LESSON 2  DERIVATIVES AND INTEGRALS INVOLVING THE
NATURAL AND GENERAL EXPONENTIAL FUNCTIONS

Definition  The exponential function with base b is the function defined by 
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Recall the following information about exponential functions:
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The domain of 
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The exponential function 
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 are inverses of one another.  We will study the calculus of logarithmic functions in Lesson 3.

Definition  The natural exponential function is the exponential function whose base is the irrational number e.  Thus, the natural exponential function is the function defined by 
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Notation:  Sometimes, 
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Proof  
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Proof  Use the Chain Rule and the fact that 
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Recall:  
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 is the natural logarithm of  b.  That is, 
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Proof  Since the natural logarithm function is the inverse of the natural exponential function, then we have that 
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Proof  Use the Chain Rule and the fact that 
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Examples  Differentiate the following functions.

1.
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NOTE:  There is another way to work this problem.  Since 
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NOTE:  
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Answer:  
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We will use implicit differentiation in order to find the derivative of  y with respect to  x.  That is , to find 
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Examples  Determine the interval(s) on which the following functions are increasing and decreasing.  Then find the local maximum(s) and local minimum(s) of the function.
1.
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Because of the even (4) index of the radical, we need to find when the expression 
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NOTE:  The domain of  f  is the set of real numbers.

Using the Product Rule, we have that
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NOTE:  The domain of  g is the set of real numbers.

Using the Product Rule, we have that
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Example  Determine the interval(s) on which the function 
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Concave Downward:  
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Examples  Determine the interval(s) on which the following functions are  increasing and decreasing, the interval(s) on which they are concave upward and concave downward.  Also, find their local maximum(s), local minimum(s), and inflection point(s).
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The function  f  is increasing on the interval 
[image: image299.wmf]÷

ø

ö

ç

è

æ

¥

-

3

1

,

 and is decreasing on the interval 
[image: image300.wmf]÷

ø

ö

ç

è

æ

¥

,

3

1

.

The function  f  has a local maximum occurring when 
[image: image301.wmf]3

1

=

x

 and the local maximum is 
[image: image302.wmf]e

e

f

3

1

3

1

3

1

1

=

=

÷

ø

ö

ç

è

æ

-

.
Sign of 
[image: image303.wmf])

(

x

f

¢

¢

:

        
[image: image304.wmf]-


         +







(





         
         

 
        
[image: image305.wmf]3

2


The function  f  is concave upward on the interval 
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Using the Product Rule, we obtain that 
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The function  g  is increasing on the interval 
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The function  g  is concave upward on the interval 
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Example  Find the equation (in point-slope form) of the tangent line to the graph of the function 
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Answer:  
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Example  Find the equation (in point-slope form) of the normal line to the graph of the function 
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There are three ways to work this integral.
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NOTE:  In order to show that this answer is the same as the answer above, we will use the Pythagorean identity 
[image: image476.wmf]1

sin

cos

2

2

=

+

q

q

 for all 
[image: image477.wmf]q

.  Thus, 
[image: image478.wmf]1

3

sin

3

cos

2

2

=

+

x

x

 for all  x.  Thus, 
[image: image479.wmf]x

3

cos

2

  = 
[image: image480.wmf]x

3

sin

1

2

-

 for all  x.  Thus, 
[image: image481.wmf]c

x

+

-

3

cos

9

ln

1

2

  =

[image: image482.wmf]c

x

+

-

-

)

3

sin

1

(

9

ln

1

2

  =  
[image: image483.wmf]c

x

+

+

-

3

sin

9

ln

1

9

ln

1

2

  =

[image: image484.wmf]9

ln

1

3

sin

9

ln

1

2

-

+

c

x

  =  
[image: image485.wmf]k

x

+

3

sin

9

ln

1

2

, where 
[image: image486.wmf]9

ln

1

-

=

c

k

.
c.
By the double angle formula for sine, we have 
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NOTE:  Recall the double angle formula for cosine is given by 
[image: image502.wmf]q

2

cos

  =  
[image: image503.wmf]q

q

2

2

sin

cos

-

.  If you replace 
[image: image504.wmf]q

2

cos

 by 
[image: image505.wmf]q

2

sin

1

-

, you
obtained that 
[image: image506.wmf]q

2

cos

  =  
[image: image507.wmf]q

2

sin

2

1

-

.  If you use this form of the double angle formula for cosine, then you can verify that the answer in (c) is the same as the answer in (a).  If you replace 
[image: image508.wmf]q

2

sin

 by 
[image: image509.wmf]q

2

cos

1

-

, you obtained that 
[image: image510.wmf]q

2

cos

  =  
[image: image511.wmf]1

cos

2

2

-

q

.  If you use this form of the double angle formula for cosine, then you can verify that the answer in (c) is the same as the answer in (b).
8.
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