometrically.

(a) 201+ a0 — 223 =2 () —3x1 4+ 229 — 63 = —1
171—3ZE2—5I3 =3’ ZE1+ZL’2+2.T3 =2
T +21’2 +4l’3 =9
(C) —2I1 + 41‘2 — 61’3 +x4 = —1 (d) —21’1 +I9 “+x3 = -5
T —2$2+2l‘3 —3ZE4 =2 2[[’1 —T3 =4

3.231 +I9 —|—4$3 =2

2. Find the values of a for which the system has
(a) a unique solution  (b) infinitely many solutions (c) inconsistent.

aTy +x9 = 3
221 +(a—2)xy = 4

3. Solve each of the following linear systems and determine the number of solutions in each
case:

(CL) 233'1 + 55[}2 =4 (b) 2.1'1 + Ty = 4 (C) 2]71 + 22 = 4
42—2333 =2 42+2$3 =27 42"‘2133 =38

4. Determine the values of h such that the system has (i) a unique solution, (ii) infinitely many
solutions, (iii) no solutions.

(CL) xr, + hZEQ =4 (b) T+ hZL‘Q = -3 (C) T+ 31’2 = -2
3[131 + 6ZE2 =8’ —2[E1 + 41’2 =6 ’ —41’1 + hCEQ =8
Try — 31‘2 = -2 21’1 + 31’2 =h 2l‘1 + 31’2 =h

<d){5x1+hx2 =7 (e){—6:ﬁ1+9$2 —5 (f){4x1+6:1:2 —7

5. In each of the following find the equation of the parabola that passes through the given
three points.
(a) (1a 4)a (_L O) and (_27 7)
(b> (17 _2)7 (27 4) and (_17 _2)

Hint: The general equation of a parabola takes the form y = az? + bz + ¢. Write the 3
equations that a, b and ¢ must satisfy if the parabola is to pass through the given points.

6. Find the values of h for which the following system has (a) no solution (b) infinitely many
solutions (c) a unique solution.

T1 + 229 — 313 =4

3331—1‘2 +5$3 =2
4[E1+l’2 +<h2—14)l‘3:h+2
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7. Find «, 8 and v
1 2 4
42 2
a f 9
z + § _|_§ =0
a [y
1 . 9+10 _s
a [y
8. What conditions must a, b and c satisfy in order for the system to have a solution?
—3xy +4x3 =a
—T9 —21‘3 =b
—5232 +5$3 =C
9. Find a, b and ¢ so that the following system has the solution z; = 3,25, = —1 and x3 = 2.

r1 4+ azry +cr3 =0
bxy +cre —3x3=1
ax1+2x2+bx3:5

10. Suppose the system below is consistent for all possible values of f and g. What can you say

about the coefficients ¢ and d?

r1+ 3= f
cr1+dry =g

11. Suppose the system below is consistent for all possible values of f and g. What can you say

about the coeflicients a and b?

axy +bxy = f

—r1+2ry=g

12. Suppose the system below is consistent for all possible values of f and g. What can you say

about the coefficients a, b, c and d?

13. Solve the following nonlinear system

ary + bxy = f
cry+dry =g

—3cosy +4sinz =5
—cosy —2sinz =
—dcosy +osinz =9

(1.29)
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14. Find the value(s) of h for which the system is consistent.
T —2$2 =4

4371 —3.132 =1
—21‘1 +7ZL’2 =h

15. What condition(s) must the vector b satisfy in order for the linear system to be consistent.
2%1 —7.%'2 = bl

T —51’2 :b2
—31‘1 +3ZE2 :bg

16. In each of the following, determine the value of A that makes the system inconsisten:

(a) r 4ty = -2
+hy = 3

—y = 4

+3y = 2

= 2

—4y = h

= h

10x —5y = h
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2 Linear system in Matrix notation

2.1 Gauss-Jordan elimination

2.1.1. Example Use row reduction to solve the system of equations

3171 — 7[E2 + 7ZL’3 = -8 (21)
—433’1 + 61’2 — 3.%3 =7
1 — 3$2 + 4273 =—4

The augmented matrix of the system is

3 =7 T7|-8
B=| -4 6 =3 7
1 -3 4|4

We start by moving the third row to the top.

1 -3 4]—-4
phclis (4 ¢ _3| 7
3 -7 7!-8

Then we eliminate the second and third entries of the first column and replace them by zeros:

T A B B B N B B BRI
Uhith)=le [ _g 13| —g | PREE=R L g g 13| g
3 _7 7|-8 0 2 —5| 4

Then we eliminate the third entry of the second column and replace it by zero:

I e W O e I
Faolis | g o g | 4 | GRER=Rg 9 5) 4 | =B, (2.2)
0 —6 13|-9 0 0 -2} 3

Next we want each leading term (LT) (first non-zero entry of a row) to be the only non-zero
entry in its column. The first one is already so. We need to work on the second and the third ones
and eliminate the entries above them.

We also need to make each diagonal leading term to be 1:

13 a4
REL o 1 52| 2

0 0 -—2| 3

e (10 =T/2]2
Greti)=f o 1 _5/2|2
00 -2|3
(10 T2 2
TR0 1 —5/2 2
00  1]|-3/2
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Ch o R 1 0 =7/2 2
Glta/Zel)=le (g —7/4
0 0 1]1-3/2
(TR R v R 1 0 0]—13/4
SRR g 1 0 —7/4 | = Brew
00 1| —3/2
ry = —13/4
xe = —T/4
1'3:—3/2
In this case the solution set has only one point
—13/4
S:x= —7/4
—3/2
2.1.2. Terminology
1. The matrices
3 5 3 =7 7
I -4 6 -3
1 -3 4
are called coefficient matrices.
2. The matrices
s 5] 4 3 =7 T7|-8
4 =812 )° e I
1 -3 4|4

are called augmented matrices.
3. Zero-rows and non zero-rows.
4. The leading term (LT) in a row is the first non-zero entry in that row.

5. Pivot columns are the columns in the original matrix that correspond to LT'’s.

6. Row echelon form: AKA echelon form:

3 =7 7 -8
0O 0 -3 7
o 0 0 O

(a) All zero-rows are at the bottom.
(b) Leading terms go from top left to bottom right.

(c) All entries below a leading entry are zeros.
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7. Reduced row echelon form AKA reduced echelon form:

1 -7 0 -8
o 01 7
0 00 O

All zero-rows are at the bottom.

(a
(b
(c
(d) All entries below and above a leading entry are all zeros.

In other words, a leading entry is 1 and is the only non-zero entry in its column.

Leading terms go from top left to bottom right.

All leading entries are 1’s.

)
)
)
)

|***
[\

Aech =

OO OO O % *
S OO ¥ ¥ X X

S OO OO oo
SO OO OO O K
S OO DO OO W K
O O OO O ¥k ¥

o O O O

0 0

ML

This matrix A.., is in echelon form form. An astrix ”+” means the entry may take any value
possibly zero.

To reduce this matrix to the reduced echelon form we need to divide each non-zero row by
the leading term and then eliminate entries above the "ones” and obtain:

1 « 0 %« « 0 0|=x
0 01 = x 0 0
000 O0O0T1O0]=x
000000 1]«
000 O0O0O0OTO0]|O0
000 O0O0O0TO 0|0
000 O0O0O0OTO 0|0
0 00O0O0O0TO 0|0

Theorem 1
The reduced row echelon form
is unique.
But an echelon form is not unique.

2.1.3. Coefficient matrix and augmented matrix of a linear system.

31’1 — 7$2 + 7ZL‘3 = -8 (23)
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—4.171 + 6:['2 — 3ZL’3 =7
Ty — 3£C2 + 45133 =—4
21‘1 — 5$2 + 3$3 =1

The coefficient matrix of the system is

3 -7 7

-4 6 -3

4 1 -3 4

2 -5 3

The augmented matrix of the system is

3 =7 T7|-8
-4 6 =3| 7
B = 1 -3 4|—4
2 =5 3| 1

2.1.4. Row-equivalent matrices.

Two matrices A and B are said to be
row-equivalent
iff
one of them can be obtained from the other
(can be reduced to the other)
using elementary row operations.

If A is equivalent to B and B is equivalent to C'
then
A is equivalent to C.

Elementary row operations are reversible.

If two matrices A and B can be reduced to the sam matrix R
then
they are row equivalent.

24
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Row operations
do not change the span of the rows of a matrix.

2.1.5 Theorem. That is

span{rows of A} = span {rows of Accn}

2.1.6. Multiplying a vector by a matrix.
Write a matrix a with n columns a;,as,--- and a,, as

A = |: al 32 e an ]
As before we write a vector with n components as

g
X2

Tn

The multiplication Ax (with A is to the left of x) is defined as

X1

Ax:[al as --- an]

Ax = zia; + 2989 + -+ + x4,

2.1.7. Nonsingular (square) matrices

A square matrix A is nonsingular
iff
it is the coefficient matrix
of a homogenous system

(H) Ax =0
has a unique solution.
That is

(H) has only the trivial (zero) solution.

