
 

Pre-Class Problems 12 for Monday, March 12 

 

 

These are the type of problems that you will be working on in class. 

 

 

You can go to the solution for each problem by clicking on the problem 

number or letter. 
 

 

Discussion on Long Division and Synthetic Division. 

 

 

1. Use synthetic division to divide the following polynomials. 

 

 a. )4()21143( 2  xxx  

 

 b. )3()1867( 2  xxx  

 

 c. )2()1694( 23  xxxx  

 

 d. )4()644843( 23  xxxx  

 

 e. )6()77652( 3  xxx  

 

 f. )6()77652( 3  xxx  

 

 g. 
2

1824 42





x

xx
  h. 

5

2501598 42





x

xxx
 

 

 i. 
3

273





x

x
  j. 

ax

ax



 33

  k. 
4

643





x

x
 

 

 

Discussion of the Remainder Theorem. 

 

 



 

2. If 17852)( 23  xxxxf , then use the Remainder Theorem to find 

the following polynomial values. 

 a.   )6(f   b.   )8(f   c.   )3(f   d.   









2

1
f  

 

3. If 12156)( 34  xxxxg , then use the Remainder Theorem to find 

the following polynomial values. 

 a.  )9(g    b.   )7(g   c.   )2(g   d.   








2

1
g  

 

 

4. If 121636)( 234  xxxxxp , then use the Remainder 

Theorem to determine if the given number is a zero (root) of the polynomial. 

 

 a.   3   b.   1   c.   6   d.   6  

 

 

5. If 8040118)( 234  ttttth , then use the Remainder Theorem to 

determine if the given number is a zero (root) of the polynomial. 

 

 a.   4   b.   4   c.   5   d.   i3  

 

 

Discussion of the Factor Theorem. 

 

 

6. If 483243189)( 234  xxxxxf , then use the Factor Theorem to 

determine if the given binomial is a factor of the polynomial. 

 

 a.   2x   b.   3x   c.   
3

2
x   d.   

3

4
x  

 

 

Discussion of Rational Zeros (Roots) of Polynomials 

 

 



 

7. Find the zeros (roots) of the following polynomials.  Also, give a 

factorization for the polynomial. 

 

 a. 2425)( 23  xxxxf  

 

b. 4557233)( 23  xxxxg  

 

c. 30944)( 23  tttth  

 

d. 121636)( 234  xxxxxp  

 

e. 3610853116)( 234  zzzzzf  

 

f. 483243189)( 234  xxxxxg  

 

g. 8040118)( 234  xxxxxh  

 

h. 811085412)( 234  tttttp  

 

 

Problems available in the textbook:  Page 325 … 23 – 70 and Examples 4 – 9 

starting on page 303.  Page 341 … 17 – 28, 39 – 48, 59 – 64 and Examples 1 – 4, 6, 

9, 10 starting on page 330. 

 

 

SOLUTIONS: 
 

 

1a. )4()21143( 2  xxx     Back to Problem 1. 

 

 

 

1323

812

21143







  

4

 

 

 



 

 Answer:  
4

13
23

4

21143 2








x
x

x

xx
 

 

 

1b. )3()1867( 2  xxx     Back to Problem 1. 

 

 

 

27157

4521

1867







  

3

 

 

 

 Answer:  
3

27
157

3

1867 2








x
x

x

xx
 

 

 

1c. )2()1695( 23  xxxx    Back to Problem 1. 

 

 

 

6571

10142

16951





  

2

 

 

 

 Answer:  
2

6
57

2

1694 2
23








x
xx

x

xxx
 

 

 

1d. )4()644843( 23  xxxx    Back to Problem 1. 

 

 

 

01683

643212

644843







  

4

 



 

 

 

 Answer:  1683
4

644843 2
23





xx

x

xxx
 

 

 

1e. )6()77652( 3  xxx     Back to Problem 1. 

 

 

 

357122

427212

776502





  

6

 

 

 

 Answer:  
6

35
7122

6

77652 2
3








x
xx

x

xx
 

 

 

1f. )6()77652( 3  xxx     Back to Problem 1. 

 

 

 

1197122

427212

776502







  

6

 

 

 

 Answer:  
6

119
7122

6

77652 2
3








x
xx

x

xx
 

 

 

1g. )2()1824( 42  xxx     Back to Problem 1. 

 

 

 )2()2418( 24  xxx  

 



 

 

 

64442221

884442

2401801







  

2

 

 

 

 Answer:  
2

64
44222

2

1824 23
42








x
xxx

x

xx
 

 

 

1h. 
5

2501598 42





x

xxx
     Back to Problem 1. 

 

 

 
5

9815502 24





x

xxx
 

 

 

 

23150102

7505010

98155002







  

5

 

 

 

 Answer:  
5

23
15102

5

2501598 23
42








x
xx

x

xxx
 

 

 

1i. 
3

273





x

x
        Back to Problem 1. 

 

 

 

0931

2793

27001 

  

3

 



 

 

 

 Answer:  93
3

27 2
3





xx

x

x
 

 

 NOTE: )93()3(2793
3

27 232
3





xxxxxx

x

x
 

 

This is the factorization of the difference of cubes 273 x .  If you can 

remember that 3x  is one of the factors of 273 x , then you can get the 

other factor of 932  xx  by synthetic division. 

 

 

1j.  
ax

ax



 33

        Back to Problem 1. 

 

 

 

01

001

2

32

3

aa

aaa

a

  

a

 

 

 

 Answer:  
22

33

axax
ax

ax





 

 

 

1k.  
4

643





x

x
        Back to Problem 1. 

 

 

 

01641

64164

64001



   

4

 

 



 

 

 Answer:  164
4

64 2
3





xx

x

x
 

 

 NOTE: )164()4(64164
4

64 232
3





xxxxxx

x

x
 

 

This is the factorization of the sum of cubes 643 x .  If you can remember 

that 4x  is one of the factors of 643 x , then you can get the other factor 

of 1642  xx  by synthetic division. 

 

 

2a. 17852)( 23  xxxxf     Back to Problem 2. 

 

 

 Find )6(f . 

