LESSON 8  TRIGONOMETRIC INTEGRALS

Recall the half-angle formulas from trigonometry.
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Also, recall that these formulas come from the double angle formula for cosine.
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Replacing 
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From these half-angle formulas, we obtain the following two integral formulas.
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These formulas are obtained by the following calculations.


[image: image14.wmf]c

x

x

c

x

x

dx

x

dx

x

+

-

=

+

÷

ø

ö

ç

è

æ

-

=

-

=

ò

ò

4

2

sin

2

2

sin

2

1

2

1

)

2

cos

1

(

2

1

sin

2



[image: image15.wmf]c

x

x

c

x

x

dx

x

dx

x

+

+

=

+

÷

ø

ö

ç

è

æ

+

=

+

=

ò

ò

4

2

sin

2

2

sin

2

1

2

1

)

2

cos

1

(

2

1

cos

2


It is helpful to know the following integral formulas, where  k  is a constant:

1.
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2.
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Examples  Evaluate the following integrals.

1.
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NOTE:  
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2.
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Since the function  
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NOTE:  
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Let  
[image: image44.wmf]q

cos

=

u

.  Then  
[image: image45.wmf]q

q

d

du

sin

-

=




[image: image46.wmf]ò

-

-

3

/

4

6

/

2

2

sin

)

cos

1

(

p

p

q

q

q

d

  =  
[image: image47.wmf]ò

-

-

-

-

3

/

4

6

/

2

2

sin

)

1

(

)

cos

1

(

p

p

q

q

q

d

  =



[image: image48.wmf]ò

-

-

-

2

/

1

2

/

3

2

2

)

1

(

du

u

  =  
[image: image49.wmf]ò

-

-

2

/

3

2

/

1

2

2

)

1

(

du

u



NOTE:  
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3.
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NOTE:  By the half-angle formula,  
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NOTE:   We applied the integral formula 
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Since 
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NOTE:   We applied the integral formula 
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Integrals of the Form 
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If  n  is greater than one, then write the integral  
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NOTE:  In this case,  m  can be any rational number.
b.
m  is an odd positive integer
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If  m  is greater than one, then write the integral  
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NOTE:  In this case,  n  can be any rational number.

c.
both  m  and  n  are even positive integers

Use the half-angle formulas 
[image: image191.wmf])

2

cos

1

(

2

1

2

2

cos

1

sin

2

x

x

x

-

=

-

=

  and  
[image: image192.wmf])

2

cos

1

(

2

1

2

2

cos

1

cos

2

x

x

x

+

=

+

=

 to reduce the exponents by one-half.
Examples  Evaluate the following integrals.

1.
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The exponent on both the sine and cosine function is odd.  So, you can apply Part a or Part b above.  It will be the easiest to work with the smallest odd number.  So, apply Part b.
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Answer:  
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NOTE:  Here is the work to evaluate  
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  using Part a above.
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2.
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The exponent on the cosine function is odd.  So, you can apply Part a above.
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3.
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The exponent on the sine function is odd.  So, you can apply Part b above.
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Let  
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Answer:  
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4.
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The exponent on both the sine and cosine function is even.  So, you will need to apply Part c above.

Since 
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NOTE:  
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We will have to do the following work in order to evaluate 
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Let  
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Examples  Evaluate the following integrals.
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Integrals of the Form 
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If  n  is greater than two, then write the integral  
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NOTE:  In this case,  m  can be any rational number.
b.
m  is an odd positive integer.
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NOTE:  In this case,  n  can be any rational number.
c.
n is an odd integer and  m  is an even positive integer.


There is not a standard process for evaluating these integrals.
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NOTE:  In this case,  m  can be any rational number.
b.
m  is an odd positive integer.
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NOTE:  In this case,  n  can be any rational number.
c.
n is an odd integer and  m  is an even positive integer.


There is not a standard process for evaluating these integrals.

Examples  Evaluate the following integrals.
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The exponent on the secant function is even.  So, Part a above can be applied.  The exponent on the tangent function is odd.  So, Part b above can be applied.  It will be the easiest to work with the smallest exponent.  However, we will work this problem both ways.  This will allow us to check the correctness of our answer.
Using Part a above, we have that
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Using Part b above, we have that


[image: image603.wmf]ò

-

6

/

12

/

4

5

2

sec

2

tan

p

p

dx

x

x

  =  
[image: image604.wmf]ò

-

6

/

12

/

3

4

2

tan

2

sec

2

sec

2

tan

p

p

dx

x

x

x

x

  =


[image: image605.wmf]ò

-

6

/

12

/

3

2

2

2

tan

2

sec

2

sec

)

2

tan

(

p

p

dx

x

x

x

x

  =


[image: image606.wmf]ò

-

-

6

/

12

/

3

2

2

2

tan

2

sec

2

sec

)