25
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2.1.8. Example: Inconsistent system This is an example of system with no solution.
Solve the system of equations

3$1 — 71‘2 + 7ZL‘3 = -8 (24)
—41’1 + 61’2 — T3 = 7

T —3]72 +4[I§'3 =—4

The coefficient matrix for the system is

3 =7 7
A= -4 6 -1
1 -3 4
The augmented matrix for the system is
3 -7 T7|-8
B=| -4 6 -1 7
1 -3 4|—4

The first goal is to eliminate the second and third entries of the first column and replace them by
ZEros:

1 -3 4|4

ol 4 6 1| 7

3 -7 7|-8
o1 =3 4
Wit~ (g 6 15| -9
3 -7 7|-8
e (13 4|4
B O Y
0 2 -5| 4

The second step is to eliminate the entries below the LT in the 2" row, that is the third entry of
the second column and replace it by zero:

1 -3 4]—4

el l g 2 5| 4
0 —6 15| -9

1 -3 4]-4

Metlaefa g 2 5] 4
0 0 0 3

In this case the last equation reads

0.731 +01’2 +0I3 =3
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That is

0=3

In this case the system has no solution and is called inconsistent.

27

Notice that in this example we didn’t need to reduce the augmented matrix matrix. We stop as
soon as we obtain a row of the form ( 0000 ‘ * ), where 0 # *. But then that row leads to

the equation

0=%x+#0

which is false. And the system is inconsistent. I.e. , has no solution.
The coefficient matrix A has the echelon form

2.1.10. Example:

Aech =

2.1.9 Theorem.

1 -3 4
0 2 -5
0 0 O
Rule 1
A linear system
Ax=Db
with augmented matrix
B=(Alb)

18 consistent

0

Bech
doesn’t have a row of the form
[00000]c], c#0

is consistent for any y

each row of A,

Rule 2
Ax =y

v

has a LT

3ZE1 - 71‘2 + 7]33 = -8
—4x1 4+ 619 — 23 =4
Ty — 3[[’2 +4ZL‘3 =—4

System with infinitely many solutions Solve the system of equations

(2.5)
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The augmented matrix of the system is

3 =7 T7|-=8
B=| -4 6 —-1| 4
1 -3 4|4

The first goal is to eliminate the second and third entries of the first column and replace them by
ZEros:

1 -3 4]-4
B 4 6 -1 4
3 —7 7|-8
e (13 4] —4
URiER)=R [ 6 15| —12
3 —7 7| -8
m e {13 4] 4
(BRR)=Rs | g g 15| —12
0 2 —5| 4

The second goal is to eliminate the entries below the LT in the 2" row, that is the third entry of
the second column and replace it by zero:

1 -3 4| —4
femfsl g 2 —5] 4 (2.6)
0 —6 15| —12
A B !
BEL o 1 52| 2
0 —6  15|-12
o1 =3 4]
Ofetf)=fa o 1 —5/2| 2
0 0 0| 0

In this case the last equation reads
0=0

which is correct but not useful. Then we proceed. Next we want each leading term (first
non-zero entry of a row) to be the only non-zero entry in its column. The first one is already so.
We need to work on the second and the third ones and eliminate the entries above them.

We also need to make each diagonal leading term to be 1:

1 -3 4] —4
0 1 —5/2| 2
0 0 0| o
10 —7/2]2

Sethiefi g 1 —5/2 2 (2.7)
00 0]0
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Now we have two equations
xy — (7/2)x3 =
To — (5/2)[)33 =2
This can be rewritten as
1 = (7/2)x3 + 2
o = (5/2)x3 + 2
r3 = free variable
can take any value t, —co < t < 00
Once we decide on a value for x3, say 3 = t, the other two variable are completely and uniquely

determined.
The solution set in parametric form is

x1=(7/2)t+2 (2.8)

S: xo = (5/2)t + 2
T3 =1

—00 <t <00
The solution set in parametric vector form is

2 7/2

x=|2 |+t 5/2 (2.9)
0 1

—00 <t < oo

This is a straight line through the point (2,2,0)T along the vector (7/2,5/2,1)T.
Now we can see that we have infinitely many solutions given by (2.8)).

Basic variables: x; and xs.
Free variables: z3.

Rule 3
Assume Ax = b is consistent.
Then
it has a unique solution
T
each column of A
1S a pivot column

)

each column of A..,
has a LT

)

There is no free variables
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Rule 4
Assume Ax = b is consistent.
Then
The system has infinitely many solutions.

v

The system has at least one free variables.

)

Some of the columns of A are not pivot columns.

0

Some of the columns of A.., have no LT’s.

1. Basic variables are the variables that correspond to the leading terms, (LT’s),
equivalently, correspond to pivot columns.

2. Free variables are the rest of the variables.

3. We write the basic variables in terms of the free variable. In order to solve the linear
system (2.5) we used (2.7) to write the basic variables x; and xo in terms of the free
variables xs.

4. Parametric description of solutions. The description of the solution in the form (2.8) or
(2.9) are called Parametric descriptions of the solution of the linear system (2.5).

5. Parametric vector description of solutions. The description of the solution in the form
(2.9) is called Parametric descriptions of the solution of the linear system (2.5).

6. The solution set (2.9) is an equation of a straight line in a 3-dimensional space. This line
passes by the point (2,2,0)T and points in the direction of the vector < 7/2,5/2,1 >T.

2.1.11. Important observation

#( basic variables ) + #( free variables )
= #( columns )
= #( all variables )

dim(solution set) = #( free variables )

2.1.12. More terminology

1. Gauss elimination is the process of reducing a matrix A to an echelon form.
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2.

2.2

Gauss-Jordan elimination is the process of reducing a matrix A to its reduced echelon
form.

Pivot position in a matrix A is the location of a leading term in an echelon form of the
matrix.

Pivot column in a matrix A is the column of a leading term .

Exercise: Row-reduce the matrix to a reduced echelon form .

—_

0 14
79
9 1

Ot W N
~N Ot O

Exercises

. Solve problems in Exercises [1.5 using matrices.

The augmented matrix of a linear system has the form

a 1]1
2 a—1]1
Find the values of a for which the system has

(a) a unique solution  (b) infinitely many solutions (c) inconsistent.

In each of the following determine the values of a and b for which the system is consistent:

o (wo)(1)=(ew) @ (20)(51)=(s )



3 INVERSE OF A MATRIX

3 Inverse of a matrix

3r=7—3'3x =317
3

l.z 3 T
—lor==-—x==
7

7
73717 is called "the multiplicative inverse of 3.

Can we do the same with matrices?
Ax=b — A 'Ax = A"b

Ix=A""b—-x=A4"b

Answer: Not always.
The 2 x 2 case:

(o) =ama (2 3)(

1 d b
-1 _
A _detA(—c a )

’detA:ad—bc‘
Example 1
1 0 =2
A= -3 1 4
2 -3 4
1 0 —-2/1 00
-3 1 41010
2 -3 4 01
1 0 -2/ 1 00
—- 10 1 =213 10
0 -3 8|—-2 01
1 0 =2{1 0 O
—- 101 —-2{3 1 0
00 2|7 31
1 008 31
— 1 0 1 0[10 4 1
0027 31

32
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1 00 3 1
010 4 1
001 7/2 3/2 1/2
— 1|5
8 3 1
S = 10 4 1 :[Sl So Sg]
7/2 3/2 1/2

What did we actually do?
We solved three equations simultaneously

’Ax:el, AXZGQ, AX:eg‘

And we obtained

’ASl = ey, ASQ = €9, AS3 = eg‘

Thus

-1 -1 -1
A e; = Sy, A €9 = 8o, A €2 = So

Which gives us the columns of A™!

A_l = [ A_lel A_leg A 163 }
= [ S1 S2 S3 ]
— 5
Example 2
1 -2 1
A= 4 -7 3
-2 6 -4
1 =2 111 00
4 =7 3]0 10
-2 6 —4/0 0 1
1 -2 1 1 00
- ({0 1 —-1|{-4 10
0 2 =22 01
1 -2 111 0 O
-0 1 —-1|{-4 1 0
0 0 010 =21

This means that A does not have an inverse.
Example 3
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31 0[/100

~1 2 2(010

50 —1]0 0 1

15 4|1 2 0

—| -12 2|01 0

59 —1]/0 0 1
1 5 4] 1 20
-0 7 6/ 1 30
0 —25 —21|-5 —10 1
1 5 4] 1 20
—~{o 1 e/7|1/7 3/7 0
0 —25 —21| —5 —10 1
15 4 1 20
— o016/ 17 3/7 0
0 0 3/7|-10/7 5/7 1

15 4 1 2 0
—~ o 16/ 1737 0
00 1[-10/3 5/3 7/3

1 5 0| 43/3 —14/3 —28/3
-1 010 3 -1 —2
0 0 1|-10/3 5/3 7/3
1 0 0] —2/3 1/3 2/3
— 1010 3 -1 =2
0 0 1|-10/3 5/3 7/3
—-2/3 1/3 2/3
Al = 3 -1 =2
—-10/3 5/3 7/3
Example 4
3 3 6
B = 01 2
-2 0 0
1 3 6/1 01
—--—= | 01 2/0 10
0 00|2 -6 3

Thus, B does not have an inverse.
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3.0.1 Example. This one happens to start with a row swap.

0 3 —1[1 0 0 1 0 1010

1 0 1]/010 p1 < po 0 3 —1/10 0

1 -1 0]0 01 1 -1 0001
1 0 11]0 1 0 1 00| 1/4 1/4 3/4
“hatps 0 3 —-1/1 0 0 01 0| 1/4 1/4 —1/4
0 -1 —-1]0 -1 1 00 1|-1/4 3/4 —3/4

3.1 Exercises
1. Determine the value of ¢ for which the matrix does not have an inverse:

2 0 3
-3 3 4
5 0 ¢

2.