 

 

 

677110172

66010212

17852







  

6

 

 

 

 Answer:  667  

 

 

2b. 17852)( 23  xxxxf     Back to Problem 2. 

 

 

 Find )8(f . 

 

 

 

75196112

7688816

17852 

  

8

 



 

 

 

 Answer:  751 

 

 

2c. 17852)( 23  xxxxf     Back to Problem 2. 

 

 

 Find )3(f . 

 

 

 

3231435145322

1531435632

17852







  

3

 

 

 

 

NOTE:  In order to find )3(f , I think it easier to do the evaluation of the 

function: 

 

 17381536)3(17852)( 23 fxxxxf

 

32314   

 

NOTE:  33333)3( 3    Thus, 36)3(2 3   

 

 

 Answer:  32314   

 

 

2d. 17852)( 23  xxxxf     Back to Problem 2. 

 

 Find 









2

1
f . 



 

 

 

2

45
1162

2

11
31

2

34
17852







  

2

1


 

 

 

 Answer:  
2

45
  

 

 

3a. 12156)( 34  xxxxg     Back to Problem 3. 

 

 

 Find )9(g . 

 

 

 

23452582731

2322243279

1215061







  

9

 

 

 

 Answer:  2345 

  

 

3b.  12156)( 34  xxxxg     Back to Problem 3. 

 

 

 Find )7(g . 

 

 

 

436662291131

4354637917

1215061 

  

7

 



 

 

 

 Answer:  4366 

 

 

3c. 12156)( 34  xxxxg     Back to Problem 3. 

 

 

 Find )2(g . 

 

  

 

1623322262261

23412222262

1215061







  

2

 

 

 

NOTE:  In order to find )2(g , I think it easier to do the evaluation of 

the function: 

 

 122152124)2(12156)( 34 gxxxxg

 

1623   

 

NOTE:  4222222)2( 4   

 

NOTE:  22222)2( 3    Thus, 212)2(6 3   

 

 

 Answer:  1623   

 

 

3d.  12156)( 34  xxxxg     Back to Problem 3. 

 



 

 Find 








2

1
g . 

 

 

16

85

8

107

4

13

2

13
1

16

107

8

13

4

13

2

1

16

192
12

8

120
15061







  

2

1

 

 

 

 Answer:  
16

85
 

 

 

4a. 121636)( 234  xxxxxp    Back to Problem 4. 

 

  

 

48201231

603693

1216361







  

3

 

 

 

 48)3( p  

 

 

 Answer:  3 is not a zero (root) of the polynomial 

 

 

4b. 121636)( 234  xxxxxp    Back to Problem 4. 

 

  

 

012471

12471

1216361







  

1

 



 

 

 

 0)1( p  

 

 

 Answer:  1  is a zero (root) of the polynomial 

 

 

4c.  121636)( 234  xxxxxp    Back to Problem 4. 

 

  

 

02301

121806

1216361







  

6

 

 

 

 0)6( p  

 

 

 Answer:  6 is a zero (root) of the polynomial 

 

 

4d.  121636)( 234  xxxxxp    Back to Problem 4. 

 

  

 

240039869121

2388414726

1216361







  

6

 

 

 

 2400)6( p  

 

 

 Answer:  6  is not a zero (root) of the polynomial 

 

 



 

5a. 8040118)( 234  ttttth    Back to Problem 5. 

 

  

 

70419659121

784236484

80401181 

  

4

 

 

 

 704)4( h  

 

 

 Answer:  4 is not a zero (root) of the polynomial 

 

 

5b.  8040118)( 234  ttttth    Back to Problem 5. 

 

  

 

020541

8020164

80401181







  

4

 

 

 

 0)4( h  

 

 

 Answer:  4  is a zero (root) of the polynomial 

 

 

5c.  8040118)( 234  ttttth    Back to Problem 5. 

 

  

 

05165816581

80405165585

80401181







  

5

 

 



 

 

 0)5( h  

 

 

NOTE:  In order to find )5(h , I think it easier to do the evaluation of the 

function: 

 

 8040118)( 234 ttttth  

 

0805405554025)5( h  

 

 

 Answer:  5  is a zero (root) of the polynomial 

 

 

5d.  8040118)( 234  ttttth    Back to Problem 5. 

 

  

 

iiii

iiii

336986112242381

183367269243

80401181







  

i3

 

 

 

 iih 33698)3(   

 

 

 Answer:  i3  is not a zero (root) of the polynomial 

 

 

6a.  483243189)( 234  xxxxxf   Back to Problem 6. 

 

 

 2x  is a factor of the polynomial f  if and only if 0)2( f . 

 

  



 

 

1002629369

52587218

483243189 

  

2

 

 

 
 100)2( f  

 

 

 Answer:  2x  is not a factor of the polynomial 

 

 

6b.  483243189)( 234  xxxxxf   Back to Problem 6. 

 

 

 3x  is a factor of the polynomial f  if and only if 0)3( f . 

 

  

 

0161699

48482727

483243189







  

3

 

 

 
 0)3( f  

 

 

 Answer:  3x  is a factor of the polynomial 

 

 

6c.  483243189)( 234  xxxxxf   Back to Problem 6. 

 

 

 
3

2
x  is a factor of the polynomial f  if and only if 0

3

2









f . 

 

  



 

 

3

44
5027249

3

100
18166

3

144
483243189







  

3

2

 

 

 

 
3

44

3

2









f  

 

 

 Answer:  
3

2
x  is not a factor of the polynomial 

 

 

6d.  483243189)( 234  xxxxxf   Back to Problem 6. 

 

 

 
3

4
x  is a factor of the polynomial f  if and only if 0

3

4









f . 

 

  

 

0365169

4868812

483243189







  

3

4


 

 

 

 0
3

4









f  

 

 

 Answer:  
3

4
x  is a factor of the polynomial 

 



 

 

7a. 2425)( 23  xxxxf     Back to Problem 7. 

 

 To find the zeros (roots) of  f, we want to solve the equation   0)( xf  

 

02425 23  xxx .  The expression  2425 23  xxx   can  

 

not be factored by grouping. 

 

We need to find one rational zero (root) for the polynomial  f.  This will 

produce a linear factor for the polynomial and the other factor will be 

quadratic. 

