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1 BASIC CONCEPTS 3

Comments and examples included in these notes are not sufficient for a complete course on
elementary differential equations. They do not replace the lecture notes nor the textbook.
They are mere elaborations on some of the concepts, ideas, techniques, examples and
exercises that are discussed in the text and lectures. You are expected to attend all the
lectures and take notes and study them and read the textbook and do all the recommended
exercise.

1 Basic Concepts

1.1 Examples
1.1.1. Example Solve The initial value problem (IVP)

‘% =>4 3t (DE)
z(1) =2, #(1)=—1 (IC)

Remark. An IVP consists of a differential equation (DE) and initial conditions (IC).
Solution. Integrating twice we obtain

1 3
p(t) = —t° + =t *
() = 3t + 5" +a (*)
1 1
t)y=—t"+-t"+at+b o
z(t) 5t Tt tat+ (**)

1. Each time we integrate we need a constant. As a result we obtain infinitely many
solutions, one for each choice (a,b). in fact z(t) is two-parameter family of solutions.
It is called the general solution of the DE.

2. The initial conditions (IC) allow us to determine (a,b) uniquely and obtain a unique
solution to the IVP.

3. From (*) we obtain

1 3 1
2:$(1)=§+§+a—>a:6
Thus we have a one-parameter family of solution to the DE that satisfies ©(1) = 2.

Namely

1,11
$1(t)—12t+2t+6t+b

Now we determine the parameter b from the second IC:

Thus, we have a unique solutio to the IVP:

1 1
t)=—t*4 =
(=151 +5 6 12
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O

1.1.2. Exercise. An object weighs 1b is thrown up vertically with speed of 20 ft/h from
the top of a building that is 300 ft high. When does the object hit the ground.

1.1.3. Example. Solve the following initial value problem (IVP) and sketch the solution

Solution. We know that

aeat — aeat
Try a solution
w(t) =e %
But
(1) =e?#5
Let’s try the one-parameter family of solutions
x(t) = Ae™®
If we insist that
r(1)=Ae® =5
Then
A =5¢e?

And the solution to our IVP is

1.1.4. Independent variables and dependent variables

The variable t is called the independent variable and we may think of it as time.

The variable x is called the dependent variable and we may think of it as position of a
particle moving on the z-axis. In other words, z(t) tells us position of a particle moving on
the z-axis at time t.

Exercise 1.1.5. Determine the independent variable and the dependent variable in each of
the following:

1. ¢y + (sinx)y’ = zy, where y = dy/dz,---.
2. w” + v?vv' + 3v = 0, where v/ = dv/du, - - - .
3.y + 2% = 3y* + 5z

4. yW 4+ 2%y = 345 + 5.
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1.1.6. Terminology and observations.

An initial value problem (IVP) consists of
a DE and

as many initial conditions as the order of the DE.

The order of a DE
is
the order of the highest derivative that appears in the DE.

Each time we integrate we need a constant. Therefore,

The number of parameters in the general solution
must equal
the order the DE.

The general solution of a DE of order n
is a solution that satisfies the following:
(1) It has n parameters.
(2) Given any set of n appropriate initial conditions,
we can use these initial conditions
to uniquely determine the n parameters
and obtain a unique solution for the IVP.

1.1.7. Example. Solve the following (IVP) and sketch the solution
#=5z  x(0)=-2,  i(0)=4 (1.1)

Solution. We are looking for a function whose second derivative is the function itself
multiplied by 5. We know two

pi(t) =", my(t) = e VP! (1.2)
Neither of them can be made to satisfy the IC. for example

o(t) = =201
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satisfies the first IC z(1) = —2, but does not satisfy the second IC.

Let’s try a linear combination

z(t) = 121 (t) + coxa(t) (1.3)
that is, 2(t) = eVt 4 cpe VP! (1.4)

We need to find constants (parameters) ¢ = (cy, ¢2) such that z(t) satisfies the IC.

Cl+02:—2

Vher — Ve, =4
(A (2) = ()
(2)==(5 1) ()

-(5530%)

In matrix notation

Thus

And the solution to the IVP is
qt) = (1 +2/V5)eV5 " — (1+2/VB)ev?",  —co<t<oo

Sketch the solution.

1.1.8. Terminology. Notice that the two solutions z1(t) and x(t) given in (1.2)) are not
multiple of each other. In this case we say that they are linearly independent.

We call z,(t) = eV® and xo(t) = e~V given in 1}

fundamental solutions of the
linear homogenous DE 2 = 5.

x(t) = 1V + cpe™V5 given in (1.3)

is the general solution of the DE Z = 5x.

Notice that it is a two-parameter family of solutions.
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Notice that

#(parameters) = #(fundamental solutions)= order of the DE.

1.1.9. Remark: The inverse of a 2 x 2 matrix We used the fact that the inverse of a
mtrix
a b
=)

1 _
A7l = T ( Ccl 2 ) , provided that ad — bc # 0
ad —be \ —

18

1.1.10. Example Solve the following (IVP) and sketch the solution

Solution. The main difference between this example and example is the minus sign
on the righthand side.

So, again we are looking for a function whose second derivative is the function itself
multiplied by —3. We know two

z1(t) = cos V3 L, 2o(t) = sin V3 t (1.5)

Neither of them can be made to satisfy the IC. For example

—9
z(t) = ﬁsm V3t

satisfies the second IC but not the first.
As in let’s try a linear combination

z(t) = crz1(t) + cama(t) (**)
z(t) = ¢y cos(V/3 ) + cosin(vV3 t)
We need to find constants (parameters) ¢ = (¢1, ¢2) such that x(t) satisfies the IC.
Ccl = 3, \/302 = -2

And the solution to the IVP is
2

V3

Sketch the solution. Fill in the space for the previous example.

q(t) = 3cos(vV3 1)

sin(v/3 1), —00 <t <00
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The fundamental solutions are

and

The general solution of the DE is

Itisa..... -parameter family of solutions.

1.1.11. Example Solve the following (IVP) and sketch the solution

= —3x + 5sin \/§t

2(0)=3,  #(0)=—2

1.2 Classifying DE’s
1.2.1. Order of a DE. See above.

1.2.2. Nonlinear verses linear equations

The canonical for of a linear equation of order n is
an ()™ + a1 ()2 4+ a ()2 4 a,(t)z = g(t)

If g(t) = 0, it is said to be homogenous.
If g(t) # 0, it is said to be non-homogenous.

If 2 (t), zo(t), -+, 2, (1)
are linearly independent solutions of the linear homogenous DE
an(t) 2™ + a,_1 ()2 + a1 ()2’ + an(t)z =0
they are called fundamental solutions.
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Exercise. Which of the following is a linear DE? For the nonlinear ones, determines all

the nonlinear terms.

(t* +1)y" + 3ty — 5t3y =t
yy" +3y —by=t
o" + (2')? — tr = sint
32" + 52’ =sinw
In(1 +t%)y" + 3t3y — et
32" + 5a’ = sint

32" + o —tex =t+ cosx
Theorem 1.2.3. Consider the homogenous linear system
an ()™ + - ay ()2’ + ag(t)z =0
Suppose we have n linearly independent solutions

x1(t), xa(t), -+, 2, ()

Then, the general solution of (H) takes the form
z(t) = c121(t) + coxo(t) + - - - + oy (t)

1.2.4. Ordinary (ODE) verses partial (PDE) differential equations:

1.3 Exercises

1. For each of the following:

(a) Classify each of the following DE’s according to order and linearity.

(b) Determine the independent and dependent variables.
dy 2
— =3 Sx.

(a) - =3y + 5z

(b) EZ = 312 + 5a.
What are the differences between between problem (a) and (b)?
(c) v + 2%y = 3y* + 5z.
(d) v + 2%y = 3y* + 52,
e) ’”1/ +v"?u = 3vu® + sinv.
) Y

f

Y22y = 3y° + 5.

(
(
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2. Show that x(t) = ¢~ is a solution for the DE
2" +32'—=10=0
Find another solution for the DE.
3. For what values of « is u(t) = e* a solution of the following DE?
u—4u+3u=0

Solve the IVP
i — 4+ 3u =0, u(0) =5,4(0) = —2

4. For what values of 3 is x(t) = €’ a solution of the following DE?
T—2—6x=0

Solve the IVP
r—1—6x=0, z(0) =2,2(0) = -3

5. After you answer the following two questions, comment on the difference between the
two equations:

(a) For what values of 3 is z(t) = e“! a solution of the following DE?
T—5r=0
(b) For what values of 3 is x(t) = sin §t a solution of the following DE?
T+3x=0
Find another solution for the DE.

6. Solve each of the following the following IVP’s and sketch the solution

4 5r =0, z(l)=-2
Z+5br =0, z(0) =—-2, #(0)=7

3
7. Show that y(x) = 1 + t% is the general solution for the DE

2zy + 4y =3

Solve the IVP
20y’ +4y =3,  y(2)=-3

8. Verify that the given functions are solutions to the DE. Then, find the unique
solution to the DE that satisfies the given IC when one is given.
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10.

11.

12.

13.

11

(a) 2"+ 22" — 32 =0,
x1(t) = 73 2o(t) = €
z(t) = ae 3 + be!
(IC) z(0) = 2,2'(0) = —1
(b) 2t*" + 3ty —y =0,t > 0;
yi(t) =2 ye(t) =t y(t) = at'/? + bt~
(IC) y(1) = 2,4/(1) = —1
Definition Equations of this form are called linear.