3. Determine the value of ¢ for which the matrix does not have an inverse:

c —1 0
-1 c —1
0 -1 c

4. Find the inverse, if it exists, by using the Gauss-Jordan method.

0 (1)
0 ()

2
@ (4%
113
@ | o024
(1 1 0)
0 1 5
(e)(O -2 4
2 3 -2
2 2 3
) {1 -2 -3
SEE



4 DETERMINANTS

4 Determinants

Determinants are computed only
for square matrices.

4.1 Determinants of 2 x 2 matrices

There is a simple method for calculating the determinant of a 2 x 2 matrix.

a b
¢ d ‘—ad—bc

Interchanging 2 rows
changes the sign of the det

a b
Multiplying a row by k # 0, Factorizing

ka kb
‘ . d ‘—kad—kbC—k(ad—bc)
a b
=k c d '
Adding a multiple of a row to another
“ bl —ald+ kb) = be+ ka)
ctka d+kb | e

= ad — bc + akb — bka
_|la b
e d

Example

-9 —2

\5 '__3‘ ; \__3@2)
5 4 3 -2

‘3—2 __‘5 4‘:_22

4.1.1. The geometric meaning of a 2 x 2 determinant.
Question: What is the geometric meaning of the numbers 22, —66 and —227
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4.2 Determinants of 3 x 3 using cofactor expansion:

a; az as
b b b _ bQ b3 bl b3
1 2 3 | = a1 — Q2

Cy C3 C1 C3
C1 C2 C3

bi by

+a3
1 C

We can use the same method with any row or column.

We need the sign convention ‘

+ - +
— + —
+ - +
Short cut only for 3 x 3 determinants
+]+ +

a1 Az as|ay a2
bi by b3 |br by

Ci Cy C3|C Co

det = a1b2C3 + a2b301 + a3b102

— a3b201 — a1b302 — agbng
Triangular matrices are nice:

ay Gz as|ap a

0 bg b3 0 b2 = a1 bg C3

aq 0 0 aq 0
bl b2 0 bl b2 = a1b203

€1 Cy C3|C1 Cg

We know how to change a matrix to an upper-triangular matrix using row operations.

What effect do row operations have on determinants?
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4.3 Properties of Determinants

(1) Transpose, inverse and multiples

1
1 det AT =det A det A7 =
(1) ¢ ¢ ¢ det A

det(AB) = det(A) det(B)

Hoever

det(A+ B) # det A+ det B

(2) Interchanging two rows

R; Ry
(2) B
Ry R
(3) Factorizing one row
CR]' Rj
(3) D=l
Ry, Ry,
(4) Two equal rows
R,
(4) : =0
R = R,
(5) Adding a multiple of one row to another
R, R;
(5) : =\
Ry +5R; Ry,

(6) Breaking a row into two parts

(6) R +5; | =| Bj | +]5;

38
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Example

-3 0
-4 0

-2 —4

6

-3

-3

—4

36

(=DI(=1)3][-9 + 15]

Example

0

-3

0

—6

3

—2

3

—2

1O
o o S
[
o) o)
D e ™ N
_ _
—
— _100
_100
— O O O
— o oo
(@
nq [l
— 10
o<, ST 1
— —
_112 _100
- oo Ao oo
(@] (@
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4.3.1 Theorem. Let A be an n X n matriz.

A is invertible

T
det A # 0

)

rankA = n

I}

A is row-equivalent to I,

)
0

The system Ax = b has a unique solution.

The homogenous system Ax = 0 has only the trivial solution.

The columns of A
are linearly independent iff

det A # 0

4.4 Exercises

1. Find the determinant of each of the following:

W) () (3)

1 0 1 5 2
(b) 0
~1

O = W

0 -2 4 |, 1 -2
2 3 -2 4 -2

40

2. Combine the method of row reduction and cofactor expansion to compute the determinant

4 0 10 4 5 =2 27
-1 2 3 9 10 0 3

5 =5 -1 6|’ -3 1 5 0

3 7 1 =2 3 -1 -9 4

3. Find the determinant of A without multiplying through.

2 00 2
A= -3 =3 0 5 —3
4 -1 4 2

0

0

~N W O =N

O = O~ W
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4. Assume that

Find the following determinants and explai

a

d

d

5. Compute the following determinants of the following matrices by row reduction to echelon

b

e

e

Qo

> S0

o @.kh

C

f

a+3g b+3h c+ 3

a+3g b+3h c+ 3

f

a+3g b+3h c+ 3

@ a9
P o o

N.KHO

=3

your answer:

a+39g b+3h c+ 3
d e f
g h 7

a b c

—2d —2e —-2f

g h 7

a d g

b e h

c f i

-1 2 30
3 430
A= 5 4 6 6
4 2 4 3

41

6. Combine the method of row reduction and cofactor expansion to compute the determinant

-1
-3
9

form:
3 -1 0 =2
0O 2 —4 -1 -6
B=| -2 -6 2 3 9|,
3 7 -3 8 -7
3 5 5 2 -7
2 5 -3
3 0 1
-6 0 —4
4 10 —4

7. If det B = —5, then det(B~'BT) =

-1

8. Find the determinant of A without multiplying through.

2 00

A= =3 =3 0

4 -1 4

9.
2 —2 13 3 4
4 -1 29 1 —1
¥ c=(o0o 5 70 1],

3 2 —34 3
7 -2 09 -5

2 0 2
5 =3 4
2 0 -4
then det(C1CT) =
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4.5 Cramer’s Rule for n x n systems

Solving 2 equations in 2 unknowns

ar +by =r, cx+dy=s (4.1)
rd — bs as — cr

x_ad—bc’ y_ad—bc (4.2)

Using determinants,

r b ‘ a r
s d c s

_ : S e | 4.3

o a b 4 a b (4.3)

c d c d

Writing the solution of (4.1)
in the form (4.3)
is called
Cramer’s rule

It is obvious that the system of equation (4.1) has a unique solution iff det(A) # 0, where A is the
matrix of coefficients.

Exercise: Show that det(A) = 0 iff the second row of A is a multiple of the first one. That is,

a b
A_(k:a k:b)

Exercise: Show that det(A) = 0 iff the second column of A is a multiple of the first one. That is,

A (a rb)
c re

Cramer’s Rule for n x n linear system

Ax=Db

Al(b) = |: Ay, - - aai—17b7ai+17"' y An :|
" detA

4.5.1. The Inverse A~! using the cofactor method: Notice that

colg(A™) = A ey,
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which is the solution to
Ax = (SA

Let Ag; be the (n — 1) x (n — 1) matrix obtained from A by removing the k% row and the 4"

column. It follows that
det Ay; = (—1)"" det A;(ey,)

The (—1)*** factor is nothing more then the sign convention.

1 det Az(ek)
(A7 e = det A
_ (_ )k+idetAki
det A
Oy
~det A
Cki = (—1)k+i det Akz

thus
Cn Cip -+ Ciy
1 Cay Oy -+ Oy

T det A

-1

Cnl Cn2 Cnn

Cli is called the cofactor of ay;

Area of parallelogram determined by

(&) ()

Exercise: Completet the following sentence:
Volume of the parallelepiped determined by ....... IS eeeees

a b
det(c d)'—ad—bc

43

Theorem. Let T : R? — R? be the linear transformation x — Ax. Let S be a parallelogram in

R2. Then

area of T'(S) = | det A (area of S)

Theorem. Let T : R* — R? be the linear transformation x — Ax. Let S be a parallelepiped in

R3. Then

area of T'(S) = | det A (area of S)

Theorem. Let A be a square matrix of size n. Then
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The system Ax = b is consistent
for all b € R™
iff det A # 0

This is because

A square matrix A has an inverse
iff
det A #0

4.6 Exercise.

In each of the following use Cramer’s rule to solve the linear system if possible. If Cramer’s rule
does not work, use Gauss-Jordan elimination to find why and if possible solve the system.

ry  —3xy +4x3 =38 3xw, —Tx9y +T7x3 = —8

Al —X9 —21’3 =2 s —4.7)1 +6 i) — T3 = 7

25(]1 —51’2 +31‘3 =15 T -3 i) +4 r3 = —4
2 i) —4 r3 = —2

r1 —3xy +10x3 5
T — T2 —|—6.’L'3 = 3
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5 Vector Spaces

5.1 The geometry of R"
5.1.1. Example

1 -3 4 8
V1 = 1 y Vo = -1 s V3 = —2 ,b 2 (51)
2 ) 3 15

Find ¢y, ¢o, and ¢35 such that we can write
C1V1 + CaVy 4+ c3Vvy = b

5.1.2. Vectors in R"”. In all the operations listed below that involve two or more vectors
v,w,- -, the vectors v, w, - -- must lie in the same space R".
That is v, w, - - - must have the same number of components.

e Addition of two vectors. We can add two vectors iff they lie in the same space R™. That
is, they have the same number of components.

The parallelogram rule.

Rescaling a vector. That is multiplying a vector by a scalar (real number).

The vector connecting two points P, Q € R*. P—C)Q =Q - P.

An equations for the line through two points P and Q.

—
x=P+tPQ, tcR

e A parametric equation for the plane through three points P, ) and R.

— —
x=P+r PQ+tPR, r,teR

5.1.3. Length of a vector.

IVl = \fo2 + 03+ 42

5.1.4. Distance between two points P and Q.

—
d(P,Q) = [|PQl = Vlz1 — P + - + |20 — yul?

