LESSON 10  INTEGRATION OF RATIONAL

FUNCTIONS BY PARTIAL FRACTIONS
Recall that a rational function is a quotient of polynomial functions.

Definition  The quadratic 
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A theorem from algebra states that a polynomial with real coefficients can be factored into a product of linear factors, a product of irreducible quadratic factors or a product of linear and irreducible quadratic factors.
Given a rational function, if the degree of the polynomial in the numerator is less than the degree of the polynomial in the denominator, then the rational function can be expressed as the sum of rational functions whose denominators are powers of linear polynomials and powers of irreducible quadratic functions.  This sum is called the partial fraction decomposition of the rational function.
Given the rational function  
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If the factorization of the polynomial  
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  are constants to be determined.
If the factorization of the polynomial  
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Example  Find the partial fraction decomposition for the following rational expression.  Do NOT solve for the constants.
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where  A, B, C, D, E, F, G, H, I, and J are constants to be determined.

NOTE:  If we were asked to integrate the rational function given by the expression on the left-hand side of the equation above, we could integrate the rational functions given by the expressions on the right-hand side of the equation.  In order to integrate the rational functions with quadratic denominators, we might need to complete the square for the quadratic.

Examples  Evaluate the following integrals.
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Multiplying both sides of the equation  
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Method 1
The first method is to solve a system of equations obtained from equating the coefficients of the terms on each side of the equation 
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The coefficient of the x term on the right side of the equation 
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Method 2
The second method involves choosing a value for  x that will leave A but will eliminate B in the equation 
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To solve for A, choose  
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To solve for B, choose  
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We will first evaluate the integral  
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 using the technique of Partial Fraction Decomposition.  Then we will apply the Fundamental Theorem of Calculus with one of these antiderivatives.
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Multiplying both sides of the equation  
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Method 1
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Equating the coefficients of  x on both sides of the equation, we obtain that 
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We can solve the system of equations   
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 Multiplying the first equation by 6, we obtain  
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Method 2
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To solve for A, choose  
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Now, that we have all the antiderivatives of the integrand 
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, we can apply the Fundamental Theorem of Calculus to evaluate the definite integral  
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Thus, we will find the partial fraction decomposition for 
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To solve for C, choose  
[image: image126.wmf]0

=

t

:  
[image: image127.wmf]Þ

=

-

C

3

2

  
[image: image128.wmf]3

2

-

=

C


To solve for D, choose  
[image: image129.wmf]5

3

-

=

t

:  
[image: image130.wmf]Þ

-

=

-

+

D

125

27

2

5

9

25

9



[image: image131.wmf]Þ

-

=

-

+

D

27

250

225

45

  
[image: image132.wmf]Þ

-

=

D

27

20

  
[image: image133.wmf]27

20

-

=

D


In order to solve for A and B, we will need to equate coefficients.
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Note that the coefficient of the  t  term in the product  
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We will find the partial fraction decomposition for 
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We will find the partial fraction decomposition for 
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In order to solve for C and D, we will need to equate coefficients.
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