Show that y(z) = MY

1
Hint: Recall the fundamental theorem of calculus.

dx is a solution to the DE zy’ — sinx = 0.

Find the value of r for which the given DE has a solution of the form e, then solve
the IVP.

(a) T+&—62=0
2(0) = —2,7(0) = 3.
(b) y" + 5y + 6y =0,
y(0) = 3,%'(0) = —1.
(C) y/// _ Sy// + 2y/ — 0
y(0) =3,4/(0) = —1,¢y"(0) = 1.

Definition Equations of this form are called linear with constant coefficients.

Find the value of r for which the given DE has a solution of the form z"then solve
the IVP.

(a) 2y + 2y =y,
y(1) = -1Ly'(1) =2
(b) z*y" — xy’ — 15y = 0,
y(1) =2,y(1) = -1.

Definition Equations of this form are called linear. However, they don’t have
constant coefficients.

Find the trivial solutions of the following DE’s:

(a) z=(z—1)(z+2)
(b) @ = (z —8)In(x — 5)

Solve the IVP

=z -2, z(0) =a

Describe the long term behaviour of the solution.

Hint: The long term behaviour is lim; .., and lim;_,_
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2 First order homogenous linear DE’s

2.1 Separation of variables

One of the simplest types of DE are equations that can be reduced to the form

f(x)dz = f(y)dy (2.1)

where the left-hand-side depends on x only and the right-hand-side on y only. therefore,
the problems amounts to two integrals.

2.1.1. Example The following example shows that the interval of definition of a solution
might be finite and depends on the initial conditions.

dy  bx

= 0 1)=—3
- 3’ y#0, y(1)

This DE is not defined for y = 0 because there is a y in the denominator.
We Can rewrite the DE in the form

3ydy = —dxdx
Integrating each side separately and combining the two constants, we obtain

3y2 +ep = —br?+ ¢y

3y  +52° = ¢
Now we determine ¢ from IC (y = —3 when 2 = 1) and obtain
By + 527 =32,  y#0 ()

This is a vertical ellipse.

Important Remark: As a geometric object, this ellipse is defined for y = 0, i.e. includes
the two points (£4/32/5,0). However, the DE is not defined on the z-axis, y = 0 (Why?).
In other words, the z-axis, y = 0, does not have a physical meaning for the system that
this DE models. Thus, as far as the DE is concerned, we have to remove the two points
(+,0), 24 = £4/32/5, from the ellipse. Now we can write (*) as

32 5
o[22 25
¢+(2) 3 37
v = —+/32/5 <z < /325 =z,

But these are two different functions ¢ (x). Not one.
Which one is the unique solution to our IVP? ¢, () or ¢_(x)?

1. The solution of the IVP is the largest part of the ellipse that

(a) contains the IC and
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(b) does not intersect x-azis {y = 0}.

2. Since y(1) = —3 < 0, it follows that the part of the ellipse that satisfies these two
requirements is lower part of the ellipse. Therefore, the unique solution to the IVP is
given by

32 5

¢-(z) = — 3 51’2

x_=—/32/b <1z <+/32/5=ux,

The interval
ro<x<zTy
is called the interval of definition of the solution
or the interval of existence of the solution.

Notice that the inequalities that define the interval of definition are strict inequalities
because the two points (£/32/5,0) do not lie on the solution curve.

3. If we interpret the independent variable x as time and the dependent variable y as
the position of a particle moving on the y-axis, then the solution ¢_(z) means that a
particle appears at time x_ at the point y = 0, moves down on the y-axis towards the
point y_ = —4/32/3 and reaches it at time x = 0. The particles stops
instantaneously, then moves up again towards the point y = 0 and reaches it at time
x4 and disappears there.

4. If we look for the solution with IC y(1) = 3, we obtain

¢4 (x) = +\/ % - 21327

w_=—\/32/b <z <\/32/5=ux,

We can interpret the solution ¢, (z) in a similar fashion, but now we have a particle
that moves upward on the y-axix to the point y, = +,/32/3 and back to y = 0 where
it disappears.

5. Together, the two solutions can be interpreted as two particles appearing at the
origin y = 0, travelling in opposite direction with the same speed, stoping at time
x = 0, then returning to the origin and annihilating each other.

6. Important Remark:

The Interval of existence of a solution
depends on the IC.
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We can see this form example 2.1.1f

(a) There is nothing special about the initial condition (y(1) = —3) that we used.
We can see that any initial condition y(z,) = y, will yields an ellipse of the form

522 + 3y2 = 2

where
¢* = 5x2 + 3y’

and the positive constant ¢? will depend on the initial condition .

(b) If y, > 0, the solution is the upper half of the ellipse

c? — bx?

3 )
c? c?
5 <x <+ 5 = T4
(c) If y, < 0, the solution is the lower half of the ellipse
c? — ba?
b = —\| =
c? c?
r_=— g<x<—|— €:x+
(d) Notice that in either case, the interval of existence of the solution is

c? c?
rT_o=— g<x<+ g:er

depends on ¢? = 522 + 3y? which is obtained form the IC. Thus, it depends on
the IC. In physical terms, the life span of these two particles depends on the IC.

¢y =+
T =—

2.1.2. Exercise Describe and interpret all solutions of the differential equation
dy _ bz
dx ay

where a and b are two positive constants.

2.1.3. Exercise Find the general solution of the DE

I—_

y = =2ty

Find the unique solution that satisfies each of the following IC and find its interval of
definition:

L y(3) = %
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2. y(=3) = —%
3. y(1) =4
4. y(1) :é

5. Sketch the four solutions on the same graph.

6. Suppose that t is time and y is the position of a particle moving on the y-axis.
Describe the behaviour of the particle in both cases.

2.1.4. Exercise Find the general solution of the DE

Yy =—ty

1 1
1. Find the unique solutions to the IVP’s with IC’s y(+3) = o1 y(£3) = = and
1

y(£3) = NG

1 1
2. Find the unique solutions to the IVP’s with IC’s y(+3) = —5 y(£3) = — and

y(£3) = —%-

3. Sketch all these solutions on one graph.

2.1.5. Exercises Solve the IVP, find the interval of existence of the solution and sketch
the solution. Suppose that t is time and x is the position of a particle moving on the
r-axis. Give a physical interpretation to the four solutions together.

1. &= (1-2t)2% 2(0) = —1/2.

2. Describe the dependence of interval of definition on the initial condition z(0) = r and
z(1) = s.
2.1.6. Exercise Consider the DE

. 1—2t
xr =
2x

x#0

1. Find the four solutions that satisfy the following IC’s and give the interval of
definition for each solution:

z(0) = £/ = (i)

2 .
z(l) ==+ 5 (ii)

2(1/2) = —1/36 (iii)
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2. Sketch the six solutions on the same graph.

16

3. What is the difference between these solutions?

4. Suppose that t is time and z is the position of a particle moving on the z-axis. Give a
physical interpretation to the four solutions together.

2.1.7. Exercise Solve the following IVP and determine the interval of definition of the
solution.

y = zyd(1+2%) 12,

y(0) = -1

2.1.8. Exercise Solve the following IVP and determine the interval of definition of the
solution.

B 2x
Cy+aty

/

Y

Example 2.1.9. Consider the separable DE

4.

dy
—_— = —I
d(L’ y?

y(0) = -2

yla) =b (2.2)

. We can think of the independent variable x as time and the dependent variable y as

the position of a test particle moving on the y-axis.

Notice that the initial condition y(a) = 0 leads to the equilibrium solution

Po(®) =0,

Separating the variables we obtain

1
[
y

Integrating,

c, —x2/2

ly(z)| = ee™ 7%,

y(x) = iece_IZ/Z,

z € R

—/xdaz

—oo<r <o

—o0o < T <0

—00 < xr <00

We can write the constant +e¢ = A Thus, the general solution of the IVP is

y(z) = Ae™* /2,

—o0 < Tr <00

Notice that this general solution works also for the equilibrium solution. How?

How do you interpret these solutions physically?

Example 2.1.10. Solve the IVP, find the interval of definition of the solution and sketch
the solution.

J = z(x? —1)

y(0) i%
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This is a separable DE:

Determine ¢ from IC:

Solution to the IVP

1 4 2 1
= ——(2" =22+ 1)4
Y \/5( )

=222 41>0

1 1
= —E(@Q —1)%)
1

Solution to the IVP

¢(x):—%\/|$2—1|, —-l<z<l1

Notice that /|22 — 1| is defined when z = 1. But y = 0 does not have a physical meaning
because we are dividing by y? in the DE.

To sketch the solution, notice that if we square it (and write y for ¢(z)) and rearrange the
equation we get

1
y2:§|x2—1|, r # +1

But 0 < 2? < 1, that is 2> — 1 < 0. Thus, |2* — 1| = 1 — 22, Tt follows that
o _ 1 2
y:§(1—x), x # +1
)
P4+ T =1, x # +1
2

which is a horizontal ellipse.
Question. Which part of this ellipse is the graph of the solution?

2.1.11. Exercise Solve the following IVP’s :

L —+2y=f(z), y0)=1
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1, 0<xz<3,
f<x)_{—1, x> 3.

Notice that ¢,(x) = 1,0 < x < 3, is a solution for the first 3 seconds.

3. Consider the IVP
T = (2 —x)tant, z(0) =10

Solve the IVP. Don’t forget to find the interval of definition.

Sketch and describe the behaviour of solutions away from these critical values.