5.1.5. Unit vectors If ||w| = 1, it is said to be a unit vector.

5.1.6. The mid point between P and ().

ml“’yl xn+yn
2 ’ 2

M = ( )
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5.1.7. The dot product of two vector v and w. The dot product of two vectors v and w that
lie in the same space R" is

VW = 0wy + VaWsa + - - - + vy,

5.1.8. The angle between two vector. The low of cosines
(et ) leads to the identity

v-w = |v| |w| cosb

where 0 € (—m, 7| is the angle between the two vectors v and w.

Recall that cosf is an even function. (What does this mean?)

VW
Q—arccos( >
[v|[wl

5.1.9. Orthogonal vectors. Two nonzero vectors v and w are said to be orthogonal iff the angle
between them is 6§ = +7/2.

viw & O0=+471/2 & v-w=0

5.1.10. Note. It does not matter whether we measure the angle 8 from v to w or from w to v
(and have a difference of a minus sign) because cosf is an even function. That is

cos(—0) = cos(---).

5.1.11. The cross product of two vectors v; and v, in R3.

i ok
W=uXV=|1UuU Uy uUsg
V1 V2 U3

Question: Why is u x v orthogonal to both u and v?

ux vi* = [[ul*[lv]* = (u-v)?

5.1.12. Notice

l.uxv=—-vxu
2. u x v is orthogonal to both u and v. That is

u-(uxv)=0, v-(uxv)=0
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9.2

Exercises

Homework: Do problems 1-12.

1.

10.

11.

12.

13.

14.

Find the point that lie in the middle of the line segment that connects the two points where
P=(3,2-1,4)Tand Q = (3,-2,4,,7)T.

Find the length of the vector P—Q> where P = (2,—1,3,4)T and Q = (4,2, -3, 1)T.

Find the length of the line segment that connects the two points P = (2,—1,3,4)T and
Q=(4,2,-3,1)T.

Find the dot-products u-v and v-u: v =(3,-2,4,,7)T and u = (1,2,3, —1)T.
What do you notice?

Find the angles between the two vector (3, —2,4,,7,2)T and (1,2,3,—15)T.
Find the angles between the two vector (2,—1,3,4)T and (4,2, —3,1)T.

Find an equation for the hyperplane that contains the origin and perpendicular to the vector
n=(-3,2,—1,57)T.

Find an equation for the hyperplane that contains the point (2, —1,3,4) and perpendicular
to the vector 77 = (2,4, —5,7)T.

. Find an equation for the plane that contains the point (xy, 29, 3, x4) and perpendicular to

the vector 77 = (a,b,c,d)T.

ik Find a unit vector that starts at the point (2, —1,2, —4)T and points in the direction of
the point (—1,3,5,2)T.

Rk Find a vector of length 5 that starts at the point (—3,—2,1,—4,3)T and points in the
direction of the point (3,2, —1,2,4)T.

Find an equation for the plane that contains the three points

(1,-1,3,4)7, (2,3,-1,5)T, (3,—-2,6,4)T

Find an equation for the plane that contains the point (2, —1,4)T and the line

2 3
+r| -1 ] |reR
-1 2

Show that

[ux vl = ul jv]] sind,  0<6<m
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Notice that we measure the angle 6 counterclockwise.

15. Show that

|lu x v|| = area of the parallelogram with sides u and v.

16. Find the cross-products u x v and v x uw: v =(2,5,3)T and u = (4, -2, 1)7.
What do you notice?
17. Find the area of the parallelogram with sides (2,1, —3) and (4, 1, 2).

18. Find the intersection of each pair if possible:

1 0 2 1 0
(a) L f+r[ 3 |+t 0 )rnteR), rl 1 |+t 1 ||nteR

0 0 4 1 3

2 1 0 1
(b) 0| +r 1 ||lreRy, r{ 1 |+t 1 ||rnteR
1 —1 2 4
1 0 1 0
(c) L )4+r| 1 ||reR,, 3|+t 1 ]teR

2 1 —2 2
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5.3 Definition and Examples of Vector Spaces and subspaces

5.3.1 Definition (Vector spaces). A set V is called a vector space iff for any u,v and w in V
and « and 3 in R the following holds

1. u+visalsoin V.

u+v=v+u
ut+0=nu
u+(—u)=0.
auisin V.

(u+v)+w=u+(v+w)
a(u+v)=au+av

(a+ B)u=au+ fv.
(af)u = a(fu).

10. Tu=u

N A T R

5.3.2 Definition (Subspaces). A nonempty subset W of a vector space V is itself a vector space

(and called a vector subspace) iff whenever w; € W and wy € W and a € R then the following
holds:

1. w; +wy isin W.
2. aw; € W.

What about aws, is it also in W?

More generaly

A subspace of a vector space V
is any nonempty subset W C V' which is
closed under linear combinations
of any number of vectors.

That is,

given any collection of k£ vectors
Wi, , Wi in W
and any k real numbers ay,--- , ag,
then the linear combination
QW1 + -+ -+ apwy
is also in W.

Question. Why are these two definitions equivalent?
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5.4 Exercises

1. For each of the given sets answer the following questions:

e [s it a vector space under the standard addition and scalar multiplication?
e If it is not, determine all the properties that fail.
e If it is, find its dimension.

e Sketch when possible.

(a) The set F(R,R) consisting of all functions f: R — R.
(b) The set M4 consisting of all matrices of size 3 x 4.
(¢c) V=A(z,y) €eR |2z >0,y >0}.

(d) V=A{(z,y) e R|z >0,y >0}

(e) V={(x,y) e R|zy > 0}.

() V ={(z,y) €R | 2y > 0}.

(g) Ps = the set of all polynomials p(t) of degree 3.

2. For each of the following, determine the ambient space and then determine whether the
given set is a subspace. If it is a vector space, find its dimension.

(a) V:{(Z 2 S) | a,b,c,d, e are real numbers }

(b)V:{(z Z) |a,b,c,darerealnumbersanda—l—d:O}
0 b
0

v {(V ) tneesl

4
Vi=<t| =1 | +r 5 1 —oco<t,r<oo
—1
3 2 4
V, = -1 |+t -1 | +r 5 | | —oo<t,r<oo
4 3 —1

(e) 1. Vy = all functions f : R — R that takes the form f(¢) = acos bt + bsin 5t, where
a and b are real numbers.

ii. Vo = all functions f : R — R that takes the form f(t) = ae3 + be™2!, where a and
b are real numbers.
(f) 1. By = the set of all polynomials p(t) of degree 3 that satisfies p(0) =5
ii. By = the set of all polynomials p(t) of degree 3 that satisfies p(0) = 0.



5 VECTOR SPACES

(g) 1. By = the set of all polynomials p(t) of degree 4 that satisfies d*p/dt*(0) = 0.
ii. By = the set of all polynomials p(t) of degree 4 that satisfies d*p/dt*(0) = 7.

(h) W = the solution set of the homogenous system

T -3 i) + x5 +z4 = 0

2$1 —6 T — X3 +x4 = 0

-3 T +9 i) +3333 — Xy = 0

41’1 —12 ) +4 T3 +4SL'4 =0

(i) W = the solution set of the non-homogenous system

Ty -3 ) + x3 +x4 = 3
2 T —6 T9 — X3 +x4 = —6

—3x1 4929 +3z3 —x4 = 15

4y —12x9 4423 +4x4y = 12

(j) W = the solution set of the homogenous system

T —3$2 +I3 =0
21’1 —63172 —xI3 =0
31‘1 —91‘2 =0

4,1’1 —12232 —|—4LE3 =0

(k) W = the solution set of the non-homogenous system

Tt —3.1’2 +xs3 =1
2[E1 —6.’E2 —T3 =1
31’1 —93[72 =2

41‘1 —121‘2 —|—4$3 =4
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5.5 Projections and orthogonal projections.

Let F be a force that pulls an object along the line determined by v (possibly in opposite
direction). And let the angle between F and v be 6. For example if we pull a box along a surface
using a robe that makes an angle of 7/6 with the surface and applying a force of magnitude || F||.
Question. How much of the force is actually used and how much is lost?

e The part that is used is called the component of F along v. It could be negative if we
pull the object in the direction opposite to v. In this case 7/2 < 0 < 7w and —1 < cosf < 0.

The component of F along v

F-v

vl

comp F = ||F|| cos 0 =

e We can make this into a vector by multiplying it by a unit vector in the direction of v.

The vector projection of F along v

v F-v

projyF = || F|| cos 6 %
vl flvl?

e Recall that ||F||? = ||F||*(cos? § + sin? §). Thus the lost part of the force ||F|| is

The component of F orthogonal to v

[F < v
INgl

compyF = ||F||sinf =

e Now we make this lost quantity into a vector

The orthogonal projection of F 1 v

F.-v

projiF = F — iV
vl

Remarks. Note that

o comp,F and complF are scalars (real numbers)
e while proj,F and projiF are vectors.

e proj,F can point in opposite direction of v. When?
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5.6 Exercises

For each of the following, if possible, find the component, projection and orthogonal projection of
the first vector relative to the second. Then find the same objects for the second relative to the

first.
1. (2,3,—-1,4)T, (1,-2,3,1)T.
2. (3,0,2,—1,1)T, (3,1,—1,4,5)T.
3. (2,3,-1,4)7, (1,-2,3,1,-3)T.
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5.7 Linear Combinations of Vectors

Let vy,---, vy be given (known) 4 vector in the 7-dimensional space R (i.e. each v has 7
components).
1. Let ¢1, -+ ,c4 be any 4 real numbers.

The vector b given by
b201V1+CQV2+"'—|—C4V4
is called a linear combination of the vectors vy, -, vy.