 

Factors of  24:  1 ,  2 ,  3 ,  4 ,  6 ,  8 ,  12 ,  24  

 

Factors of  1:  1 

 

Possible rational zeros (roots):  1 ,  2 ,  3 ,  4 ,  6 ,  8 , 12 , 24  

 

Trying  1:  

18641

641

24251

2425 23







    xxxofCoeff

  

1

 

 

Thus,  1018)1(  xf  is not a factor of  f  and 1 is not a zero 

(root) of  f. 

Trying  1 :  

20461

461

24251

2425 23







    xxxofCoeff

  

1

 

 

Thus,  1020)1(  xf  is not a factor of  f and 1  is not a zero 

(root) of  f. 

 

 



 

Trying  2:  

8831

1662

24251

2425 23







    xxxofCoeff

  

2

 

 

Thus,  208)2(  xf  is not a factor of  f  and 2 is not a zero 

(root) of  f. 

 

 

Trying  2 :  

01271

24142

24251

2425 23







    xxxofCoeff

  

2

 

 

Thus,  20)2(  xf  is a factor of  f and 2  is a zero (root) of  f. 

 

NOTE:  By the Bound Theorem, 2   is a lower bound for the negative zeros 

(roots) of  f  since we alternate from positive 1 to negative 7 to positive 12 to 

negative 0 in the third row of the synthetic division. 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
2x .  Thus, the other factor is  1272  xx . 

 

Thus, we have that  2425 23  xxx   =  )127()2( 2  xxx . 

 

Now, we can try to find a factorization for the expression  1272  xx : 

1272  xx   =  )4()3(  xx  

 

Thus, we have that  2425 23  xxx   =  )127()2( 2  xxx   = 

)4()3()2(  xxx  

 

 

Thus,   02425 23 xxx    0)4()3()2( xxx  

 
2x ,  3x ,  4x  

 



 

 

Answer: Zeros (Roots):   2 ,  3,  4 

 

Factorization:   2425 23  xxx   =  )4()3()2(  xxx  

 

 

7b. 4557233)( 23  xxxxg    Back to Problem 7. 

 

 To find the zeros (roots) of  g, we want to solve the equation   0)( xg  

 

04557233 23  xxx .  The expression  4557233 23  xxx   

 

can’t be factored by grouping. 

 

We need to find one rational zero (root) for the polynomial  g.  This will 

produce a linear factor for the polynomial and the other factor will be 

quadratic. 

 

Factors of  45 :  1 ,  3 ,  5 ,  9 ,  15 ,  45  

 

Factors of  3:  1, 3 

 

The rational numbers obtained using the factors of  45  for the numerator 

and the 1 as the factor of 3 for the denominator: 

 
1 ,  3 ,  5 ,  9 ,  15 ,  45  

 

The rational numbers obtained using the factors of  45  for the numerator 

and the 3 as the factor of 3 for the denominator: 

 

   
3

1
 ,  1 ,  

3

5
 ,  3 ,  5 ,  15  

 

 NOTE:  1
3

3
 ,  3

3

9
 ,  5

3

15
 ,  and  15

3

45
  

 



 

Possible rational zeros (roots):  
3

1
 , 1 , 

3

5
 , 3 , 5 , 9 , 15 , 45  

 

 

Trying  1:  

837203

37203

4557233

4557233 23







    xxxofCoeff

  

1

 

 

Thus,  108)1(  xg  is not a factor of  g  and 1 is not a zero 

(root) of  g. 

 

 

Trying  1 :  

12883263

83263

4557233

4557233 23







    xxxofCoeff

  

1

 

 

Thus,  10128)1(  xg  is not a factor of  g  and 1  is not a 

zero (root) of  g. 

 

NOTE:  By the Bound Theorem, 1  is a lower bound for the negative zeros 

(roots) of  g  since we alternate from positive 3 to negative 26 to positive 83 

to negative 128 in the third row of the synthetic division.  Thus,  
3

5
 , 3 , 

5 , 9 , 15 , and 45  can’t be rational zeros (roots) of  g. 

  

 

Trying  2:  

123173

46346

4557233

4557233 23







    xxxofCoeff

  

2

 

 

Thus,  201)2(  xg  is not a factor of  g  and 2 is not a zero 

(root) of  g. 

 



 

 

Trying  3:  

015143

45429

4557233

4557233 23







    xxxofCoeff

  

3

 

 

Thus,  30)3(  xg  is a factor of  g  and 3 is a zero (root) of  g. 

 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
2x .  Thus, the other factor is  15143 2  xx . 

 

Thus, we have that  4557233 23  xxx   =  )15143()3( 2  xxx . 

 

Now, we can try to find a factorization for the expression  15143 2  xx : 

15143 2  xx   =  )53()3(  xx  

 

Thus, we have that  4557233 23  xxx   =  )15143()3( 2  xxx   

=  )53()3()3(  xxx   =  )53()3( 2  xx  

 

 

Thus,   04557233 23 xxx    0)53()3( 2 xx  

 

3x ,  
3

5
x  

 

 

Answer: Zeros (Roots):   
3

5
,  3 (multiplicity 2) 

 

Factorization:   4557233 23  xxx   =  )53()3( 2  xx  

 

 

7c. 30944)( 23  tttth     Back to Problem 7. 

 

 To find the zeros (roots) of  h, we want to solve the equation   0)( th  



 

 

030944 23  ttt .  The expression  30944 23  ttt   

 

can not be factored by grouping. 

 

We need to find one rational zero (root) for the polynomial  h.  This will 

produce a linear factor for the polynomial and the other factor will be 

quadratic. 