(a
(b
(c
(d

What is the unique solution that satisfies 2(0) = 07

~— ~— ~—

Let by < by. What happen to the line segment b; < x < by as t varies?
Notation: Denote the unique solution that satisfies the IVP by ¢ (¢).
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3 First order Linear O D E

3.1 Method of integrating factor or variation of parameter
&+ p(t)r = g(t)
where p(t) and g(t) are continuous in some open interval of a <t < b.

3.1.1. The Homogenous Case: g(t) = 0. In this case we have the DE

T+ p(t)r =0
which is also separable since

dx

— = —p(t)dt

= = (1)

Integrating, we obtain the general solution of differential equation given by

on(t) = Aexp|— / p(t)di)

with parameter A. Nothing new so far. But what about solving the nonhomogeneous
differential equation (NH]). For this we need what is called the variation of parameter

method.

19

(NH)

(3.1)

3.1.2. The Variation of Parameter Method (AKA integrating factor method)

for the nonhomogeneous DE (NH)).
The steps:
1. Write the DE in the standard form

(NH) ' +p(t)r = g(t)

2. Find a fundamental solution of (H):

(H) 4+ pt)r=0
Calculate: / p(t)dt

Fundamental solution of (H)

By (1) = exp|— / p(t) di)

Simplify. (This is very important).
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3. Calculate

4. The general solution of (NH)

() = D (t) (c + / 5:2) dt)

5. The constant C: Determine the constant C from the initial conditions.

6. Interval of existence: Find the interval of definition of the solution to the initial
value problem.

7. Once we solve (NH)) we should study dominant term and transient terms in the
solution.

3.1.3. The term ”integrating factor”. This is just different terminlogy and notation.
The function

is called an integrating factor.

Thus
The general solution of (NH)
can be written in the form

_ C+ [gt)ult)dt

#t) u(t)

Exercises 3.1.4. Solve the following, find interval of definition and sketch the solution.
Determine the dominant and transient terms at both ends of the interval of definition.

(1)
(1)
2.y —2y =1t y(1)=2

1. (a) ty +2y = 4%
(b) ty + 2y = 4¢2,

Y 2
Y —16
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W

ot

10.
11.

12.

13.

St 2=t —t+1, t>0, y(1)=1/2
Y 3y =t+e ¥ y(1)=2

Y+ 2ty = 2te ", y(l) =—1

Y +y=3tcos2t, t>0, y(l)=2
(14+t3)y + 4ty =1/(1 +3)?,  y(1) = -2
(1+)y +4ty=1/1+1*)?, y(1) = -2

Yy 4+ (2/t)y = (cost)/t?, t>0, y(x/3)=2
y + (tanz)y = cos’z, y(m)=—1
wv’ —u?sinu = v

(1+2%)y +2zy = f(z), y(0)=1

rz, 0<ax<3,
f(x)—{_5 r > 3.

Y4 2/t =M(t), t>0, y(x/3)=2

M(x) (sint)/t?*, 0<z <3,
x oy
1/t3 T >3

Justification of the method:

1

. The first step is to solve the homogenous DE (H]) and obtain the general solution
given by (3.1)). We rewrite this solution as
Ba(t) = expl [ plt) (33)

and A is our parameter. Notice that if we set A = 1, the ®,(t) itself is a solution of
(H). That is
3, (t) + p(t) P (t) = 0

. Now, we want to solve the non-homogenous equation (NH) (g(t) # 0). The variation

of parameter (A) method says that in order to account for the effect of the external
force g(t) we replace the parameter A by a function of w(t). That is, we look for a
solution for the non-homogenous equation (NH)) in the form

(t) = @p(t)w(t)
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If we substitute this z(¢) in (NH)) we obtain

O (L)' (t) + @), (t)w(t
+p(t)®u(t)w(t) = g(t)

factorizing w(t), we obtain
O (t)w'(t) + [),(1) + p(t)Dn(t)]w(t) = g(t)

But we know that

@3, (t) + p(t) P (t) = 0 (*)
Substituting in (*) we see that w(t) satisfies the separable DE
t)
() g(t) = L 3.4
W' =0 (0)g(t) = (34
9(t)
dw = dt
D (1)

Integrating, we obtain

w(t) :C+/<I>h(t)_1g(t) dt

g(t)
—Cr / D (t) «
3. The general solution to (NH)) takes the form
z(t) =P (1) (C+ / 5}52) dt> (3.5)
Oy (t) = exp [— /p(t) dt} (3.6)

Remarks 3.1.5. We wrote the general solution of (NH)) in several forms (3.513.7). We
would like to emphasize the following:

1. The form tells us that the general solution of the non-homogenous DE is
the sum of the general solution of the homogenous DE (H)) (xp(t) = ®p(t)) and any
particular solution (x,(t)) of the nonhomogenous DE (NH]). This is a consequence of
the linearity of the DE (NH)).

2. The form (3.5)) says that the particular solution of the nonhomogenous DE (NH)),

x,(t), can be constructed by replacing the parameter c in the general solution of the
homogenous DE by a function w(t). This is what’s known as the variation of
parameter method.
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3. In this way, we replace the the nonhomogenous DE (NH)) by two separable equations,

and ((3.4)).
4. We can also write the general solution of (NHJ) as follows:

g9(t)
Dy (t)

() = OBy (t) + By (1) / dt (3.7)
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4 Second order homogenous linear DE’s

Abbreviation: LHDE = linear homogenous DE. The simplest example of a HLDE is the
motion of an undamped free spring. Undamped means there is no friction or viscosity in its
ambiance. Free means that there is no external force affecting it.

4.1 Free undamped Spring-Mass

Consider undamped (no friction) free (no external force) motion.

[ = natural length of spring
s = elongation of spring
in the downward (positive) direction
caused by the mass m
L = length during vibration.
L =1+ s = the point of equilibrium.
x =L — (I + s) = deviation from equilibrium point.
mx = F Newton’s equation

F(z) = restoring force + weight

+ friction + external force
friction = 0 undamped motion.
external force = 0 free motion.
restoring force = — k(elongation)

F(z) = —k(x+s) +mg
x = 0, equilibrium position =
F0)=0 =
ks =mg = (1)
mi = —ks —

undamped free motion

i = —wr, ()
k
(UQ = — = g
m s
The general solution of (*) is
x(t) = ¢ coswt + cosinwt (4.1)

We take x = 0 at the equilibrium position. We take the positive direction of = to be the
downward direction. Therefore, if the mass is moving downward, its velocity is positive and
if it is moving upward its velocity is negative.



4 SECOND ORDER HOMOGENOUS LINEAR DE’S 25

4.2 Fundamental and general solutions.

A second order linear DE with constant coefficients takes the form

(H) at + bt 4+ cx =0, a#0

The constants a, b and c are all real numbers. (What are the numbers that are not real
numbers?)

Fundamental set of solutions

Two solutions z1(t) and xo(t)
form a fundamental set of solutions for (H)
iff
any [VP
ai +bi+cx =0, x(t,) = xo,2(t,) = T
has a unique solution
which is a linear combination
x(t) = c1x1(t) + cowa(t)

4.2.1. The characteristic equation. We saw earlier that the DE # — w?r = 0 has two
fundamental solutions of the forms

zy(t) = e, To(t) = e (4.2)
We also saw that DE i + w?z = 0 has two fundamental solutions of the forms
x1(t) = coswt, xo(t) = sinwt (4.3)
The two types of solutions are related by the Euler formula
e = cosrt 4 isinrt

It is reasonable then to look for solutions of (H) of the form e™. If we substitute z(t) = "
in the HLDE (H) and simplify we obtain

e(ar® +br +¢) =0
Since e # 0 for all ¢t € R, we divide by €™ and obtain

the characteristic equation

(CE) ar’ +br+c=0
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This is a quadratic equation with solutions given by

b= Vb2 — 4dac
a 2a

r

Recall that the constants a,b and c are all real numbers. (What are the numbers that are
not real numbers?) Thus solutions are either real or complex conjugates to each other.
(What is the complex conjugate of 3 + 5i7)

We have three different cases:

1. (CE) has two different real roots

7"17&7"2

2. (CE) has repeated roots
" =Ty = )

3. (CE) has two complex conjugate roots
r=a=x18, [£>0
4.2.2. General solutions a HLDE. We have three cases
Case 1: (CE) has two different real roots ry # 7o:

Fundamental solutions x1(t) = et my(t) =™t (4.4)

General solution z(t) = c1e™ + cpe™
Case 2: (CE) has one repeated real root r; = ry = 9:

Fundamental solutions  x1(¢) = ®,  a5(t) = te’ (4.5)
General solution z(t) = 1% + cote’

= e(cy + cot)

Case 3: (CE) has two complex conjugate roots r = a + i3, 5 # 0:

Fundamental solutions z1(t) = e™ cos fit, To(t) = e sin Bt (4.6)
General solution z(t) = c1e™ cos Bt + coe® sin Bt
= e (cy cos Bt + ¢ sin Bt)

4.3 Exercises

1. Show that in the three cases above, z1(t) and z5(t) are linearly independent. That is,
they are not multiple of each other.

2. The graph of the solution of the DE y" + 4y’ + 4y = 0 goes through the two points
(1,e72) and (2, —e™%).



4 SECOND ORDER HOMOGENOUS LINEAR DE’S 27

(a) Find y(0) and y'(0).
(b) Find the unique solution of the given DE that satisfy the initial conditions that
you found.

3. Write each of the complex numbers in the form A + .
3¢"/0 _4e'E, (4 —5i)e V3,
4. Solve the following IVP’s and

(a) Sketch the solution.
(b) Describe its long term behaviour.