The vector b is (lies, lives) in the - - - -dimensional space R (i.e. b has --- components).

54

2. Nothing special about the numbers 4 and 7. We can replace 4 by any positive integer n and

7 by any positive integerk: Let vy, .-+ v, be given (known) n vector in the k-dimensional

space R¥(i.e. each v has k components). Let cy,--- ,c, be any n real numbers.

3. In Example 5.7.4/ the vector b can be written as a linear combination of the vectors

Vi, -+, vy in infinitely many ways given by (5.8). Any choice of r and ¢ gives us a way of

writing b as a linear combination of the vectors vy, --- , vy.

5.7.1 Definition.

The vector b given by
b=cvi+cvy+---+cv,
is called a linear combination of the vectors vy, - ,v,.

In matrix notation

b:(v1 Vg - Vn)C
The vector b is (lies, lives) in the - - - -dimensional space R (i.e. b has --- components).
5.7.2 Example.
11 5 8
3vi—dve=3| =3 | =5 2 1 =1 —-19
13 -8 79

5.7.3 Example. In each of the following Determine whether b can be written as a linear
combination of (lies in the span of; lies in the plane spanned by) v; and vy:

3 10 11
1. vi = —2 , Vg = —6 s b= —6
5 12 9
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2 1 4
2. V) = —1 , Vg = -3 s b= 3
1 5 -2
3 10 11
3. Vi = —2 s Vo = —6 s b = —6
5 12 9
Solution.
(a) Try to solve the system
3r1 + 102y = 11
—233'1 — 6%2 =—0
51‘1 + 1212 =9
In matrix notation
3 10 11
-2 —6 |x=| —6
5 12 9
If we can solve this system, then the answer is: Yes b can be written as ...... . If we cannot then
the answer is: No, b cannot be written as ...... :
(b)& (c) Can be solved similarly.
5.7.4 Example. Find, if possible, ¢, ¢o, ¢3 and ¢4 such that
3 1 -3 1 1
—6 2 —6 -1 1
15 C1 3 + Co 9 -+ C3 _3 + ¢y 1 (52)
12 4 —12 4 4
We can ask the same question in a different way:
If possible write the vector b as a linear combination of the vectors vy, - - -, vy.
3 1 -3 1 1
—6 2 —6 1 1
b = -3 ; Vi = 3 ) Vo -9 ) V3 0 ) V4 = ) (‘53>
12 4 —12 4 4
Solution.
In either case we need to solve the system
r1Vy + 29V + I3V3 + Tyvy = b (54)
That is: Find c¢q, ¢, c3 and ¢4 such that
3 1 -3 1 1
—6 2 —6 -1 1
15 | T 3 + x2 _9 + T3 _3 + x4 1 (5.5)
12 4 —12 4 4
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thus we need to solve the system

i —31’2 +x3 +x4 =3

21’1 —61’2 —x3 +x4 = —6
31’1 +9ZL’2 +3l’3 —XT4 =15
4, —1229 +4x3 +4zvy =12

(5.6)

Use Eq(1) to eliminate z; from the other three equations

T —3xy +xT3 +x4 =3
( 26(]1‘|’€q2) — €q2 —3x3 —xy =—12

(Beqy +eq3) +—eqy = 62 497, =24
(—deq +eqs) — eq ’ 0 b 0

Notice that the fourth equation became irrelevant.
Use Eq(....) to eliminate --- from Eq(3) and Eq(...); and then divide the second by -3 and we have:

( T —3l‘2 +(2/3)$4 =-1
) —3w5 —4 = 12

(coeee e )—eq.... 0 =0

\ 0 =

(21 —31y +(2/3)xy, = -1

eq2/—3 —
_en/ P +x3 8—(1/3)1’4 ; 81
\ 0 ~0

Thus x; and z5 are basic variables and x» and z4 are free variables. Take xo =7 and z, =t as
parameters and obtain

T =—143r—(2/3)t
T =T
T3 =4—(1/3)t
Ty =1

The solution set to the system (5.6) is

-1 3 ~2/3
0 1 0

S: x= 4 |7 o +1 “1s | —00 <1, t < 00 (5.7)
0 0 1

Description of S: It is the plane passing through the point (—1,0,4,0) and generated by the two
vectors (3,1,0,0) and (2/3,0,—1/3,1).

Dimension of S = 2.

Answer to the question we are asked: The set S (5.7) is the solution set to the linear system
(1.12) but it is not the answer to the question we are asked. We are asked to write b as a linear
combination of vy, - -+, v4. The answer to this question is that we can write b as a linear
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combination of vy, - -+, v4 in infinitely many ways, namely, for any » € R and any t € R we can
write b as the linear combination of vy, ---, v4 given by
3 1 -3
—6 2 —6
15 | = [—1 4+ 3r — (2/3)t] 3 +r 9 (5.8)
12 4 —12
1 1
-y | e
-3 1
4 4
For example if we take r = 3 and t = —2 we have b as the linear combination
3 1 -3
—6 2 —6
s [T s [T o
12 4 —12
1 1
-1 1
4 4

5.8 Exercises.

1. Determine whether the vector a is a linear combination of the others. If it is find all possible
ways of doing that.

1 -3 1 2
(c)a=1| 4], a; = 31, a, = 0 |, az=1 0
1 0 -1 1
—1 1 1 0
(d) a = 1 s a; = 2 s Ag = 1 s az = 1
5 —1 -3 2
3 2 1 —1
(e) a= —17 a, — -3 ay — 6 A — -1
17 1’ 4 1’ -1 1’ 2
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2. Find all possible ways that the vector b can be written as a linear combination of the others.

0 0 -2 -2 2
b = —1 s V] = 1 s Vo = —1 s V3 = -3 ; V4 = -1
-3 1 2 -1 2

3. Determine if the matrix A is a linear combination of the others:

wa=(T8) (1 3)m=(13) = (})
<b>A=(_f ;), M1=<_f §> MF@ :3)’ M?’:(g _5)

4. Write the product Ax as a linear combination of the columns of A:

1 2 =8 4
A= 2 3 71|, x=|[ -2
-3 -1 1 5
5. Write each column of AB as a linear combination of the columns of A.
1 2 =8 4 5 4
A= 2 3 71|, B=|-1 -2 3
-3 -1 1 3 =7 6

6. If possible, write the given polynomial as a linear combination of p;(x) = 1 + z and
pa(x) = 22

(a) p(x) = 22* — 32 — 1.
(b) p(x) = —2? + 3231.

7. If possible, write the given polynomial as a linear combiation of
pi(z) =142, pz)=—2, ps(a)=2+1, pylo)=22"—a+1

(a) p(x) =2° — 2z + 1.
(b) p(z) = —42>.

8. Describe all 2 x 2 matrices that can be written as a linear combination of the matrices

(oo) (Ta) (01)
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5.9 The span of Vectors

Let vy, , v, be given (known) n vector in the k-dimensional space R¥(i.e. each v has k
components).

5.9.1 Definition.

Spa’n{vh Vo, - 7Vn}
is the collection of all possible linear combinations
of the vectors vi, vy, -+ and v,,.
span{vy,va, -, v} = {c1vi + covo + - - + ey viler, ey -, € R}
Thus
Spa’n{vh Vo, - 7Vn}

is the collection of all b for which the system
vy +x9vo + -+ x,v, =b
is consistent (i.e. has a solution).

OO0 This is not the solution set of this system.

5.9.2 Theorem.

b is in span{vi,va, -+ ,v,}
b is a linear combination of vi,va, -+, Vv,

T
the linear system x1vy + xovo + -+ +x,v,, = b
18 consistent.

v

In matrixz notation

Ax=Db
15 consistent
where A = [ Vi Vg -V, }
Thus
To test whether a vector b is in span{vy,ve, -+ ,v,} we try to solve the system

T1V1 + ToVe + -+ + x,v, = b.
If we can, the answer is "yes it is”.
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5.9.3 Example. Find the value(s) of h for which b lies in the plane spanned by (a linear
combination of) the two vectors a; and as:

1 -2 4
a; = 4 Ag = -3 b= 1
-2 7 h

Solution.

Find the value(s) of h for which the system

1 —2 4
T 4 | +x2| =3 = 1
-2 7 h

is consistent (i.e. has a solution). As usual we start by witting the system explicitly.

I —21'2 =4 X1 —2.172 =4 X1 —21’2 =4

4ZE1 —3[[’2 =1 — 51‘2 =—15 — 51‘2 =—15
In order for the system to be consistent we shouldn’t have an equation of the form 0 = ¢ with
c#0.
Answer.

Thus b lies in the plane spanned by (a linear combination of) the two vectors a; and ay iff (if and
only if)
h=-17

5.9.4 Example. 1. Find the subspace spanned by {vy,vs}.

4 b}
a; = 2 s Ay — —4
—6 7

Answer: We need to find all possible vectors y that can be written as a linear combination of
Vl&VQI
Y = Z1V1 + T2V2

o)
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2 3 | n I =1y

1 1|y | = 2 -3|u

-3 2 Ys -3 2 Y3
1 -1 Y2

- 0 —1|y1— 2y
0 —1|y3+ 3y
I -1 Y2

- 0 —1 Y1 — 2Y2
0 0 |ys—y1+ 5y

This system is consistent

)

Y3 — Y1 +5y2 =0

1. Thus

span{vi, vo} =
{y eR®| —y; +5y2 +y3 =0}

2. The vector a; is in span{vy, vo} because
—4+10—-6=0
The vector a, is not in span{vy, vy} because

—5—20+T7=—18£0

5.9.5 Example. The following four questions are equivalent. That is have the same answer.

1. Find the value(s) of by, by and bs for which b lie in the plane spanned by (a linear
combination of) the two vectors a; and a.

