LESSON 6  INTEGRALS INVOLVING SOME OF THE
INVERSE TRIGONOMETRIC FUNCTIONS

In Lesson 5, we derived the following derivative formulas:
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These derivative formulas give the following integral formulas:
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These integral formulas can be generalized to the following formulas, where a is a positive constant:
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These three formulas are obtained by the following.
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Of course, in a similar manner, the integral formulas can be generalized  to the following formulas, where a and b are positive constants:

1.    
[image: image44.wmf]c

a

x

b

b

dx

x

b

a

+

=

-

-

ò

1

2

2

2

sin

1

1




[image: image45.wmf]ò

-

dx

x

b

a

2

2

2

1

  =  
[image: image46.wmf]ò

÷

ø

ö

ç

è

æ

-

dx

a

x

b

a

2

1

1

  
Let  
[image: image47.wmf]x

a

b

a

x

b

u

=

=



OR   
[image: image48.wmf]ò

-

dx

x

b

a

2

2

2

1

  =  
[image: image49.wmf]ò

÷

÷

ø

ö

ç

ç

è

æ

-

dx

x

b

a

b

2

2

2

2

1

  =  
[image: image50.wmf]ò

-

dx

x

b

a

b

2

2

2

1

  =

[image: image51.wmf]ò

-

dx

x

b

a

b

2

2

2

1

1

  =  
[image: image52.wmf]c

b

a

x

b

+

-

)

/

(

sin

1

1

  =  
[image: image53.wmf]c

a

x

b

b

+

-

1

sin

1


NOTE:  
[image: image54.wmf]c

b

a

x

dx

x

b

a

+

=

-

-

ò

)

/

(

sin

1

1

2

2

2

  =  
[image: image55.wmf]c

a

x

b

+

-

1

sin

 by the generalized formula above.
2.    
[image: image56.wmf]c

a

x

b

b

a

dx

x

b

a

+

=

+

-

ò

1

2

2

2

tan

1

1




[image: image57.wmf]ò

+

dx

x

b

a

2

2

2

1

  =  
[image: image58.wmf]ò

ú

ú

û

ù

ê

ê

ë

é

÷

ø

ö

ç

è

æ

+

dx

a

x

b

a

2

2

1

1

  
Let  
[image: image59.wmf]x

a

b

a

x

b

u

=

=



OR   
[image: image60.wmf]ò

+

dx

x

b

a

2

2

2

1

  =  
[image: image61.wmf]ò

÷

÷

ø

ö

ç

ç

è

æ

+

dx

x

b

a

b

2

2

2

2

1

  =  
[image: image62.wmf]ò

+

dx

x

b

a

b

2

2

2

2

1

1

  =



[image: image63.wmf]c

b

a

x

b

a

b

+

×

-

)

/

(

tan

)

/

(

1

1

1

2

  =  
[image: image64.wmf]c

a

x

b

a

b

b

+

×

-

1

2

tan

1

  =  
[image: image65.wmf]c

a

x

b

b

a

+

-

1

tan

1


NOTE:  
[image: image66.wmf]ò

+

dx

x

b

a

2

2

2

1

  =  
[image: image67.wmf]c

b

a

x

b

a

+

-

)

/

(

tan

)

/

(

1

1

  =  
[image: image68.wmf]c

a

x

b

a

b

+

-

1

tan

 by the generalized formula above.
3.    
[image: image69.wmf]c

a

x

b

a

dx

a

x

b

x

+

=

-

-

ò

1

2

2

2

sec

1

1




[image: image70.wmf]ò

-

dx

a

x

b

x

2

2

2

1

  =  
[image: image71.wmf]ò

-

÷

ø

ö

ç

è

æ

dx

a

x

b

x

a

1

1

2

  

Let  
[image: image72.wmf]x

a

b

a

x

b

u

=

=



OR   
[image: image73.wmf]ò

-

dx

a

x

b

x

2

2

2

1

  =  
[image: image74.wmf]ò

÷

÷

ø

ö

ç

ç

è

æ

-

dx

b

a

x

b

x

2

2

2

2

1

  =  
[image: image75.wmf]ò

-

dx

b

a

x

x

b

2

2

2

1

  =


[image: image76.wmf]ò

-

dx

b

a

x

x

b

2

2

2

1

1

  =  
[image: image77.wmf]c

b

a

x

b

a

b

+

×

-

)

/

(

sec

)

/

(

1

1

1

  =  
[image: image78.wmf]c

a

x

b

a

b

b

+

×

-

1

sec

1

  =



[image: image79.wmf]c

a

x

b

a

+

-

1

sec

1


NOTE:  
[image: image80.wmf]ò

-

dx

b

a

x

x

2

2

2

1

  =  
[image: image81.wmf]c

b

a

x

b

a

+

-

)

/

(

sec

)

/

(

1

1

  =  
[image: image82.wmf]c

a

x

b

a

b

+

-

1

sec

 by the generalized formula above.

These last generalized formulas seem to be more difficult to remember.  You are welcome to use them if you can remember them.  In the work above, I used the first set of generalized formulas to obtain the second set of generalized formulas.  To use the first set of generalized formulas, you need the numerical coefficient of the variable squared to be one.  If it is not one, you can factor out the numerical coefficient.   This process will be illustrated in the examples below.
Examples  Evaluate the following integrals.
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This problem could have been made easier with the following theorem.
Theorem  If  f  is a continuous even function on the closed interval  
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Proof  Recall that a function  f  is an even function if  
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, then the function  f  is continuous on this closed interval.  Thus, we can apply the Fundamental Theorem of Calculus.
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In Example 9 above, we established that the integrand  
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, then the function  f  is continuous on this closed interval.  Thus, we can apply the Fundamental Theorem of Calculus.
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This problem could have been made easier with the following theorem.
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We can complete the square on the quadratic expression 
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We can complete the square on the quadratic expression 
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First, we need to verify that we can use the Fundamental Theorem of Calculus to evaluate the integral.  We need to show that the integrand 
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