(c) Assume that ¢ is time and y(¢) is the position of a particle on the y-axis at time
t.

i. For case 1 and 2 find the following when they exist.
A. The time the particle passes through the origin.
B. Its highes and lowest points and the times the particle reaches them.

ii. For case 3 (2 complex conjugate roots):
A. Find the amplitude A, the frequency w, the period T" and time shift §.
B. Write the solution in the form y(¢) = Asin(wt + 0).

(a) ¥"+2y —3y =0, y(0) = 2,4'(0) = 10.
(b 6y” y -3y =0, y(0) = —2,v'(0) = 3.

(g) v'+4y' +4y=0,  y(0)=3,4(0)=2
(h) ¥"+3y=0,  y(0)=1,4'(0)=0.
y" 43y =0, y(0) =0,y'(0) = 1.
1) v"+2¢y +2y=0, y(0)=0,y(0)=1.
y' 42y +2y =0, y(0) = 1,v'(0) = 0.
G) ¥ +y +y=0, y(0) = —1,4'(0) = 2.

(k
1

(m

y'+4y' +5y=0,  y(0)=3,4(0)=—-2.
y" + 4y’ + 6.25y = 0, y(r/4) = =3,y (w/4) = —1.

)
)
)
) ¥ +y' + 125y =0,  y(0) =3,y(0) =
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5 Nonhomogenous linear DE’s with constant
coefficients

5.1 The General solution

Consider the nonhomogeneous linear DE

y' o)y +q)y =g(t),  ylte) =7y (t.) =5 (NH)

e Step 1. Find the general solution of the homogeneous DE (H).

Y +pt)y +q(t)y =0 (H)

— Find two fundamental solutions of (H).

n = & gt =

— The general solution of (H) is

yn(t) = ey (t) + ()
e Step 2. Find any particular solution of (NH).
Z(t) = ...
e Step 3. The general solution of (NH) is

y(t) = yu(t) + 2(t)
y(t) = ey (t) + ca(t) + 2(1)

e Step 4. Find ¢; and ¢, from initial the conditions.

5.2 Method of undetermined coefficients

We use this method when the nonhomogeneous term g(t) is of the form
g(t) = e te™ e ™ cos(2t), - - -
5.2.1. Example. Solve the IVP
Yy Gy =Te’, y(0) = 1,y/(0) = 3 (NH)
e Step 1. Find the general solution of the homogeneous DE (H).
y' —y —6y=0 (H)

— Find two fundamental solutions of (H).
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x Characteristic equation: 7™ —r—6=0— (r+2)(r—3) =0
x Roots of characteristic equation: ry = —2,r9 = 3.

* Fundamental solutions of (H):

— The general solution of (H) is

H{(t) = cign(t) + caya(t)
H(t) = cie™ + coe™

e Step 2. Find any particular solution of (NH). Since V2 #£ y, (), y2(t), we try a

solution of the form
2(t) = AeV?

Determine the constant A by substituting z(¢) in (NH).
Recall that if we substitute z(t) = Ae* in
Liz] = ax” + bz’ + cx

we obtain
L[Ae™] = Ae™(ar® + br + ¢)

Thus, if we substitute z(¢) = AeY? in the left hand side of (Nh) we obtain

AeV(V2)2 = V2 — 6 = TeV*

Thus,
-7
A=
442
And we have a particular solution
7
z(t) = e
=1 +v2

e Step 3. The general solution of (NH) is
y(t) = H(t) + 2(t)

=7
y(t) = cre” + cpe® + —— eV

442
e Step 4. Find ¢; and ¢, from initial the conditions. Exercise.
5.2.2. Example. Solve the IVP

y'—y —12y =5 y(0)=1,4(0) =3 (NH)
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e Step 1. Find the general solution of the homogeneous DE (H).
y'—y =12y =0 (H)

— Find two fundamental solutions of (H).

x Characteristic equation: 1™ —r —12=0— (r+3)(r—4) =0
x Roots of characteristic equation: ry = —3,ry = 4.
* Fundamental solutions of (H):

y(t)=e,  pt)=¢"

— The general solution of (H) is

yu(t) = caiya(t) + caya(t)
yu(t) = cre 3t 4 eyt

e Step 2. Find any particular solution of (NH). Since e = y,(¢) but

e 3t £ yo(t), we take
2(t) = Ate™™

Determine the constant A by substituting z(¢) in (NH).
Recall that if we substitute z(t) = Ate™ in
L[z] = ax” + b2’ + cx
we obtain
L[Ae"] = Ae[(ar® 4 br + c)t + (2ar + b)]
— Notice that the coefficient of ¢ is the characteristic polynomial
P(ry=ar’+br+c
— If we substitute one of the roots in P(r) we obtain zero. That is, in our
example, if we substitute r = —3 in r? — r + 12 we should get zero.

— Thus, if 7 is a root of the characteristic equation and we substitute z(t) = Ate™
in
Liz] = ax” + bz’ + cx

we obtain
L[Ate™] = Ae*(2ar + b)

Thus, in our example, if we substitute z(t) = Ae™! in the left hand side of (NH) we

obtain
Ate 3 (2(=3) — 1) = 5e

Thus,

-5

A=—

7

And we have a particular solution
2(t) = — te ™
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e Step 3. The general solution of (NH) is

y(t) = yu(t) + 2(t)

5
y(t) = cre™® + cpett — 5 te™?

e Step 4. Find ¢; and ¢, from initial the conditions. Exercise.
5.2.3. Exercises: Method of undetermined coefficients.

1. In each of the following find a particular solution z(¢). Then solve the IVP. (Find the
roots and z(t) and check them against the given ones).

(a) y'—y —6y=7¢",  y(0)=2,4(0) = -3
r=-23, z(t) = (=7/10)e™.

(b) ' —y —6y=Te ™,  y(0)=2,4'(0)=-3
2(t) = (=7/5)te 2.

(c) y" =y — 6y =8cos2t, y(0)=2,y(0)=-3
z(t) = (—10/13) cos 2t + (—2/13) sin 2t.

(d) " —y +y=2sin3t, y(0)=2,9(0)=-3)
r=(1/2) % (v/3/2)i,  z(t) = (6/73)cos3t + (—16/73) sin 3t.

(e) y' =2y =3y =4z —5+4dze®™,  y(0)=-1y(0)=2,, (r=-1,3)
z(z) = —(4/3)x + (23/9) — (2z + 4/3)e*.

2. Solve each of the following IVP’s:

(a) ¥ — ¢ — 6y = TeV* — 5e"t, y(0) =1,v'(0) = 3, (r=—-2,3).
(b) v —y —6y="Te * —6e",  y(0)=4,9(0) = -1
(c) y" —y — 6y = Tsinbt, y(0) =4,9(0) = -1

3. Solve each of the following IVP’s:
(a) v+ 7y + 12y =Te ", y(0)=1,4(0) =3, (r=—3,—4).
(b) ¥+ 7y + 12y = —6te™,  y(0) =

(¢) y" + 7y + 12y = Tsin 5, y(0) =4,y (0) = —1.

Y
(d) y" + 7y + 12y = 3%, y(0) = —1,/(0) = 2.
4. Find the general solutions to the following:

(a) y" + 4y + 3y = Te * — 6e™, (r=-1,-3).
(b) y" — 6y + 9y = Te * — 6™, (r =-3,-3).
)
)

(c) v — 6y + 9y = Te*.
(d) y" — 6y + 9y = Tte.
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5. In each of the following the general solution of the DE & 4 b& + cx = ¢(t) is given

where ¢; and ¢, are constants. Find b, ¢ and g(t).

(
(

a

b

)
)
)

z(t) = cre + cpe® + Be't.

z(t) = cre™® + cyte " + 5et.

t
t

(¢) x(t) = ¢y cos(V/3t) + cysin(V/3t) — Ste ™.

5.2.4. How to find the particular solution z(¢):

If g(t) = (polynomial)e™
take
z(t) = t*(polynomial of the same degree)e"
where k is the smallest integer
so that
all terms are different from the fundamental solutions y; () and y»(?)

If g(t) = (polynomial)e™ cos Gt
take
2(t) = t*(polynomial of the same degree)e® cos 3t
+ t*(polynomial of the same degree)e® sin 5t
where k is the smallest integer
so that
all terms are different from the fundamental solutions y;(¢) and ys(¢)

If g(t) = (polynomial)e™ sin Bt
take
z(t) = t*(polynomial of the same degree)e cos (3t
+ t*(polynomial of the same degree)e® sin 3t
where k is the smallest integer
so that
all terms are different from the fundamental solutions y; (f) and ys(t)

32
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5.3 Method of variation of parameters

Consider the second order non-homogenous linear DE

y" +p(t) +y+q(t)y = g(t) (NH)

Assume that we found a fundamental set of solutions {y;(t),y2(t)} for the associated
homogenous DE
v +pt) +y+at)y =0 (H)

And assume that p(t), ¢(t) and g(t) are continuous in an open Interval a <t < b.
Then a particular solution to (NH) is of the form

2(t) = ur(t)yi(t) + ua(t)y2(t) (5.1)

- y2(t)g(t)
u(t) = / IMONECI

[ ng
wt) = [ G )

The general solution of (NH) is

y(t) = H(t) + =(t) (5.2)
y(t) = (e1 + () 11 (0) + (2 + us()) (1)

We can also write the general solution oin the form

y(0) = () + can(t) + [ PSSO 403y 53)

We can also write the general solution oin the form

y(t) = cry1(t) + caya(t) + /t W(ylz)\), y2(>\))‘ g(A)dA (5.4)

t
Question: What happens if we write / <-- dAin 1|
to

5.3.1. Exercises.
1. In each of the following

e Find the general solution.

e If initial condition are give, solve the IVP.
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e In some problems a set of solutions is given. In this case verify that they are
solutions and that the set is a set of fundamental solutions.

e Some problems has more questions. Answer them.
t
) 2+1
b) y" + 9y = 5tan(3t).
(c) y"—l—4y + 4y =t 2, t>0.
(d) ty
)

a) ' — 22+ =

(
(

d) ty" = (t+ )y +y=1, () =e pl)=t+1.
(e) yv" +y = sect, —m/2<t<m/2.
i. What about y” + y = sec(2t)?
ii. What about y” + 9y = sec(3t)? What can you conclude from these three
DE’s?
(f) y" + 16y = sec® 4t, —m/8 <t <m/8.
Why do we have to restrict the domain of ¢ to the given one?