2. Find the set of all b’s that are a linear combination of the two vectors a; and a,.

3. Find and describe the span of a; and as.

4. Find the set of all b the linear system z;a; + z2a; = b is consistent.

3 -5

et

I

|
[}

Q

[\

I
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Solution.

As we mentioned, these four questions have the same answer which is the answer to part (d).
Thus we need to find the set of all vectors b for which the following system s consistent.

-5 3 by
T 1 + X9 —2 = bz
3 4 bs

Notice that we switched a; and as. This is allowed since we can label vectors any which way we
like as long as we do not change the labeling during the course of the work.

As usual we start by witting the system explicitly.

—5.731 +3$2 = bl I —21’2 = bg T —21’2 = bg
I —QIQ = bQ — —5I1 +3l’2 = b1 — —7I2 = b1 + 5b2
31’1 +4I2 = b3 31‘1 +4I2 = b3 10[)’22 = b3 - 3b1
X1 —2[[)2 = b2 I —2[[’2 = bg
—701'2 = 1061 + 50b2 — —70.1'2 = 10b1 + 50b2
70%2 = 7b3 — 21b1 0 = 10b1 + 29b2 + 7b3
In order for the system to be consistent we shouldn’t have an equation of the form 0 = ¢ with
c#0.
Answer.

Thus b lies in the plane spanned by (a linear combination of) the two vectors a; and ay iff (if and
only if)
span{aj,as} = {b € R*|10b; + 29, + 7bs = 0}

5.9.6 Definition. Let A be an 7 X ¢ matrix

1. The column space of a matrix A = the range of a matrix A

col A =span{cy, ¢y, ,c.} =g A
= the set of all y for which Ax =y is consistent.

2. The row space of a matrix A

row A = span{ry,rs,;,r.} =g A
= the set of all y for which Ax =y is consistent.




5 VECTOR SPACES 63

3. The nul space of a matrix A

nul A = the set of all solutions of Ax =0
={x| Ax =0}

5.9.7 Example. For each of the vectors ay,--- ,ay:
1. Determine whether it lies in the span of vy,--- , vs.
2. Determine whether it is a linear combination of vy, --- , vs.

3. Determine whether the linear system c;vy + covy + c3v3 = a is consistent.

4. Find and describe the span of vy, -, vs.
1 -3 1
]2 —6 -1
Vi = 3 ) Vo = -9 ) V3 = 0 3
4 —12 4
1 2 5 4
11 1 - 1 1
a; = 2 ) ag = 4 ) ag = 1 ) ag = 5 )
4 0 -3 3
Solution.

Notice that the answers to the first three questions (1-3) are the same. for the three of them we
need to find out whether the linear system c;v; + covs + c3v3 = a is consistent. That is, to answer
question 3.

1 —3]72 +x3 = bl
2[L’1 —6ZE2 —xI3 == b2
—31‘1 —9ZE2 = bg
4{E1 —121’2 +4ZB3 = b4
1 —31’2 +Is3 = b1 I —35172 +x3 = b1
—31’3 = bz - 2b1 N T3 == —(bg - 2b1)/3
—31'3 == bg - 3b1 0 = b3 — 3b1 - (bg — 2()1)
0 = by — 4b, 0 = by — 4b;

Thus, in order for the linear system ¢, vy + covy + c3v3 = b is consistent, the vector b must satisfy
both of the two conditions
{ bg - bl - b2 - 0

*
b4—4b1 :0 (>

Check which of the 4 vector satisfies these two conditions:
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ea:4—-4=0 —-1-14+2=0.
e ay: 0 —8 # 0. In this case we do not need to check the second condition.
e az: —3—20#0.
e az: 3—16 # 0.
Answer 1-3:
1. Only a; lies in the span of of vq,--- | vs.
2. Only a; is a linear combination of vy,--- ,vs.
3. Only ¢;vy 4+ covy + c3v3 = a is consistent.
To answer part (4) we reduce the system to the reduced echelon form:

T —31‘2 = (bl + bg)/3
r3 = _(bQ_Zbl)/B
0 - b3 - 3b1 - (bQ - 2b1)
0 =by—4h

Thus, if the system is consistent, (i.e. b satisfies the 2 conditions in (*)) the system has infinitely
many solutions with z, as a free variable:

r1 = (by +b2)/3+ 3r
Ty =T, —00 < 1 < 00

3 = (201 — by) /3

When b = a;, the solution is

ry =2/3+3r
To =T, —00 <1 <00
T3 = 1/3
In vector parametric form,
2/3 3
X = 0 +r| 1 1], —00 <1 <00
1/3 0

5.9.8 Example. Consider the vectors

2 =7
a; = 1 s Ao — -5
-3 3
—2 1 2 3
V] = 3 5 Vo = 2 5 V3 = 3 s V4 = 2



5 VECTOR SPACES 65

1. Find and describe the span of a; and a,.

2. For each v, determine whether it lies in span{a;, as}.

3. For each v, determine whether it can be written as a linear combination of a; and as.

4. For each v, determine whether the linear system of xya; + x.ay = v is consistent. If it is,

find x.

Solution.

Notice that parts (2-4) have the same answer: For each v the answer is either "yes” on all of them
or "no” for all of them. This is because to answer any of them we need to decide whether
r1a; + Toas = v has a solution.

1. There are two methods to answer question (1). First we describe each. Then we give the
advantage of each, or when to use each.

(a) First method: Observe that the span of the two vectors a; and as is a plane through
the origin. (Why?) Therefore we find a vector normal to both a; and ay:

12 4
a; X as = 15 1, n=(1/3)a; x ay = 5 (5.9)
-3 —1

We divide by the common factor 3 only to use smaller numbers.

Now the equation of the plane spanned by a; and as is
n-x=020, that is , 4y +dbre — 23 =0
Thus the span of {a;,as} is the plane
span{a;,a;} = {b € R*|4x; + 525 — 23 = 0}

This answers question (1) using the first method.

(b) Second method: Recall that Theorem [5.9.2! tells us that

b is in span{a;, as}

0

b is a linear combination of a; and a,

0

the linear system xia; + z9a, = b is consistent.

Thus, to answer any of the four questions we need to find b = (b, by, b3)T for which the
following system is consistent (i.e. has a solution):
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2 -7 by
T 1 + o -5 = bg
-3 3 b3

As usual we start by witting the system explicitly.

21’1 —7ZL'2 = b1 T —5ZE2 = bg T —5ZE2 = bg
T —51’2 = bg — 21’1 —71‘2 = b1 — 31’2 = b1 - 2[)2
—3.CE1 —|—3ZB2 = bg —3.%1 +3ZL‘2 = b3 —121’2 = bg + 362
T —5.1'2 = b2 T —5$'2 = bQ
3%2 = b1 — 2b2 — 3.132 = bl — 2b2
0 - b3 + 3b2 + 4(b1 - 2b2) O - 4b1 - 5b2 + b3
In order for the system to be consistent we shouldn’t have an equation of the form 0 = ¢
with ¢ # 0.

Thus the span of {a;,as} is the plane
span{aj,a,} = {b € R*|4x, + 51y — 23 = 0}
This answers question (1).

Which method to use?: Before answering (2-4) Let us find out which method to use:

e The first method is simpler but it works only in R? not in any higher dimension.

e The second method works in any dimension.

2. A vector v lies in the plane spanned by (a linear combination of) the two vectors a; and as
iff (if and only if)
by — 5by + by = 0 (*)
e vi: —8—15+5%#0: No, v; does not lie in span{a;,as}.
e vo:4—10+6=0": Yes, vy lies in span{aj,ay}.
e v3:8—15+7=0": Yes, vy lies in span{a;,as}.
e v;:12—10+6 # 0 : No, vy does not lie in span{a;,as}.
3. From the definition answer to part (2) is yes iff the answer to part (3) is yes. That is
e No, v; cannot be written as a linear combination.
e Yes, vy can be written as a linear combination.

e Yes, v3 can be written as a linear combination.

e No, v, cannot be written as a linear combination.
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4. We need to answer this question only for vy and v3. We simplify the system to the reduced
echelon form:

T —5(132 == bz ry = (5b1 - 7b2)/3
3!172 = b1 — 2[)2 — To = (bl - 2b2>/3
0 = 4b; — 5by + b3 0 =4b; —5by + b3
® Vo (1,2 6)
z = (5(1) = 7(2))/3 = -3
ry = ((1)=2(2)/3 = -1
0 =0
- ()
or in vector form X
i) =-1 —1

Thus (check)

e v3 = (2,3,7)T: hence,

Thus the solution to z;a; + x0ay = v is

{ T = —4/3 or in vector form X = < 43

Thus (check)
—(11/3)a; — (4/3)as =

5.10 Exercises.

1. Answer all questions in Exercises 5.8 after replacing the phrase ” linear combination of” by
the phrase ” span of”

2. In each of the following describe the span of B:
(a) B={(1,3,-2)",4,—-1,5)7}

3 0 11
wo={(15) (02)]
(¢) B={x,(1+ )% 2% +3x+1}
(d) B={2*—4,2—z,2° +z+1}
3. The columns of a 9 x 4 matrix A satisfies the following: Three times the second column plus

twice the third column minus the first one equals five times the fourth column minus six
times the first column.