 

Factors of  30:  1 ,  2 ,  3 ,  5 ,  6 ,  10 ,  15 ,  30  

 

Factors of  4:  1, 2, 4 

 

The rational numbers obtained using the factors of  30  for the numerator 

and the 1 as the factor of 4 for the denominator: 

 
1 ,  2 ,  3 ,  5 ,  6 ,  10 ,  15 ,  30  

 

The rational numbers obtained using the factors of  30  for the numerator 

and the 2 as the factor of 4 for the denominator: 

 

2

1
 ,  1 ,  

2

3
 ,  

2

5
 ,  3 ,  5 ,  

2

15
 ,  15  

 

 Eliminating the ones that are already listed above, we have 

 

     
2

1
 ,  

2

3
 ,  

2

5
 ,  

2

15
  

  

The rational numbers obtained using the factors of  30  for the numerator 

and the 4 as the factor of 4 for the denominator: 

 

4

1
 ,  

2

1
 ,  

4

3
 ,  

4

5
 ,  

2

3
 ,  

2

5
 ,  

4

15
 ,  

2

15
  

 

 Eliminating the ones that are already listed above, we have 

 



 

     
4

1
 ,  

4

3
 ,  

4

5
 ,  

4

15
  

 

             

Possible rational zeros (roots):  
4

1
 ,  

2

1
 ,  

4

3
 ,  1 ,  

4

5
 ,  

2

3
 ,  2 ,  

2

5
 ,  3 ,  

4

15
 ,  5 ,  6 ,  

2

15
 ,  10 ,  15 ,  30  

 

 

Trying  1:  

21904

904

30944

30944 23







    tttofCoeff

  

1

 

 

Thus,  1021)1(  th  is not a factor of  h  and 1 is not a zero 

(root) of  h. 

 

 

Trying  2:  

28144

288

30944

30944 23







    tttofCoeff

  

2

 

 

Thus,  2028)2(  th  is not a factor of  h  and 2 is not a zero 

(root) of  h. 

 

 

Trying  3:  

751584

452412

30944

30944 23

   



tttofCoeff

  

3

 

 

Thus,  3075)3(  th  is not a factor of  h  and 3 is not a zero 

(root) of  h. 

 



 

NOTE:  By the Bound Theorem, 3 is an upper bound for the positive zeros 

(roots) of  h  since all the numbers are positive in the third row of the 

synthetic division.  Thus, 
4

15
,  5,  6,  

2

15
,  10,  15, and  30 can’t be rational 

zeros (roots) of  h. 

 

 

Trying  1 :  

31184

184

30944

30944 23







    tttofCoeff

  

1

 

 

Thus,  1031)1(  th  is not a factor of  h  and 1  is not a zero 

(root) of  h. 

 

 

Trying  2 :  

015124

30248

30944

30944 23







    tttofCoeff

  

2

 

 

Thus,  20)2(  th  is factor of  h  and 2  is a zero (root) of  h. 

 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
2t .  Thus, the other factor is  15124 2  tt . 

 

Thus, we have that  30944 23  ttt   =  )15124()2( 2  ttt . 

 

Now, we can try to find a factorization for the expression  15124 2  tt .  

However, it does not factor. 

 

Thus, we have that  30944 23  ttt   =  )15124()2( 2  ttt  

 

 

Thus,   030944 23 ttt    0)15124()2( 2 ttt  



 

 

2t ,  015124 2  tt  

 

We will need to use the Quadratic Formula to solve  015124 2  tt . 

 

Thus,  
a

cabb
t

2

42 
   =  

8

15)4(4121212 
  = 

 

8

]15)1(133[4412 
  =  

8

159412 
  =  

8

6412 
  = 

 

8

6412 i
  =  

2

63 i
 

 

 

Answer: Zeros (Roots):   2 ,  
2

63 i
,  

2

63 i
 

 

Factorization:   30944 23  ttt   =  )15124()2( 2  ttt  

 

 

7d. 121636)( 234  xxxxxp    Back to Problem 7. 

 

 To find the zeros (roots) of  p, we want to solve the equation   0)( xp  

 

0121636 234  xxxx . 

 

We need to find two rational zeros (roots) for the polynomial  p.  This will 

produce two linear factors for the polynomial and the other factor will be 

quadratic. 

 

Factors of  12:  1 ,  2 ,  3 ,  4 ,  6 ,  12  

 

Factors of  1:  1 

 



 

Possible rational zeros (roots):  1 ,  2 ,  3 ,  4 ,  6 ,  12  

 

 

Trying  1:  

208851

8851

1216361

121636 234







    xxxxofCoeff

  

1

 

 

Thus,  1020)1(  xp  is not a factor of  p  and 1 is not a zero 

(root) of  p. 

 

 

Trying  1 :  

012471

12471

1216361

121636 234







    xxxxofCoeff

  

1

 

 

Thus,  10)1(  xp  is a factor of  p  and 1  is a zero (root) of  p. 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
3x .  Thus, the other factor is  1247 23  xxx . 

 

Thus, we have that  121636 234  xxxx   = 

)1247()1( 23  xxxx . 

 

Note that the remaining zeros of the polynomial  p  must also be zeros (roots) 

of the quotient polynomial  1247)( 23  xxxxq .  We will use this 

polynomial to find the remaining zeros (roots) of  p, including another zero 

(root) of  1 . 

 

 

Trying  1  again:  

01281

1281

12471

1247 23







    xxxofCoeff

  

1

 



 

 

The remainder is 0.  Thus,  1x  is a factor of the quotient polynomial  

1247)( 23  xxxxq  and  1  is a zero (root) of multiplicity of the 

polynomial  p. 

 

Thus, we have that  1247 23  xxx   =  )128()1( 2  xxx . 

 

Thus, we have that  121636 234  xxxx   = 

)1247()1( 23  xxxx   =  )128()1()1( 2  xxxx   = 

)128()1( 22  xxx . 

 

Now, we can try to find a factorization for the expression  1282  xx : 

1282  xx   =  )6()2(  xx  

 

Thus, we have that  121636 234  xxxx   = 

)128()1( 22  xxx   =  )6()2()1( 2  xxx  

 

 

Thus,   0121636 234 xxxx  

 

 0)6()2()1( 2 xxx   1x ,  2x ,  6x  

 

 

Answer: Zeros (Roots):   1  (multiplicity 2),  2,  6 

 

Factorization:   121636 234  xxxx   =  )6()2()1( 2  xxx  

 

 

7e. 3610853116)( 234  zzzzzf        Back to Problem 7. 

 

 To find the zeros (roots) of  f, we want to solve the equation   0)( zf  

 

03610853116 234  zzzz . 