(g) 2%y —z(x +2)y + (z + 2)y = 227, x> 0.

yi(z) = z,y2(7) = we”.
(h) ta" — (1 + )2’ +x=t2*,  t>0.
z1(t) = 1+ t,29(t) = €.
(i) y" + 4y = Tsec2t, 0<t<m/2.
Why do we have to restrict the domain of ¢ to the given one?

G) ¥ +2y +y=e"Int.

1
(k) t*y" + 3ty — 3y = & t>0.

Hint: Look for fundamental solutions of the form ¢*.

() 4ty" + 2y —y = 4/t eV, yi(t) = eVl ty(t) = e V2.
(m) y" +y =sin’t
(n) t*y" — 3ty + 4y = t*Int, t> 0.
(o) ¥ +vy' =1Int
(p) t2y" — 2ty + 2y = t°, t>0.

e What about t*y” — 2ty + 2y =, t > 0? That is, find the 7 for which
the method of the variation of parameters gives us an explicit solution and
find this solution.

e Can we use the method of undetermined coefficients for this problem?
1

2+ sint’

(r) 22" 4+ zy + (2% — 0.25)y = 323 ?sinz, x>0,
yi(z) = 272 sinz, yo(z) = 272 cos z.

(@) v +y =
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2. Consider the IVP

Y+ oy + By = g(t), y(0) = ¥,,y'(0) = v,

In each of the following the solution to IVP is given. Find «, 3, y, and v, and.

(0) 9(t) = 5 / sin(2(t — A)g(A) .
(b) y(t) =t + /Ot(t —A)g(A) dA.

35
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6

6.1

General Linear DE’s

Linear O D E

. Recall that an equation of a plane in R? is given by

cr +by+az=d (6.1)

where a,b and ¢ are constants.

. If think of ¢ as time and z(t) as the position at time ¢ of a particle moving on the x

axis. Then,2’'(t) and 2" (t) are its velocity and speed respectively. Let’s form a vector
out of these three quantities:

< x(t),2'(t), 2" (t) >

Set

Suppose that the vector
< a(t), 2 (), 2" (1) >
satisfies (6.1)), that is,
cx + bx' + az" =d (6.2)
This means that the particle moves on the x-axis in such a way that the vector
< x(t),2'(t), 2" (t) > always lies on the plane (6.1]).

In this case, the differential equation (6.2) is called a linear differential equation of
order 2, provided that a # 0.

. We can also allow a,b and ¢ to be functions of time. In this case, the plane (/6.1])

changes with time.

The general form of a second order linear differential equation is

a(t)z” +b(t)x + c(t)r = f(t)  alt) #0 (6.3)

Since we are studying the DE (6.3]) when a(t) # 0, we can divide the equation by a(t) and
write p(t) = b(t)/a(t), q(t) = c(t)/a(t) and g(t) = f(t)/a(t).

6.1.1. The standard form of a second order linear DE’s.

(NH) i@ +p(t)z+q(t)r = g(t)

It is called homogenous iff
9(t) =0

That is

(H) Z+pt)x+q(t)xr=0.
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Question: For which initial conditions (,, z,,z)) do we have a unique solution? The
answer is given by the following theorem:

Theorem 6.1.2. Consider the two LDE’s

i+ p(t)s +q(t)r = g(t) (NH)
i+ p(t)i + q(t)r =0 (H)
t1 <t <ty

Assume that p(t),q(t) and g(t) are continuous for t; <t < ty. Let t; < t, < ts.

Then, each of the DE (NH) and (H)
has a unique solution x(t) for every IC
x(t,) = o, (to) = T0
and this solution is defined on
the interval t; < t < ty.
Moreover, this solution is twice differentiable.
That is, ©(t) and Z(t) are both continuous.

6.1.3. Remark. Linear DE’s of any higher order can be written and treated in a similar
fashion.

6.1.4. Declaration. In all what follows we assume that p(t), ¢(t) and g(¢) are continuous
in the interval t; < t < to.

6.1.5. Continuous functions. For all practical purposes in this course, to make sure that
a function is continuous avoid the following:

1. Dividing by zero.
2. /negative #, v/negative #, /negative #,--- , A/negative #,---.
3. In(negative #).

4. In0.
5. Jumps if the function is defined by two formulae.

6.1.6. Exercises Find the longest interval on which the IVP is certain to have a t unique
twice differentiable solution:

1. Compare the following four cases:
3 . _
() (=9 + 2y —(sint)y =™ y(2) =5,y(2) =T

3 B
(b) (> —9)y" + SV -y = e y(=2)=5y(-2)="T.
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3 B
(c) (*—9)y" + SV Y= e yd)=544)="T.

3 B
(d) (&> —=9)y" + SV -y = e, y(—6) =5,y (-6)=T.

2. t(t—5)2" + 2 —x =7, x(3)=35,2/(3) = T4

@

(t—3)2" +In|t| 2’ — 2z = Te* 3, z(2) = 45,2'(2) = 29.
4. (x+7)(tan3z)u” + In|t| ' —u = t* + 7t — 3, uw(2) = 4,4 (2) = 9.

5. (z+7)(tan3z)u” + In|t| v/ —u = t* + 7t — 3, u(—4) = 4,u'(—4) = 9.

6.2 Fundamental solutions and the Wronskian.

6.2.1. Linearly independent functions. Two continuous functions f(¢) and g(t) with
t; <t < ty, are said to be linearly independent if the are not multiple of each other.

Theorem 6.2.2. Let f(t) and g(t) be two differentiable functions defined on the interval
11 <t <to.

Then f(t) and g(t) are linearly independent iff
there is ty < t, < ta
such that the determinant
f(to)  g(to)
0
Flt) 9t) |7

6.2.3. The Wronskian. The determinant
wina = | 10 80 | = g - oo

is called the Wronskian of f(t) and g(t).

6.2.4. Exercises In each of the following determine whether the given two functions are
linearly independent in two different ways, first using the definition and second using the
Wronskian:

1. e e 3.

2. e te?t

3. cos 3t, sin 3¢.

4. €’ cos2t, e 3 sin 2t.

5. x,e 3%,
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Theorem 6.2.5 (Abel’s Theorem). Consider the LHDE (H). Assume that p(t) and q(t)
are continuous for ty <t < ty. Lett; <t, <ty. Let x1(t) and xo(t) be two solutions of (H).
Then

t
W (aa(8)22(6)) = War (o), 2a(t) exol= | p(s)as
to
6.2.6. Fundamental solutions for LHDE’s. Consider the LHDE

Fundamental set of solutions
Two solutions x1(t) and x4(t) of(H)
forma fundamental set of solutions
iff
any solution of an IVP
T+pt)t+qt)r=0
x(to) = Lo, :t(to) = Zo
has a unique solution which is a linear combination
z(t) = 11 (t) + coxa(t)

Theorem 6.2.7. Consider the LHDE (H). Assume that p(t) and q(t) are continuous for
t1 <t<ty Lett; <t,<ts.

Two solutions x1(t) and xo(t)
are fundamental solutions of (H)
iff
W (1, 22)(t,) # 0
for some t; < t, <ty

6.3 The general solution of a LHDE.

Abbreviation: LHDE = linear homogenous DE.
6.3.1. The principle of superposition. Consider the LHDE

Z+p(t)x+q(t)r =0 (H)

If x1(t) and x5(t) are two solutions of (H)
then so is
azy(t) + bxo(t)
where a and b are any two numbers.
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6.3.2. Exercises

1. Verify that z(t) = t~! and x5(t) = t? are solutions of the DE t*# — 2 = 0. Then
show that at~! + bt? is also a solution for the DE.

2. Verify that x1(t) = t'/2 and x5(t) = 1 are solutions of the DE 2@ + (4)* = 0, > 0.
Then show that at~! + bt? is not a solution of the DE. Explain.