(a) Find a nonzero solution to the homogenous system Ax = 0.

(b) For some b € R? the linear system Ax = b is consistent. How many solution does it
have?
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5.11 Linear independence.

Linear independence of two vectors {vy,vy}:
Two nonzero vectors vi&v, are linearly independent iff any of the following equivalent
situations occurs:

1. vi&vy are not parallel.

2. span{vy, va} is 2-d, i.e. a plane.

3. Neither of them is a multiple of the other. That is vy # cvy.
4. the only solution to ¢;vy + cove = 01is ¢; = ¢ = 0.

Linear independence of 3 vectors {vi,vs, v3}:

Three nonzero vectors {vy, vo, vs}
are linearly independent
iff
none of them is a linear combination
of the other two.

Any of the following situations is used to test for linear independence:

1. The only solution to the homogenous equation
C1V1 + CoVo + C3Vy = 0
is ¢; = co = ¢3 = 0, i.e the vector ¢ = 0.

2. The homogenous system
[ Vi Vg V3 } c=0

has only the trivial solution ¢ = 0.

3. None of them is a linear combination of the other. For example, we cannot write
V3 §£ C1V1 + caVva

4. None of {vy,vy,v3} lies in the plan spanned by the other two.

5. span{vy, vy, v3} is 3-d.

General case:
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A set of n nonzero vectors {vy, vy, -+ ,v,}
is called linearly independent
iff
none of them can be written as
a linear combination of the others.
Otherwise
it is called linearly dependent.

5.11.1 Theorem. Let V = {vy, vy, -+ ,v,} be a set of n nonzero vectors. The following are
equivalent:
iff any of the following equivalent situations occur

1. The set 'V is linearly independent. None of them is a linear combination of the others. For
example, we cannot write

Vo Vi + o+ 1V
2. The only solution of the homogenous system
cvi+cve+ -4+ v, =0
1s the trivial solution ¢y = cg=---=¢, =0
Notice that condition can be written in matriz notation as follows:

The system
[Vl Vo o o... V2}c:0

has only the trivial solution c = 0.
3. None of them lies in the space spanned by the others.
4. {vi,va, -, v,} span an n dimensional space.

5.11.2. Example. Determine whether the following three 3-vectors are linearly independent or
not. If they are not, write v3 as a linear combination of the other two.

1 -2 1
Vi = —2 , Vo = 4 , V3 = 10
3 1 10

Solution.
The three vectors are linearly independent iff the homogenous Ax = 0 has a nontrivial solution.
-2 1

1
A:(Vl Vo Vg): 2 4 10
3 1 10
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1 -2 1

-1 0 88

0o 77
1 -2 1
—Aeecn=10 8 8
0 00

The homogenous system Ax = 0 has a nontrivial solution because A.., has a zero-row. Thus the
three vectors are linearly dependent.

In order to write vz as a linear combination of the other two we proceed:

1 -2 1 1 0 3
Apepp—-+— | 0 8 8] — [ 011
0 0 0 0 0O
thus
—3V1—V2+V3:O
and hence

vy = 3V] + Vo

In fact if we go back and draw a vertical line between the second and third columns we have:

1 —-211 1 03
B=(vi va|vg)—--— | 0 8|8 | —Bap— |0 1|1
0 00 0 01]0
and hence
V3:3V1+V2
as above 0

5.11.3. Example. Answer the following questions for each case where A = [ Vi Vo V3 ]
1. Find the value(s) of h for which {vy, vy, v3} are linearly independent.

2. Find the value(s) of h for which vj lies in the Span{vy, vo}

3. Find the value(s) of h for which the linear system Ax = 0 has a non-trivial solution where
the vector columns of A are the 3 vectors above.

3 1 1
(a) -5 |, -1 |, 5
7 4 h

1 2 1

(b) 2 1.1 3], 3

3 5 h

Solution.

First notice that
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e Answer(1): {vy,va, v3} are linearly independent iff Ac = 0 has only the trivial solution. To
determine that we reduce the augmented matrix B = [ Vi V3 V3 ‘ 0 } to an echelon form
Bech-

— If each column in B.., has a LT, then we have no free variables and the system Ac = 0
has only the zero solution.
— If one of the columns does not have a LT (in this case B, has a zero row) then we

have at least one FV and the system Ac = 0 has infinitely many nonzero solutions.

e Answer(2) = complement of Answer(1). This is because if v3 lies in the Span{vy, vs} then
{Vv1, va, v3} are linearly dependent.

e Answer(3) = Answer(2) = complement of Answer(1). This is because Ac = 0 has a
nontrivial solution iff {vy, vy, v3} are linearly dependent.

(a) To answer any of these questions we need to put the augmented matrix [ Vi Vg V3 ‘ 0 } in
echelon form.

1 3 =110 1 3 —110
-1 -5 510 —_— e — 01 —-210
4 7 h|O0 0 0 h—610

We have two possibilities

(a) h # 6: In this case the system Ax = 0 has a unique solution, which is the trivial solution. In
this case {vy, vy, v3} are linearly independent.

(b)h = 6: We have one free variable because

#(col) - #(LT) = 3-2 =1

Hence, there are infinitely many nontrivial solutions for h = 6 and {vy, v, v3} are linearly
dependent.
Conclusion:

1. h #6.
2. h =6.
3. h=06.
5.11.4. Example. Answer the following questions for each case where A = [ Vi Vg V3 ]
1. Find the value(s) of h for which {v;, vy, v3} are linearly independent.
2. Find the value(s) of h for which v lies in the Span{vy, vo}

3. Find the value(s) of h for which the linear system Ax = 0 has a non-trivial solution where
the vector columns of A are the 3 vectors above.
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1 -2 3

(a) 5 1, -9 1, h

-3 6 -9
1 -2 3
(b) V) = 5) , Vg = -9 , V3 = h
-3 6 -9

To answer any of these questions we need to put the augmented matrix [ Vi Vy V3 ‘ 0 ] in
echelon form.

1 -2 3 0

0 1 h-=15|0

0 0 0 0

Here the zero-row in A.., does not lead to any inconsistency because we are dealing with a
homogenous system Ax = 0. We have one free variable because

#(col) - #(LT) = 3-2 =1

Hence, there are infinitely many solutions for all h.
Conclusion:

1. No A.
2. All h.
3. All h.
5.11.5. Example. Answer the following questions for each case where A = [ Vi Vo V3 ]
1. Find the value(s) of h for which {vy, vy, v3} are linearly independent.
2. Find the value(s) of h for which v lies in the Span{vy, vy}

3. Find the value(s) of h for which the linear system Ax = 0 has a non-trivial solution where
the vector columns of A are the 3 vectors above.

1 -3 5

(a) 3, 9 |, 7

2 —6 h
1 -3 5
(b) V) = -3 , Vg = 9 , V3 = -7
2 —6 h

To answer any of these questions we need to put the augmented matrix [ Vi Vg Vg3 ‘ 0 ] in
echelon form.

1 -3 0

0 O 1

0 0 h-10
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If h =8, the last row is a zero row. If h # 8, replace R3 by Rz — (h — 8)Rs. We obtain

1 -3 0
0 0 1
0O 0 0
Then the solution to Ax = 0 is
ro =0, wx3=1t, x1 =3 —oco<t<x

for all h. Conclusion:

1. No h.
2. All h.
3. All h.
5.11.6. Example. The following five 4-vectors cannot be linearly independent. Why?
1 3 3 2 -9
—2 | -2 B 2 | -8 B 2
Vi 2 ’ Vo = 3 ’ V3 = 0 ) Vg = 7 ’ Vs = 1
3 4 -1 11 -8
1. Find the largest set of vectors among {vy,---,vs} that are linearly independent.

2. Let V =span{vy,--- ,vs}. What is the smallest set among {vy,--- ,vs} that span V7
3. What is the dimension of V?

Solution.

1 3 3 2 —9
2 —9 2 —8 2
A=(vi o vs)=1| 5 3 o 7 1
3 4 -1 11 -8

133 2 -9

012 —1 —4

—Aen=19090 0 1

000 0 0

Question 1:

The largest set of vectors
among {vy,---,vs}
that are linearly independent
is B = {vy,Vva,vs}.

Notice that
these are
the LT vectors in A not Agg.
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Question 2:
The smallest set of vectors
among {vy, -+ ,vs}
that span H is again B = {vy, vy, vs}.

Again notice that
these are
the LT vectors in A not A..,.

Question 3:
if H =span{vy,---,vs}
dim H = #(members of B) = #(LT’s) = 3.

The columns of a square matriz A are linearly independent
5.11.7 Theorem. iff
det A # 0.

Question: Show that Theorem 5.11.7 follows from Theorem 14.3.1.
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5.12 Basis for V :=span{vy,---,v,}.

A basis for V = span{vy, - ,v,}
is a maximal linearly independent subset V.

Equivalently

it is a minimal spanning subset of V.

Practically

we look for a subset of V' that
(1) spans V' and
(2) is linearly independent.

It does not have to include
any vector from the set {vy,---,v,}.

In fact we look for the simplest one,
that is, with as many zero components as possibly.

5.12.1. Example. Let vy, -+, vg be the columns of the matrix A. Let H = {vy, -+ ,vg}.

0 -3 -6 6 -3 15
-1 -2 -1 3 3 1

A=1 2 23 0 3 10 -1
1 4 5 -9 5 -7
1. Find the largest possible subset of linearly independent vectors among {vy,- -, vg}.
2. Find the smallest possible subset among {vy,---,vg} that you can use to express all vectors

in H as linear combinations.