 



 

We need to find two rational zeros (roots) for the polynomial  f.  This will 

produce two linear factors for the polynomial and the other factor will be 

quadratic. 

 

Factors of  36 :  1 ,  2 ,  3 ,  4 ,  6 ,  9 ,  12 ,  18 , 36  

 

Factors of  6:  1,  2,  3,  6 

 

The rational numbers obtained using the factors of  36  for the numerator 

and the 1 as the factor of 6 for the denominator: 

 
1 ,  2 ,  3 ,  4 ,  6 ,  9 ,  12 ,  18 , 36  

 

The rational numbers obtained using the factors of  36  for the numerator 

and the 2 as the factor of 6 for the denominator: 

 

2

1
 ,  1 ,  

2

3
 ,  2 ,  3 ,  

2

9
 ,  6 ,  9 ,  18  

 

 Eliminating the ones that are already listed above, we have 

 

      
2

1
 ,  

2

3
 ,  

2

9
  

 

The rational numbers obtained using the factors of  36  for the numerator 

and the 3 as the factor of 6 for the denominator: 

 

3

1
 ,  

3

2
 ,  1 ,  

3

4
 ,  2 ,  3 ,  4 ,  6 , 12  

 

 Eliminating the ones that are already listed above, we have 

 

      
3

1
 ,  

3

2
 ,  

3

4
  

 

The rational numbers obtained using the factors of  36  for the numerator 

and the 6 as the factor of 6 for the denominator: 

 



 

6

1
 ,  

3

1
 ,  

2

1
 ,  

3

2
 ,  1 ,  

2

3
 ,  2 ,  3 , 6  

 

 Eliminating the ones that are already listed above, we have  
6

1
  

 

 

Possible rational zeros (roots):  
6

1
 ,  

3

1
 ,  

2

1
 ,  

3

2
 ,  1 ,  

3

4
 ,  

2

3
 ,  

2 ,  3 ,  4 ,  
2

9
 ,  6 ,  9 ,  12 ,  18 ,  36  

 

 

Trying  1:  

14505856

505856

3610853116

3610853116 234







    zzzzofCoeff

  

1

 

 

Thus,  1014)1(  zf  is not a factor of  f  and 1 is not a zero 

(root) of  f. 

 

 

Trying  1 :  

18014436176

14436176

3610853116

3610853116 234







    zzzzofCoeff

  

1

 

 

Thus,  1180)1(  zf  is not a factor of  p  and 1  is not a zero 

(root) of  f. 

 

 

Trying  2:  

2465116

12102212

3610853116

3610853116 234







    zzzzofCoeff

  

2

 

 



 

Thus,  2024)2(  zf  is not a factor of  f  and 2 is not a zero 

(root) of  f. 

 

 

Trying  2 :  

2801227236

244144612

3610853116

3610853116 234







    zzzzofCoeff

  

2

 

 

Thus,  2280)2(  zf  is not a factor of  p  and 2  is not a 

zero (root) of  f. 

 

 

Trying  3:  

0123276

36962118

3610853116

3610853116 234







    zzzzofCoeff

  

3

 

 

Thus,  30)3(  zf  is a factor of  f  and 3 is a zero (root) of  f. 

 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
3z .  Thus, the other factor is  123276 23  zzz . 

 

Thus, we have that  3610853116 234  zzzz   = 

)123276()3( 23  zzzz . 

 

Note that the remaining zeros of the polynomial  f  must also be zeros (roots) 

of the quotient polynomial  123276)( 23  zzzzq .  We will use 

this polynomial to find the remaining zeros (roots) of  f, including another 

zero (root) of  3. 

 

 



 

Trying  3 again:  

14143256

1297518

123276

123276 23

   



zzzofCoeff

  

3

 

 

The remainder is 141 and not 0.  Thus,  3z  is not a factor of the quotient 

polynomial  123276)( 23  zzzzq   and 3 is not a zero (root) of  q.  

Thus, the multiplicity of the zero (root) of 3 is one. 

 

NOTE:  By the Bound Theorem, 3 is an upper bound for the positive zeros 

(roots) of the quotient polynomial  123276)( 23  zzzzq  since all 

the numbers are positive in the third row of the synthetic division.  Thus,  4, 

2

9
,  6,  9,  12,  18, and 36 can’t be rational zeros (roots) of the quotient 

polynomial 123276)( 23  zzzzq  nor of the polynomial  

3610853116)( 234  zzzzzf   = 

)123276()3( 23  zzzz . 

 

 

Trying  3 :  

91116

33318

123276

123276 23







    zzzofCoeff

  

3

 

 

The remainder is 9 and not 0.  Thus,  3z  is not a factor of the quotient 

polynomial  123276)( 23  zzzzq   and 3  is not a zero (root) of  

q. 

 

 

Trying  4 :  

13236176

1446824

123276

123276 23







    zzzofCoeff

  

4

 

 



 

The remainder is 132  and not 0.  Thus,  4z  is not a factor of the 

quotient polynomial  123276)( 23  zzzzq   and 4  is not a zero 

(root) of  q. 

 

NOTE:  By the Bound Theorem, 4  is a lower bound for the negative zeros 

(roots) of the quotient polynomial  q  since we alternate from positive 6 to 

negative 17 to positive 36 to negative 132 in the third row of the synthetic 

division.  Thus,  
2

9
 ,  6 ,  9 ,  12 ,  18 , and  36  can’t be rational 

zeros (roots) of  q. 

 

Thus, the only possible rational zeros (roots) which are left to be checked are  

6

1
 ,  

3

1
 ,  

2

1
 ,  

3

2
 ,  

3

4
 , and  

2

3
 .  

 

 

Trying  
2

3
:  

08166

12249

123276

123276 23







    zzzofCoeff

  
2

3

 

 

The remainder is 0.  Thus,  
2

3
z  is a factor of the quotient polynomial  

123276)( 23  zzzzq   and 
2

3
 is a zero (root) of  q. 

 

Thus, we have that  123276 23  zzz   =  )8166(
2

3 2 







 zzz   = 

)483(2
2

3 2 







 zzz   =  )483()32( 2  zzz . 