40
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7 The Laplace Transform:

7.0.3. Table
F(t) = F(s), s>a
F1(t) =5 sF(s) — £(0), s>a
F1(t) 5 s(F(s) = f(0)) = £(0),5 > a

1
1i>—, s>0
s
1
ti>—2, 5s>0
|
- s”?ﬁ’ s>0
at £ 1
e — , s>a
s—a
s
COSbt—>32—<Fb2’ s>0
b
Sinbti>82—+b2, s>0
e cos bt — i , s>a
(s —a)?+b?
e sin bt — b s>a
(s —a)?+b%
et (t)i>F(s—c), s—c>a
dF
t(t) = =5 (5) 5>a
s
e_SC
uc(t)L , c>0,5s>0
s

uc(t)f(t —c) £, e *F(s), c>0,s>a

5(t—c)i>e’sc, c>0,5s>0
FOS(t—¢) =5 fle)e™ e > 0,5 > 0

cosh bt —= ﬁ, s > |b]

sinh bt —= paTE s > |b|

I

fi(t) —5— sF(s) - f(0)

41
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l l 5>7
£ s
l l s—c>7

l £ s >7

7.0.4. Useful integrals

te dt = te“t “tdt +C

2 2
/t2 atdt t2 at Qteat+_36at+0
a
/tn at dt = tn at /tn—leatdt+c
a

at
/eat sin bt dt = ﬁ(asinbt —bcosbt) + C

a

at
/e“t cosbt dt = a2€——{—b2(a cosbt 4+ bsinbt) + C
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8 Autonomous DE’s

Consider the following differential equation :

dx
dt
Notice that f(x) does not depend on time.

where © =

In this case the system is called autonomous.

1. Think of the independent variable ¢ as time and the dependent variable z as the
position of a particle in space. In this way, f(z) gives the instantaneous velocity of
any particle passing through the point x.

2. This means that in an autonomous system, the velocity field (vector field) f(z) does
not depend on time. That is the velocity @ depends only on the position x of the
particle and not on when the particle passes through the point x.

3. Physically, this means that if we repeat an experiment at a latter time, we obtain
exactly the same results if we reset our clocks.

4. If f(z,) = 0, any particle at the point x, will have velocity & = 0. Therefore, it will
never move. And the solution of (8.1) with IC z(t,) = x, is ¢(t) = z,,t € R.

Definition 8.0.5. 1. A point z, at which
f(zo) =0
is called a rest point.

2. The solution ¢(t) = z,,t € R of 1) is called an equilibrium solution or a
trivial solution.

Exercise 8.0.6. Find the equilibrium solution for the following DE’s:
1. 2 =z(x —2)(x+3)
2. x =sinx
3. £ =(x—T7)In(z —2)

It is not a good idea to try to find a solution to an equation if there is none. If several
people try to find the solution to the same equation, it will be nice if they all find the same
solution.

The following Theorem gives us conditions that guarantee the existence of a unique
solution to an autonomous system.

Theorem 8.0.7 (Autonomous DE). Consider the autonomous system and assume
that f(x) and f'(x) are continuous in a certain (open) domain G.
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1. Then for every a € G and t, € R, there is a unique solution x(t),t_ <t < t,, to the

IVP defined on a time-interval t_ <t, <ty.

2. Solution curves don’t intersect. If two solution curves did intersect, there would be
two solutions through the point of intersection. This would violate uniqueness.

3. It takes nonequilibrium solutions infinitely long to reach rest points.
That 1s,
nonequilibrium solutions never reach rest points in finite time
and hence they never cross rest points.

Remark 8.0.8. For the purpose of this course, in order to find the regions where a
function is continuous, we need to avoid undefined quantities such as

o’ In(0), In(negative number)

Vnegative number,n = eveninteger
Jjumps
Example 8.0.9. Consider the following autonomous system on the line:

dx 9

% =x—x, $(O) =z, (82)
Notice that if we consider the DE with IC
z(t,) = 0,1

then we obtain the two equilibrium solutions

and
b(t)=1, teR

respectively. For z # 0,1, we proceed as follows:

dx

TS B

Using partial fractions, we obtain

Integrating, we obtain

Injz| -In|l—z|=t+c
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In =t+c
—x
‘ x = ¢!
1—2z
< = Aé, A= tef
1l—=x

The constant +e® depends on IC. We give it a simpler name A = +e°.
To get the general solution, we need to simplify and get
We can find A from the IC z(0) = z,. Now the general solution is

Ae!
X = 9 83
banlt) = T (83)
A= 1% L 2, #0,1
oo(t) =0, —o<t<oo, x,=0
o1(t) =1, —0o<t<oo, T,=1
Notice that the function
In L
11—z

is not defined at x = 0, 1. But we are avoiding these two points anyway.
Question. What happens to the general solution (8.3) as x, — 0 and z, — 1?7 Notice that

limo A=0
lim A = oo, lim A= —-o0
To—1" To—1T
lim_ 6, (t) = 1

A—+oo

8.1 Phase portrait of an autonomous ODE

Now we try to generalize the ideas of Example [8.0.9) and consider the autonomous system,
i = f(x) (8.4)
1. Rest points and equilibrium solutions.
2. Classifying rest points and equilibrium solutions:

(a) Stable rest point (asymptotically stable, attractor, sink).
(b) Unstable rest point (repeller, source).
(c) Semistable rest point (node).

3. Derivative test for classifying rest points.
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7.
8.

. Transversal and nontransversal

intersections.

Basin of attraction of a stable rest point.
Phase portrait.

Long term behaviour of solutions.

Observable rest points.

Example 8.1.1. Consider the DE

&= (r—1)(3—2)°6—2)*(x —8)*x —9)(z — 11)

. Sketch the phase portrait of the differential equation.

Find and classify the rest points.
Find and classify equilibrium solutions.
Find the basin of attraction of each stable rest point.

Let x(t) is the concentration of a certain substance at time ¢ during a chemical
reaction. What are the achievable (observable) concentrations in this experiment?

Why?

Find the long term behaviour of the solutions with initial condition : initial
conditions:
x(0) =0.3,1.5,2.3,3.7,5.7,7.1,8.8,9.4,12.13

Example 8.1.2. The following autonomous DE has no critical points but has a singularity
atr=3:

1.
2.

3.

dx 1
at 33—’ v 73

Sketch the phase portrait and analyze the long term behaviour of solutions.

Show that every solution reach the singular point x = 3 in finite time.

If ¢ is time and z is the position of a particle on a straight line, how do you describe
the behaviour of solutions near the singular point z = 37

Example 8.1.3. Consider the DE

1.
2.

3.

= (x—"T)In(z —4)
Where is the velocity field defined.
Find and classify rest points using the first derivative test.

Sketch the phase portrait.
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4. Find the basin of attraction of each stable rest point.

Example 8.1.4. The following autonomous DE has a singularity at x = —2:

d
d—f:—xln(x—i-Q), x> 2

1. Sketch the phase portrait and describe the long term behaviour of solutions.
2. What happens to particles with initial positions —2 < x(0) < —17

Example 8.1.5 (A semisimple rest point). Consider the following DE with a small
parameter e:

b= (r—1)72+¢
1. Sketch the phase portrait for the three different cases ¢ < 0, =0 and € > 0.
2. Describe the long term behaviour of solutions in the three cases.

3. Study the long term behaviour of the point x = 1 in the three cases.

8.2 Attractors, repellers, basin of attraction
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9 Population Dynamics

Let x(t) be the number of rabbits in a forest at time ¢. Assume that there are no foxes nor
French chefs around.

9.1 Exponential growth model

It is reasonable to assume that the rate of growth of rabbits is proportional to their
number. That is,
T =rz, r >0 (9.1)

The phase portrait shows that = 0 is an unstable equilibrium and that if we start with
any positive number rabbits
lim z(t) = oo

t—o0
This means that if we wait long enough, the whole universe will be filled with rabbits. But
this is not what we see in reality to the disappointment of foxes and French chefs. The
reason for that is that the forest has a limited amount of food. So, if the number of rabbits
exceeds a certain number k£ > 0, which is called the carrying capacity, rabbits will decrease
in numbers because of shorter life span due to starvation and because of lack of interest in
romance. Therefore, we need another model that takes into account the carrying capacity
of the habitat. Before getting into that notice equation ((9.1)) is a separable equation whose
solution is

z(t) = x(0)e™ (9.2)
This is why the model (9.1)) is called exponential growth model.

9.2 Logistic growth model

:i::rx(l—%), r>0k>0 (9.3)

The phase portrait shows that we have two rest points:
1. xy = 0, which is unstable. Is this good or bad?

2. x9 = k, which is stable.

9.3 Logistic growth model with harvesting
Now what happens if a French chef shows up with his pet-fox?

:t:m(l—%)—h, r>0,k>0 (9.4)

;t:m(1—%)—hx, r>0,k>0 (9.5)
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9.4 Logistic growth model with a threshold

izrm(m—a)(l—%% r>0,k>0
9.5 Logistic growth model with a threshold and harvesting

i;:rx(x—a)(l—g)—h

r>0k>0,a>0

x':m(x—a)(l—g) — hx

r>0,k>0,a>0

49

(9.8)
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10 Homogenous Planar Linear Systems of DE’s

In this section we study linear systems of first order DE.

Example 10.0.1. Solve the IVP

& =3z (10.1)

Y= =9y
2(2)=1/2,  y(2)=7

Solution. These two equations are decoupled. That is there is no interaction between x
and y. We know that the general solutions are

x(t) = ey (10.2)
y(t) = e ey

We can find (¢4, ¢2) from IC
c1 = (1/2)e”", cy = Tel!

And the solution to the IVP is

Example 10.0.2. Solve the IVP

T = —4x — 2y (10.3)

|
w
&
+
o
<

Notice that the two equations are coupled. That is, the x and y infulance each other.

Finding a method.
We can still look for solutions that look like the solutions of Example [10.0.1}

z(t) = eMp (10.4)

Notice that the exponent A is also an unknown together with (p,q). Not just the
parameters (p, q).