3. Write each of the remaining vectors in {vy, -+ ,vg} as a linear combination of the ones you
found in the first part.

4. Find a basis for the subspace H.
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1 4 5 -9 5 -7
4|03 6 -3 15
0 2 4 -6 8 —6

0 5 10 —15 20 —15

1 4 5 -9 5 -7
o123 a3
0 -3 -6 6 —3 15

0 2 4 -6 8 —6

1 4 5 -9 5 -7
o123 a3
0 -3 -6 6 —3 15

0 2 4 -6 8 —6

1 45 -9 5 -7

0 1] 2 -3 4 -3

A 9 00 3 9 —6

o 00 00 O

Then, a largest set of linearly independent vectors among the columns of A ar the pivot columna
{a17 ag, a4} .

To write each of the rest as a linear combination of these ones, we consider them one at a time.
Start with ag. We pretend that we started with {a;,as,a,} and ag as (aj, as, a4)ag) and done the

Gauss elimination. Then we would have arrived at the same A.., with a5* and a;"’ removed and
ag" at the end. That is (aj"a3"a;"’|ag"?),

1] 4 -9|-7
0 [1] -3]-3
0 0 [3]]|—6
0O 0 0] O
1] 0 0 11
0 [1] 0|-9
N
0 0 [1]|-2
0O 0 0] O
and the solution is 1 = 11,29 = —9, 23 = —2, and hence

ag — 11&1 — 98.2 - 28.4

Now repeat the same process with az and 5. That is (aj"’a;"’aj"/|a3"?) and (a]"?a3"aj"’|as"?).
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5.12.2. Subspaces of R”

H = span{vy, vy}

That is, H consists of all vectors of the form

’y = a1Vy+ asva, aq,02 € R‘

H={veV|v=cgvi+ecvy «c,c€cR}

Recall the parallelogram rule.
Notice that

(b) If u € H,c € R, then the entire line that u determines through the origin lies in H. That is,

If ’u:alvl—l—agvg, CER‘

Then |cu = (ca;)uy + (caz)us € H

(c) Ifu,v e H, thenu+v € H. That is

U= a1Vy +agvy, V= b1V1 + bng ‘

= u+v= (a1 + bg)Vl + (az + bg)VQ

’:>U+V€H‘

Notice that the zero vector 0 € H because

| 0=0v,+0v, € H|

There is nothing special about these two vectors:

1. The span of any two 3-vectors vy, vy € R?, will have the same properties.

2. The span of any two n-vectors, vy, vy in any higher dimension space € R", has the same
properties.

3. In fact, the span of any number of n-vectors, vy, vy, --- v, in any space € R has the same
properties (a-c).

Definition:

A set H in R" is called a subspace of R"

if it satisfies (a-b).

Definition:

the subspace spanned by vy, va, - - - ,Vk‘

= Span{Vh Vo, 7Vk}
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5.13 Spanning sets.

Review section 5.9/ using matrices.

6 Linear Transformations

6.1 Isomorphisms
6.1.1 Definitions

Let V and W be two vector spaces.
Recall that

T(cv) =T (v),

Amap T :V — W is called

a linear transformation
or a homomorphism

iff

T(vy+ve) =T(v1) +T(v1), for all vi,vo e V
forallve V.ceR

Amap T :V — W is called

a linear transformation
or a homomorphism

iff

it can be represented by a matrix.

A map T :V — W is said to be

one-to-one or injective
iff
T(Vl) = T(VQ) <~ V1 = Vy

equivalently

T(v)=0&v=0
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In short, we have:

A map T :V — W is said to be

onto or surjective
iff
for any w € W
the equation
T(x)=w
has at least one solution

Let V and W be two vector spaces.

Amap T :V — W is called
a correspondence
iff it is
one-to-one and
onto

Amap T :V — W is called
an isomorphism
iff it is
a correspondence,
and a linear transformation

Amap T:V — W is called
an isomorphism
iff it is
a linear transformation
one-to-one and
onto

An isomorphism 7T : V — V is called

an automorphism
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6.1.2 Dimension characterizes isomorphisms.

Two vector spaces are isomorphic
iff

they have the same dimension.

6.2 Homomorphisms = Linear maps.

Amap T :V — W is called
a linear transformation
or a homomorphism
iff
T(vy+ve) =T(v1) +T(v1), for all vi,vo €V
T(ev) =T (v), forallve V,ceR

6.2.1. Exercises.
1. Three matrices A;, Ay and A; has echelon forms By, By and Bs where "&” stands for a
leading term.

For which of the three matrices the homomorphism A : R — R is (a) onto and for which
(b) one-to-one.

A A [ kox %
Bl_(o .1.*)’ BQ_(O oo)’ B3_(0 o.y.)

2. A map h:R®— R" is given by h(x) = Ax where A is an --- X --- matrix. Assume that an
echelon form of A has a zero row.

a) Is the map h linear?

b)

(c) Is the map h one-to-one?
)
)

(
(

Is the map A onto?

(d) Does the equation Ax = y has a solution for each y € R™7
(e) Does the equation h(z) = y has a solution for each y € R?

3. A map h:R®— R" is given by h(x) = Ax where A is an --- X --- matrix. Assume that
r > c.

(a) Is the map h linear?
(b) Is the map h onto?
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(c) Is the map h one-to-one?
(d) Does the equation Ax = y has a solution for each y € R"?
(e) Does the equation h(z) =y has a solution for each y € R™?
4. A homomorphism % : R® — R? satisfies h(e;) = (7,2)7, h(e2) = (—1,3)T and h(ez) = (5,4)T.

(a) Find h(x) explicitly.
(b) Represent the map h by a matrix.

A linear map h: V — W
is completely determined
by its action
on a basis of ------ .
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6.3 The matrix of a linear transformation

In R3 let
1 0 0
€1 = 0], e= 1], e= 0
0 0 1

2 -3
—4 -2
TA(el) - 6 ) TA<62) - 9 9
5 6
4
0
TA(63) = 3
-2
Answer:
T(X) = T(xlel + x9€s + $3€3)
= xlT(el) + IQT(GQ) + I3T(63)
2 -3 4
B —4 n -2 n 0
B I 2 g s
5 6 -2
2 -3 4
| -4 =2 0 o
1 6 9 3 ;
5 6 2 s
Therefore
2 -3 4
-4 -2 0
Adr=1 46 o9 3
5 6 -2
Example. Let 7 : R? — R* be the linear transformation
Ty(x) =Ax, =~ xm—y=Ax,
2 -3 11
-3 4 -3
A= 5 9 6 = |: a; Ay Aas }

82
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2 -3 11 X 9
3 4 -3 —3

der=1 o o 8 | s
7 5 —1 7
Aey = ay, Aez = ag

TA<X) = TA(:clel + To€o + x3e3)
= 11T4(e1) + x2Ta(e2) + x3T4(e3)
= r1a1 + T2as + T3a3
2 -3
-3
5)
7

Ta(x) =121 + 2

TN

+ x3

6.3.1 Example. Rotation in the plane: Let Ry : R* — R? be the transformation that rotates each
point in R? about the origin with by angle ¢, where the positive direction is counterclockwise.

Answer: Notice that
1 coSs ¢ 0 —sing
0) "\ sin o )’ 1) cos ¢
[ cos¢ —sing
Ay = ( sing  cos¢ )

(1)

6.3.2 Example. Find the standard matrix for the linear transformation T : R? — R? that maps
e, into 3e; + 4e; and maps e, into 2e; — Hes.
Answer: The transformation 7' maps

(1) (3)

A=[ T(e) T(eﬂh(i _25)

6.3.3 Exercise. 1. Find the standard matrix for the linear transformation 7" : R? — R? that
rotate each vector by an angle 7/6 then maps e; into —2e; + 3e; and maps e, into He; — ey,
then rotate each vector by an angle 7/6.

Then

[\

s

fon
Who |~

Thus, The matrix of T is
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2. Find the standard matrix for the linear transformation 7" : R? — R? that maps e; into
—2e; + 3ey and maps e, into be; — e,.

3. Are the two linear systems the same?

6.4 The Null space, Row space and Col space of A.
6.4.1. The Null space of A. Let A be a matrix of size r X c.

The Null space of A
Nul A
is
the solution set of the homogenous system
Ax =0

Nul A = The set of all x € R¢
that satisfies
Ax =0
dim(Nul A) = #(free variables)

6.4.2. The column space of A. Let A be a matrix of size r X ¢

The column space of A
denoted by ColA  or Range A

The span of the columns of A.

0

The set of all y € R” which is
a linear combination of
the columns of A.

)

The set of all y € R” for which
Ax =y has a solution.

dim(Col A) = #(basic variables)

dim(Nul A) + dim(Col A) = ...c.ccee
dim(Nul A) = ...............

6.4.3. The row space of A. Let A be a matrix of size r x ¢
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The row space of A
denoted by RowA

The span of the rows of A.

6.4.1 NulA is orthogonal to RowA.
If v € NulA, that is Av = 0, then

I r{-v 0

Iy ro -V 0
AV: . VvV = . =

Iy ry Vv 0

Thus v is orthogonal to all the rows of A. Hence

Nuld 1 RowA

6.4.2 The rank and nullity of A.

nullity of A := #(free variables)

rank of A := #(basic variables) = #(LT’s in Aeep)

Thus, we can translate (2.1.11)) to

rank of A + nullity of A = #(variables)

=#(columns)

85