1

2

sec

(

p

p

dx

x

x

x

x


Let  
[image: image607.wmf]x

u

2

sec

=

.  Then  
[image: image608.wmf]dx

x

x

du

2

tan

2

sec

2

=



[image: image609.wmf]ò

-

-

6

/

12

/

3

2

2

2

tan

2

sec

2

sec

)

1

2

sec

(

p

p

dx

x

x

x

x

  =


[image: image610.wmf]ò

-

-

6

/

12

/

3

2

2

2

tan

2

sec

2

2

sec

)

1

2

sec

(

2

1

p

p

dx

x

x

x

x

  =  
[image: image611.wmf]ò

-

2

3

/

2

3

2

2

)

1

(

2

1

du

u

u


NOTE:  
[image: image612.wmf]x

u

2

sec

=

  and  
[image: image613.wmf]Þ

-

=

12

p

x

  
[image: image614.wmf]3

2

6

sec

6

sec

=

=

÷

ø

ö

ç

è

æ

-

=

p

p

u

  and  
[image: image615.wmf]Þ

=

6

p

x

  
[image: image616.wmf]2

3

sec

=

=

p

u



[image: image617.wmf]ò

-

2

3

/

2

3

2

2

)

1

(

2

1

du

u

u

  =  
[image: image618.wmf]ò

+

-

2

3

/

2

3

2

4

)

1

2

(

2

1

du

u

u

u

  =

[image: image619.wmf]ò

+

-

2

3

/

2

3

5

7

)

2

(

2

1

du

u

u

u

  =  
[image: image620.wmf]2

3

/

2

4

6

8

4

3

8

2

1

ú

û

ù

÷

÷

ø

ö

ç

ç

è

æ

+

-

u

u

u

  =


[image: image621.wmf]2

3

/

2

2

4

4

)

6

8

3

(

48

1

ú

û

ù

+

-

u

u

u

  =  
[image: image622.wmf]ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

+

-

-

+

-

6

3

32

3

16

9

16

)

6

32

48

(

16

48

1

  =

[image: image623.wmf]ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-

3

2

9

16

)

22

(

16

48

1

  =  
[image: image624.wmf]ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-

3

2

9

1

22

48

16

  =  
[image: image625.wmf]÷

ø

ö

ç

è

æ

-

27

2

22

3

1

  =  
[image: image626.wmf]÷

ø

ö

ç

è

æ

-

27

1

11

3

2



[image: image627.wmf]÷

ø

ö

ç

è

æ

27

296

3

2

  =  
[image: image628.wmf]81

592


Answer:  
[image: image629.wmf]81

592


2.

[image: image630.wmf]ò

dt

t

t

4

8

cot

csc




[image: image631.wmf]ò

dt

t

t

4

8

cot

csc

  =  
[image: image632.wmf]ò

-

dt

t

t

8

4

csc

)

cot

(


The exponent on the cosecant function is even.  So, Part a above can be applied.
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The exponent on the cotangent function is odd.  So, Part b above can be applied.
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 .  Thus, the Fundamental Theorem of Calculus can be applied.
The exponent on the tangent function is odd.  So, Part b above can be applied.
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To find the value of the integral 
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The exponent on the cotangent function is odd.  So, Part b above can be applied.


[image: image700.wmf]ò

dx

x

5

cot

  =  
[image: image701.wmf]ò

dx

x

x

cot

cot

4

  =  
[image: image702.wmf]ò

dx

x

x

cot

)

cot

(

2

2

  =  
[image: image703.wmf]ò

-

dx

x

x

cot

)

1

csc

(

2

2

  =


[image: image704.wmf]ò

+

-

dx

x

x

x

cot

)

1

csc

2

csc

(

2

4

  =  
[image: image705.wmf]ò

+

-

dx

x

x

x

x

x

)

cot

csc

cot

2

csc

cot

(

2

4

  =


[image: image706.wmf]ò

ò

ò

+

-

dx

x

dx

x

x

dx

x

x

cot

csc

cot

2

csc

cot

2

4


We know that 
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To evaluate the integral 
[image: image716.wmf]ò

dx

x

x

cot

csc

4

:
Since the exponent on the cotangent function is odd, then Part b above can be applied.  Since the exponent on the cosecant function is even, then you could also apply Part a above.
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The exponent on the tangent function is even.  So, Part b above does not apply.
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We know that 
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To evaluate the integral 
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Since the exponent on the secant function is even, then Part a above can be applied.
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The exponent on the cosecant function is odd.  So, Part a above does not apply.  This problem is the last example in Lesson 7.  It was evaluated using the Integration by Parts technique.
8.
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Thus, we have that 
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Now, to evaluate the integral  
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