If we substitute the functions (10.4)) in the DE (|10.3)) we obtain

AeMp = M (—4p — 2q)
AeMg = eM(3p + 3¢q)
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Simplifying,

(—4=Np—2¢=0 (10.5)
3p+(B3=N)g=0

These are equations of two lines through the origin (because the y-intercepts = 0):

—4 -
2
-3

q:mp

q= p

The only time we have a non-zero solution is when the two lines are identical because both
lines go through the origin. This happens when they have the same slope:

—4-X 3
-2 3—-2\

Step 1: Wiriting down the charachteristic equation
(=4 -=XN)(B =X =(-2)(3) (10.6)
Simplifying, we obtain
NM+A-6=0

This quadratic equation has two solutions
)\1 = 2, )\2 - —3 (107)
Notice

(4 -=XB -2 —-(=2)3)
:‘ —4—-X =2 ’
3 3-)

= det(A — \)
—4 -2
()
To obtain solutions of the form ((10.4)) we need to find a vector E = (p, ¢)T for each .

These are called eignvectors

Step 2: Find the eigenvectors.
We substitute A\; = 2 in the two equations in ((10.5) and get the line

—4 -2
2

q= p=—q=—3p (10.8)

4= 35— q=—3p
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So, both equations give the same line ¢ = —3p. Any point on the line ¢ = —3p will do. We
chose p = 1. Then q = —3.

Very important sub-step. Check to make sure that (p,q) = (1, —3) satisfy the second
equation of the system ([10.5)). If not, something is wrong. And we start again by checking

the equation ([10.6]).
If (p,q) = (1, —3) satisfy the second equation of the system ([10.5)), we take

()

We repeat the same with Ay = —3 and substitute in the first equation in ((10.5
and get the line

_ —4+3
1=
Any point on the line will do. We chose p = 2,q = —1.

p

Very important sub-step. Check to make sure that (p,q) = (2, —1) satisfy the second
equation of the system ([10.5)). If not, something is wrong. And we start again by checking

the equation ([10.6]).
If (p,q) = (2, —1) satisfy the second equation of the system ([10.5)), we take

==(4)

Step 3: Find two fundamental solutions.

vi(t) = ( 4 ) (10.9)

_ 2
V2(t) =e < -1 )
2e73
(%)
Notice that neither vy (t) nor vy(t) satisfy the IC.

Step 4: The general solution is a linear combination of vy (t) of va(?):

z(t) = c1vi(t) + cova(t)

o) = (L )ree (%))
€2t 2673t
()
62t 2673t c1
z(t) = ( 32t 3t ) ( ¢y )
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Step 5: Find (¢, ¢2)T from IC. For this we need:
The inverse of a matrix. If Aisa 2 x 2

A:(i Z) det A = ad — be # 0

it has a multiplicative inverse given by

1 d —b
At = 10.1
det A ( —c a) (10.10)

AAT =AT1A=1T

Exercise. Check that

Back to finding (cq, ¢2)T from IC:

( = ) — 2(2) = B(2)c (Step 5)

([ 3e7%/5
—\ —€%/5
Step 6: Solution to the IVP.
e*  2e3 3e7/5
q(t) = ( _ 32t 3t ) ( _66/5
362(t_2)/5 _ 26_3(t_2)/5
- ( —9¢2(172) /5 4 ¢73(72) /5 )

Definition 10.0.3. \; and )\, are called eigenvalues and E; and E; are called the
corresponding eigenvectors.

10.0.4. The method. Given a system

T =ax+by (H)
y=-cr+dy
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Step 1.
Find the eigenvalues by solving the characteristic equation

(a—=X)(d—X) =bc (10.11)

This equation corresponds to equation ((10.7)) in our example.

For the second step we have three cases.

The case \; # A\, and real

Step 2.

1. Find an eigenvector E; for \; by solving

(a—M)p+bg=0 (10.12)
cp+(d—X)g=0 (10.13)

This system corresponds to system ((10.8]).

Before you solve the system, check that

If not, something is wrong. check your calculations from the start.

If it is true, solve the first equation and make sure that your solution satisfies the

second one.
P1
E, —
' ( @ >

We obtain
2. Repeat the same for \y: Find an eigenvector E, for )\, by solving

(a—X)p+bg=0 (10.15)
cp+(d—X)qg=0 (10.16)
Make sure that

If true, we solve the system and we get

E2:<p2>
q2
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Step 3.
Find two fundamental solutions

vi(t) = ME,; (10.18)
vo(t) = eM'E2

Step 4.
Find the general solution

z(t) = c1vi(t) + cova(t) (10.19)

= c1ME; + ceME,

Step 5.
Determine the parameters (c1,c2)7 from IC.

Step 6.

Solution to the IVP. Substitute the the parameters ((¢1,¢2)T that you found in Step 5
back in the general solution to obtain the unique solution to the IVP.

10.0.5. The fundamental matrix solution
Notice that

The general solution of (H) x = Ax

Co

(0= (i) o)) ()

Define

The fundamental matrix solution

D(t) = (vi(t) wvalt) )

Then

The general solution of (H) x = Ax
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Then

When \; # Ay, real

w0 = (B B) () )

The general solution of (H) x = Ax
when A\; # )y, real

om0 (7 0 (5

56

Exercise 10.0.6. Find the fundamental matrix solutions for Examples [10.0.1] [10.0.2] and

10.0.7

Example 10.0.7. Solve the IVP

Solution

Step 1: Find the eigenvalues. Solve

Thus,

Step 2: Find the corresponding eigenvectors. This system has two distinct real

(@a—A)(d—=X) —bc=0
B=NMA4—-XN)—-6=0
M —TA+6=0
A=1)(A=6)=0

)\1:1, )\2:6

eigenvalues A\ = 1 and A\, = 6.
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For each A check
(@a=XN)(d—=X)—bc=0
If true, solve

(a—=Np+bg=0

For \; = 1, solve

We get

For A\ = 6, solve

We get

Step 3: Find two fundamental solutions.

vi(t) = e’\ltEl, vo(t) = MR,

Step 4: Find the general solution.

z(t) = c1vi(t) + cova(t)

2(t) = clet< | ) +c266t( 2 )

Step 5: Find the parameters (¢, ;)T form IC. Exercise.
Step 6: Find the unique solution to the IVP. Exercise.

57
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10.0.8. Matrix notation. We use matrix notation to write the system of Example [10.0.7]
T\ 3 =2 x
y) \ -3 4 (0
o )= ()
y(0) 1

We also write the system in the form
x
y—
(3)

=5 7)

7z = Az

0=(7)

Definition 10.0.9. 1. Two linearly indepen-
dent functions u;(t) and uy(t) that are solutions for the system are called
fundamental solutions

2. The matrix ®(t) = (ui(t) ux(t)) is called a fundamental matriz solution. Notice
that ®(t) satisfies the same linear DE. That is,

d(t) = AB(t)

The two functions vy (t) and va(t), given by ([10.18)), are two linearly independent solutions
of the system .

10.0.10. Phase portrait
Sketch phase portrait for all the systems that you solve.

10.0.11. DE with complex conjugate eigenvalues.
Consider the planar linear DE

7= Az (10.20)

Assume that A has two complex conjugate eigenvalues A = a + i3 and \.

Notice that all the (arithmetic) calculations we did in the case of two distinct real
eigenvalues \; # Ay, depended only on the fact that A\; # Ay and could be carried out with
complex numbers.

1. Thus, we find an eigenvector for A\y = a — 13,3 > 0.
E, =E=N; +iN,

Since the matrix A is real, it follows that
E, =E=N; —iN,

is an eigenvector for Ay = A
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2. Now, we have two complex invariant-line solutions in the two dimensional complex
space which can be identified with a four dimensional real space. These two solutions

are
qi(t) = e@TPYN, + iNy) (10.21)
**(cos Bt — isin Bt)(N; + iNy)
e® [N cos Bt + Ny sin 3t)]
e®[—Ny sin 8t + Ny cos (]
ul(t) + duy(t)
Q(t) = ai(t)
=y (t) — tua(t)
where,
uy (t) = e*[Nj cos St + Ny sin 3]
u,(t) = e*[—Nj sin Bt + Ny cos (3t

3. Notice that uy(¢) and uy(t) are real valued functions.

Exercise 10.0.12. Show that
(w(t) w(t) )=

ot cos ft —sin (Gt
€ (Nl N ) sin ft  cos (5t )

Exercise 10.0.13. 1. Show that

W) = (a + )
uy(t) = 2%.((11 — Q)

2. Show that u;(t) and uy(t) are solutions for (10.20)).
3. Show that u;(¢) and uy(t) are linearly independent for all ¢ € R.

4. It follows that u;(¢) and uy(t) are two fundamental solutions for the system ((10.20)).

Now the general solution is

z(t) = biqu(t) + b2qa(t) (10.22)
= (bl + b2>111(t) + Z(bl — bg)ug(t)
= ciuy(t) + coua(t) (10.23)

where b; and b, are complex constants but ¢; and ¢y are real constants.
Summary of the complex case:
If we have two complex conjugate eigenvalues

Alza—zﬂ, )\2:;\1:a+’iﬂ

we proceed as follows:
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1. Find an eigenvector for Ay = a — 13,3 > 0
E; = N; +iNy
Then, B
E2:E1 :Nl—iNg
is an eigenvector for Ay = A
2. Thus, we have a real general solution
z(t) = cyuy(t) + coua(t) (10.24)

— (ua(t) us(t)) (;1)

ot cos Bt —sin ft
— ¢ (Nl N ) (sinﬁt cos (Ot ) ¢

= " NR(St)c
= ML(t)c
= ®(t)c

where ¢; and ¢y are real constants.