 

Thus, we have that  3610853116 234  zzzz   = 

)123276()3( 23  zzzz   =  )483()32()3( 2  zzzz . 

 

 



 

Now, we can try to find a factorization for the expression  483 2  zz .  

However, it does not factor. 

 

Thus, we have that  3610853116 234  zzzz   = 

)483()32()3( 2  zzzz . 

 

 

Thus,   03610853116 234 zzzz  

 

 0)483()32()3( 2 zzzz   3z ,  
2

3
z , 

 

0483 2  zz  

 

We will need to use the Quadratic Formula to solve  0483 2  zz . 

 

Thus,  
a

cabb
z

2

42 
   =  

6

)4()3(4648 
  = 

 

6

)34(168 
  =  

6

748 
  =  

3

724 
 

 

 

Answer: Zeros (Roots):   
3

724 
,  

3

724 
,  

2

3
,  3 

 

Factorization: 3610853116 234  zzzz   = 

)483()32()3( 2  zzzz  

 

 

7f. 483243189)( 234  xxxxxg        Back to Problem 7. 

 

 To find the zeros (roots) of  g, we want to solve the equation   0)( xg  

 

0483243189 234  xxxx . 



 

 

We need to find two rational zeros (roots) for the polynomial  f.  This will 

produce two linear factors for the polynomial and the other factor will be 

quadratic. 

 

Factors of  48:  1 ,  2 ,  3 ,  4 ,  6 ,  8 ,  12 ,  16 , 24 ,  48  

 

Factors of  9:  1,  3,  9 

 

The rational numbers obtained using the factors of  48 for the numerator and 

the 1 as the factor of 9 for the denominator: 

 
1 ,  2 ,  3 ,  4 ,  6 ,  8 ,  12 ,  16 , 24 ,  48  

 

The rational numbers obtained using the factors of  48 for the numerator and 

the 3 as the factor of 9 for the denominator: 

 

3

1
 ,  

3

2
 ,  1 ,  

3

4
 ,  2 ,  

3

8
 ,  4 ,  

3

16
 , 8 ,  16  

 

 Eliminating the ones that are already listed above, we have 

 

     
3

1
 ,  

3

2
 ,  

3

4
 ,  

3

8
 ,  

3

16
  

 

The rational numbers obtained using the factors of  48 for the numerator and 

the 9 as the factor of 9 for the denominator: 

 

9

1
 ,  

9

2
 ,  

3

1
 ,  

9

4
 ,  

3

2
 ,  

9

8
 ,  

3

4
 ,  

9

16
 , 

3

8
 ,  

3

16
  

 

 Eliminating the ones that are already listed above, we have 

 

     
9

1
 ,  

9

2
 ,  

9

4
 ,  

9

8
 ,  

9

16
  

 

 



 

Possible rational zeros (roots):  
9

1
 ,  

9

2
 ,  

3

1
 ,  

9

4
 ,  

3

2
 ,  

9

8
 ,  1 ,  

3

4
 ,  

9

16
 ,  2 ,  

3

8
 ,  3 ,  4 ,  

3

16
 ,  6 ,  8 ,  12 ,  16 , 24 ,  

48  

 

 

Trying  1:  

04816279

4816279

483243189

483243189 234







    xxxxofCoeff

  

1

 

 

Thus,  10)1(  xg  is a factor of  g  and 1 is a zero (root) of  g. 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
3x .  Thus, the other factor is  4816279 23  xxx . 

 

Thus, we have that  483243189 234  xxxx   = 

)4816279()1( 23  xxxx . 

 

Note that the remaining zeros of the polynomial  g  must also be zeros (roots) 

of the quotient polynomial  4816279)( 23  xxxxq .  We will use 

this polynomial to find the remaining zeros (roots) of  g, including another 

zero (root) of  1. 

 

NOTE:  The expression  4816279 23  xxx  can be factored by 

grouping: 

 

4816279 23  xxx   =  )3(16)3(9 2  xxx   = 

 

)169()3( 2  xx   =  )43()43()3(  xxx  

 

 

Thus, we have that  483243189 234  xxxx   = 

)4816279()1( 23  xxxx   =  )43()43()3()1(  xxxx . 

 



 

 

Thus,   0483243189 234 xxxx  

 

 0)43()43()3()1( xxxx   1x ,  3x ,  
3

4
x , 

 

3

4
x  

 

 

Answer: Zeros (Roots):   3 ,  
3

4
 ,  1,  

3

4
 

 

Factorization: 483243189 234  xxxx   = 

)43()43()3()1(  xxxx  

 

 

7g. 8040118)( 234  xxxxxh        Back to Problem 7. 

 

 To find the zeros (roots) of  h, we want to solve the equation   0)( xh  

08040118 234  xxxx . 

 

We need to find two rational zeros (roots) for the polynomial  h.  This will 

produce two linear factors for the polynomial and the other factor will be 

quadratic. 

 

Factors of  80 :  1 ,  2 ,  4 ,  5 ,  8 ,  10   16 ,  20 ,  40 ,  

80  

 

Factors of  1:  1 

 

Possible rational zeros (roots):  1 ,  2 ,  4 ,  5 ,  8 ,  10   16 ,  

20 ,  40 ,  80  

 

 



 

Trying  1:  

100202091

202091

80401181

8040118 234







    xxxxofCoeff

  

1

 

 

Thus,  10100)1(  xh  is not a factor of  h  and 1 is not a zero 

(root) of  h. 

 

 

Trying  1 : 

3644471

44471

80401181

8040118 234







    xxxxofCoeff

  

1

 

 

Thus,  1036)1(  xh  is not a factor of  h  and 1  is not a 

zero (root) of  h. 

 

 

Trying  2:  

362231101

4462202

80401181

8040118 234





    xxxxofCoeff

  

2

 

 

Thus,  2036)2(  xh  is not a factor of  h  and 2 is not a zero 

(root) of  h. 

 

 

Trying  2 : 

438161

762122

80401181

8040118 234







    xxxxofCoeff

  

2

 

 

Thus,  204)2(  xh  is not a factor of  h  and 2  is not a 

zero (root) of  h. 