3. It is obvious that the fundamental matrix solution
®(t) = e“"'NR(5t)

has an inverse

e “R(-[Bt)N!

Thus, we can determine the vector parameter ¢ uniquely from any initial condition.

4. The matrix

R(0) — <cos€ —sin9>

sinfl  cos@

is a counter-clockwise rotation with angle 6.
Exercise 10.0.14. In each of the following:
1. Find and sketch the fundamental solutions.
2. Find the general solution .
3. Solve the IVP.
4. Sketch the phase portrait.

Solve the following IVP and sketch the solutions
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1.
T = -5z +y
Y= —2z— 3y
z(0) =1, y(0)=2
2.
T =2x — 5y
y=4x — 2y
z(0) =2, y(0)=3
3.
T=x—2y
y=2zx+vy

z(0)=-2, y(0)=1

10.0.15. DE with a repeated eigenvalue.
Consider the planar linear DE

z = Az (10.25)
Assume that A has a repeated eigenvalue
tr(A)
=3

This happens iff
(tr(A))?* = 4det(A)

1. Find an eigenvector E; as before. That is, solve the equation

[A — ,u[]El =0 (10.26)
AE; = uE,

Since we are considering a planar system, we will be able to find only one linearly
independent eigenvector.

2. Now we look for another vector E, satisfies
AEQ = /,LEQ + E1

That is, Eo must satisfy

3. Exercise. Show that E; and E, are linearly independent.
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4. We have one invariant-line solution
LIl(t) = G“tEl (1028)
5. A second solution is
UQ<t> = €Mt(E2 + tEl) (1029)

6. Notice that
r(t) =Ey +tE;, —oco<t<oo

is an equation of a straight line parallel to E;.
7. Then the general solution is

z(t) = cyuy(t) + coua(t) (10.30)

= (w(t) ua(t)) <c621)

= €'ut (El tEl + EQ ) C
1t
= €'ut (E1 EQ ) (O 1) (&
Kt pot
= (El E2 ) (eo :Mt> C
= ML(t)c
= ®(t)c

Definition 10.0.16. The vector E, is called a generalized eigenvector.
Exercise 10.0.17. Show that u;(t) and uy(t) are fundamental solutions.

Remark: This question can be rephrased as follows:

Show that ®(t) is a fundamental matrixz solution.

In either case we need to show that u; () and uy(t) are solutions and are linearly
independent. To show that we need to show that the matrix ®(¢) = ML(¢) has an inverse.
But this will be true if we show that each of M and L(¢) has an inverse.

Exercise 10.0.18. Consider the case A < 0. Show that as ¢ — oo, the solution uy(t) — 0
tangential to the the invariant line solution u(?).

Then show that as t — —o0, ||us(t)|| — oo in such a way that us(¢) is almost parallel to
u; (t)

Hint: What are the dominant terms as ¢ — fo0?

Exercise 10.0.19. Sketch and describe each of the two fundamental solutions ((10.28)) and
(110.29)) for the three cases A < 0,A =0 and A > 0.

Exercise 10.0.20. In each of the following:

1. Find and sketch the fundamental solutions.
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2. Find the general solution .
3. Solve the IVP.
4. Sketch the phase portrait.

Solve the following IVP and sketch the solutions

1.
T=—-2x+y
y=—v—4y
2(0) =1, y(0)=2
2.
T=x—2y
Y =2x + dy
z(0) =2, y(0)=3
3.
r=Tr+y
y = —4x + 3y

2(0) = =2, y(0)=1

10.0.21. Summary of the three cases:
To find the general solution to the real planar system

z = Az
a Find the eigenvalues of the matrix A.
b Find the corresponding eigenvectors or generalized eigenvectors.
¢ Write down the fundamental matriz solution and the general solution.

To do that, we write down the characteristic equation
AN —tr(A)X + det(A) = 0 (10.31)
The quadratic equation (10.31]) has two solutions. There are three cases:

1. Two distinct real roots \; # Ag:
In this case we can find two linearly independent eigenvectors E; and E,;. Then, the
fundamental matriz solution and the general solution are given by ({10.19)).
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2. Two complex roots Ay = a £ 13:
In this case we can find two complex conjugate eigenvectors E; = N; + ilNy and
E; = N; — iNy. The the real fundamental matriz solution and the general solution

are given by ({10.24)).

3. One repeated real root A\ = tr(A)/2:
In this case we have only one eigenvector E;. Then we can find a generalized
ergenvector Es by solving

[A— ME; = E;
The general solution is given by ((10.30)).
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10.0.22. Shortcuts for finding eigenvectors in the planar case.
Short cut for finding eigenvectors when \; # )\, in 2-D: Here is a shortcut for
finding eigenvectors that works only for 2 matrices. The explanation is given after

Theorem [10.0.241

Compute

A—,ulfz(bl C1)

A-Mg]:(bg Cg)

Then take

Elzbg, Egzbl‘

This is not a typo.

The indices in both cases are switched.

Short cut for finding eigenvectors for two complex conjugate eigenvalues,
in 2-D:

1. The shortcut that we used for the case \; # Ao works for the case of two complex
conjugate eigenvalues because pu # fi.

2. So, to find E; that corresponds to \y = =« — 13,5 > 0, we compute

A—(a+iB) = (b, c)

And then take

Now, since we are dealing with complex eigenvalue, by, will be complex too. So, we
write

E,=E=N +iNy, p=X\=a—if

3. Now, since Ay = [1, the complex conjugate of i, we expect the eigenvector of i to be

E, =E=N; —iN,

Short cut for finding eigenvectors for a repeated eigenvalue, in 2-D:

1. Pick your favourite vector in R? and call it E,.

2. Then, compute E; from

E1 = (A — O[])EQ

3. There is a remote possibility that you get E; = 0. If this happens, just pick another
E5 that is not parallel to your first pick. It is enough to change one component. Now
compute £ again.
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4. Couldn’t be easier.

10.0.23. Why these shortcuts work:

Theorem 10.0.24. [Cayley-Hamilton] A square matrixz A satisfies its characteristic
equation.

Consider a 2 x 2 real matrix A.
Suppose that A has two distinct eigenvalues

M 2 o

1. In this case the characteristic equation

A2 —tr(A)X + det(A) =0

can be factorized to
A= p)A—p2) =0 (10.32)
The Cayley-Hamilton Theorem [10.0.24] says that
(A= mI)(A—p2d) =0

which can be written as
A(A = pol) = pu (A — pal) (10.33)

Now, view (A — psl) as two column vectors
A—psl = (Bg Cg)
We know that det(A — pol) = 0, which means that
Cy = cBy
for some scalar ¢ # 0.
2. Now equation takes the form
ABy Cy )= (B2 Cy)

Thus,
(AB2 cAC, ) = (MlB2 iy By )

This means that

3. What does ([10.34)) mean? It means that B; is an eigenvector corresponding to ;.
It follows that By is also an eigenvector corresponding to p1. Why?

4. The moral of the story: In order to find an eigenvector corresponding to 1, we
compute (A — psl) and take either of its two columns.
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5. Exercise: How do you find an eigenvector corresponding to ps in the same fashion?

Suppose that A has a repeated eigenvalue p.

1. In this case the characteristic equation
A —tr(A)X + det(A) =0

can be factorized to
(A — M)Q =0 (10.35)

The Cayley-Hamilton Theorem [10.0.24] says that

(A—ul)*=0

2. Recall that we are looking for two vectors E; and E, satisfying

(A—pl)E; =0 (a)
(A— ul)E, = E, (b)
Thus,
(A—ul)*Ey =0
But we know from that
(A—pul)? =

Since we are dealing with a planar system, any vector E; € R? will do. But then, (b)

tells us that we can take
E1 - [A - )\I]EQ



11 NONHOMOGENOUS PLANAR LINEAR SYSTEMS 68

11 Nonhomogenous Planar Linear Systems
In this section we study the nonhomogenous planar system
7= Az + £(t) (NH)
The corresponding homogenous system is
z = Az (H)

The difference between (NH) and (H):

a The homogenous DE represents the
evolution of the system under the influence of its intrinsic forces.

b The nonhomogenous DE (NH]) represents the evolution of the system when it is
subjected to some external excitation f(t).

We know that the general solution to the homogenous is
zy(t) = ®(t)c (SH)

with the vector-parameter c.

11.1  Variation of parameter method:

1. We conjecture that the general solution of the nonhomogenous (NHJ) takes the form
z(t) = ®(t)u(t) (SNH)

In other words, to take into account the effect of the external excitation £(t), we
replace the vector-parameter ¢ by a function of u(t). Of course u(t) will depend on
the external excitation f(t).

2. To try to find whether this is possible, we substitute (SNH]) into (NH]) and obtain

Thus,

z@:¢@k+/¢@*mmﬂ (11.1)
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:<I>(t)[c—|-/ ®(s) ' (s) ds]
:<I>(t)[c+/t ®(s) " (s) ds

where a and t, can be any real numbers. As usual, we express z(t) in several
equivalent forms, each of which is useful in a way. Notice that the vector-parameter c
varies from one expression to the other.

3. To show that is really the general solution, we need to show that given any
initial condition z(t,) = z,, we can determine the vector-parameter ¢ uniquely from
. The crucial point in showing that is that the fundamental matriz solution
®(t) has an inverse for all t € R. Now,

= B(t,) "z — / "B ()" £ (s) ds
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