 

 



 

Trying  3:  

1969244111

276132333

80401181

8040118 234

   



xxxxofCoeff

  

3

 

 

Thus,  30196)3(  xh  is not a factor of  h  and 3 is not a zero 

(root) of  h. 

 

NOTE:  By the Bound Theorem, 3 is an upper bound for the positive zeros 

(roots) of  h  since all the numbers are positive in the third row of the 

synthetic division.  Thus,  4,  5,  8,  10  16,  20,  40, and  80 can’t be rational 

zeros (roots) of  h. 

 

 

Trying  3 : 

428451

8412153

80401181

8040118 234







    xxxxofCoeff

  

3

 

 

Thus,  304)3(  xh  is not a factor of  h  and 3  is not a zero 

(root) of  h. 

 

 

Trying  4 : 

020541

8020164

80401181

8040118 234







    xxxxofCoeff

  

4

 

 

Thus,  40)4(  xh  is a factor of  h  and  4  is a zero (root) of  

h. 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
3x .  Thus, the other factor is  2054 23  xxx . 

 

Thus, we have that  8040118 234  xxxx   = 

)2054()4( 23  xxxx . 



 

 

Note that the remaining zeros of the polynomial  g  must also be zeros (roots) 

of the quotient polynomial  2054)( 23  xxxxq .  We will use this 

polynomial to find the remaining zeros (roots) of  g, including another zero 

(root) of  4 . 

 

Trying  4  again:  

0501

2004

20541

2054 23







    xxxofCoeff

  

4

 

 

The remainder is 0.  Thus,  4x  is a factor of the quotient polynomial  

2054)( 23  xxxxq  and  4  is a zero (root) of multiplicity of the 

polynomial  h. 

 

Thus, we have that  2054 23  xxx   =  )5()4( 2  xx . 

 

Thus, we have that  8040118 234  xxxx   = 

)2054()4( 23  xxxx   =  )5()4()4( 2  xxx   =  )5()4( 22  xx . 

 

 

Thus,   08040118 234 xxxx  

 

 0)5()4( 22 xx   4x ,  052 x  

 

 052x    52x   5x  

 

 

Answer: Zeros (Roots):   4  (multiplicity 2),  5 ,  5  

 

Factorization:   8040118 234  xxxx   =  )5()4( 22  xx  

 

 

7h. 811085412)( 234  tttttp       Back to Problem 7. 

 



 

 To find the zeros (roots) of  p, we want to solve the equation   0)( tp  

0811085412 234  tttt . 

 

We need to find two rational zeros (roots) for the polynomial  p.  This will 

produce two linear factors for the polynomial and the other factor will be 

quadratic. 

 

Factors of  81:  1 ,  3 ,  9 ,  27 ,  81  

 

Factors of  1:  1 

 

Possible rational zeros (roots):  1 ,  3 ,  9 ,  27 ,  81  

 

 

Trying  1:  

166543111

6543111

8110854121

811085412 234







    ttttofCoeff

  

1

 

 

Thus,  1016)1(  tp  is not a factor of  p  and 1 is not a zero 

(root) of  p. 

 

 

Trying  1 : 

25617567131

17567131

8110854121

811085412 234







    ttttofCoeff

  

1

 

 

Thus,  10256)1(  tp  is not a factor of  p  and 1  is not a 

zero (root) of  p. 

 

NOTE:  By the Bound Theorem,  1   is a lower bound for the negative zeros 

(roots) of  p  since we alternate from positive 1 to negative 13 to positive 67 

to negative 175 to positive 256 in the third row of the synthetic division.  

Thus,  3 ,  9 ,  27 , and  81  can’t be rational zeros (roots) of  p. 

 

 



 

Trying  3:  

0272791

8181273

8110854121

811085412 234







    ttttofCoeff

  

3

 

 

Thus,  30)3(  tp  is a factor of  p  and 3 is a zero (root) of  p. 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
3t .  Thus, the other factor is  27279 23  ttt . 

 

Thus, we have that  811085412 234  tttt   = 

)27279()3( 23  tttt . 

 

Note that the remaining zeros of the polynomial  p  must also be zeros (roots) 

of the quotient polynomial  27279)( 23  ttttq .  We will use this 

polynomial to find the remaining zeros (roots) of  p, including another zero 

(root) of  3. 

 

Trying  3 again:  

0961

27183

272791

27279 23







    tttofCoeff

  

3

 

 

The remainder is 0.  Thus,  3t  is a factor of the quotient polynomial  

27279)( 23  ttttq  and  3 is a zero (root) of multiplicity of the 

polynomial  p. 

 

Thus, we have that  27279 23  ttt   =  )96()3( 2  ttt . 

 

Thus, we have that  811085412 234  tttt   = 

)27279()3( 23  tttt   =  )96()3()3( 2  tttt   = 

)96()3( 22  ttt . 

 

Since  
22 )3(96  ttt , then we have that 

811085412 234  tttt   =  )96()3( 22  ttt   = 



 

22 )3()3(  tt   =  
4)3( t  

 

 

Thus,   0811085412 234 tttt    0)3( 4t   3t  

 

 

Answer: Zeros (Roots):   3 (multiplicity 4)  

 

Factorization:   811085412 234  tttt   =  
4)3( t  

 

 

 

Example  Find  )34()2016121432( 22345  xxxxxxx . 

 

            

352

114

9123

20163

15205

12205

682

201612143234

23

2

2

234

234

345

23452

















xx

x

xx

xx

xxx

xxx

xxx

xxxxxxx

 
 

NOTE: 
34523 682)34(2 xxxxxx   

 

  
23422 15205)34(5 xxxxxx   

 

  9123)34(3 22  xxxx  

 

The expression  342  xx  is called the divisor in the division.  The function  

34)( 2  xxxb  is called the divisor function. 

 



 

The expression  2016121432 2345  xxxxx  is called the dividend 

in the division.  The function  2016121432)( 2345  xxxxxxa  

is called the dividend function. 

 

The expression  352 23  xx  is called the quotient in the division.  The 

function  352)( 23  xxxq  is called the quotient function. 

 

The expression  114 x  is called the remainder in the division.  The function  

114)(  xxr  is called the remainder function. 

 

 

 

We have that 

 

34

114
352

34

2016121432
2

23

2

2345










xx

x
xx

xx

xxxxx
 

 

 

Multiplying both sides of this equation by  342  xx , we have that 

2016121432 2345  xxxxx   = 

 

)114()352()34( 232  xxxxx  

 

 

Let  a  and  b  be polynomials.  Then  
)(

)(
)(

)(

)(

xb

xr
xq

xb

xa
 .  The degree of the 

remainder polynomial  r  is less than the degree of divisor polynomial  b, written 

deg r  <  deg b. 

 

 

Multiplying both sides of the equation  
)(

)(
)(

)(

)(

xb

xr
xq

xb

xa
   by  )( xr , we have 

that  )()()()( xrxqxbxa  . 

 

 

Example  Find  )23()7211712( 234  xxxx . 



 

 

6934

5

1218

718

1827

027

69

219

812

7021171223

23

2

2

23

23

34

234





















xxx

x

x

xx

xx

xx

xx

xx

xxxxx

 

NOTE: 
343 812)23(4 xxxx   

 

  
232 69)23(3 xxxx   

 

  xxxx 1827)23(9 2   

 

  1218)23(6  xx  

 

The quotient function is  6934)( 23  xxxxq  and the remainder 

function is  5)( xr .  We have that 

 

)5()6934()23(7211712 23234  xxxxxxx . 

 

 

Example  Find  









3

2
)7211712( 234 xxxx . 

 



 

1827912

5

1218

718

1827

027

69

219

812

70211712
3

2

23

2

2

23

23

34

234





















xxx

x

x

xx

xx

xx

xx

xx

xxxxx

 

 

The quotient function is  1827912)( 23  xxxxq  and the remainder 

function is  5)( xr .  We have that 

 

)5()1827912(
3

2
7211712 23234 








 xxxxxxx . 

 

NOTE:  In the example above, we had that 

)5()6934()23(7211712 23234  xxxxxxx .  Thus, 

 

5)6934()23(7211712 23234  xxxxxxx   = 

 

5)6934(
3

2
3 23 








 xxxx   = 

 

5)1827912(
3

2 23 







 xxxx  

 

 

Example  Find  )6()208724( 245  xxxxx . 

 



 

8122

28

488

208

7212

7212

122

02

6

20872046

234

23

23

34

34

45

2345



















xxx

x

x

xx

xx

xx

xx

xx

xxxxxx

 

 

The quotient function is  8122)( 234  xxxxq  and the remainder 

function is  28)( xr .  We have that 

 

28)8122()6(208724 234245  xxxxxxxx . 

 

 

Consider the following. 

 

 

   

28801221

48072126

20872041

208724 245







    xxxxoftsCoefficien

  

6

 

 

 

What do the numbers in the third row represent? 

 

 

   

mainder

xwithstartingfunctionquotienttheoftsCoefficien
Re

28801221

48072126

20872041

4

  






  

6

 



 

 

Thus, the quotient function is  8122)( 234  xxxxq   and the remainder 

function is  28)( xr .  These are the same answers that we obtained above using 

long division. 

 

 

This process is called synthetic division.  Synthetic division can only be used to 

divide a polynomial by another polynomial of degree one with a leading coefficient 

of one.  Thus, you can’t use synthetic division to find 

)23()7211712( 234  xxxx .  However, we can do the following 

division. 

 

Example  Use synthetic division to find  









3

2
)7211712( 234 xxxx . 

 

    
51827912

121868

70211712

3

234 7211712









  

  

xwithstartingfunctionquotientofCoeff

xxxoftsCoefficien

  
3

2

 

 

Thus, the quotient function is  1827912)( 23  xxxxq  and the 

remainder function is  5)( xr .    These are the same answers that we obtained 

above using long division. 

 

Back to top. 

 

 

Example  If  208724)( 245  xxxxxf , then find  )6(f . 

 

20)6(8)6(72)6(4)6()6( 245 f   = 

 
20)6(8)36(72)1296(47776    = 

 
282048259251847776   

 



 

This calculation would have been faster (and easier) using the fact that 

 

28)8122()6(208724 234245  xxxxxxxx  

 

that we obtained in the example above.  Thus,  28)()6()(  xqxxf , 

where 8122)( 234  xxxxq . 

 

Thus,  2828028)6(028)6()66()6(  qqf . 

 

 

This result can be explained by the following theorem. 

 

 

Theorem  (The Remainder Theorem)  Let  p  be a polynomial.  If  )( xp   is divided 

by  ax  , then the remainder is )(ap . 

 

Proof  If  )( xp   is divided by  ax  , then  rxqaxxp  )()()( .  Thus,  

rrraqraqaaap  0)(0)()()( . 

 

Example  If  7211712)( 234  xxxxg , then find  








3

2
g . 

 

Using synthetic division to find  









3

2
)7211712( 234 xxxx , we have 

that 

    

51827912

121868

70211712

7211712 234







    xxxoftsCoefficien

  
3

2

  

 

Thus, the remainder is 5 .  Thus,  








3

2
g   =  5 . 

 

Example  If  371623128)( 2345  xxxxxxh , then find  )3(h . 

 



 

Using synthetic division to find )3()371623128( 2345  xxxxxx , 

we have that 

 

    

412614351

78429153

3716231281

371623128 2345







    xxxxxoftsCoefficien

  

3

 

 

Thus, the remainder is 41.  Thus,  41)3( h . 

 

 

Back to top. 

 

 

Theorem  (The Factor Theorem)  Let  p  be a polynomial.  The expression  ax   

is a factor of  )( xp  if and only if  0)( ap . 

 

Proof  )(   Suppose that  ax   is a factor of  )( xp .  Then the remainder upon 

division by  ax   must be zero.  By the Remainder Theorem,  0)( ap . 

 
)(   Suppose that  0)( ap .  By the Remainder Theorem, we have that 

)()()()( apxqaxxp  .  Thus,  )()()( xqaxxp  .  Thus,  ax   is 

a factor of  )( xp . 

 

 

Example  Show that  4x   is a factor of    4820125)( 23  xxxxp . 

 

We will use the Factor Theorem and show that  0)4( p .  We will use the 

Remainder Theorem and synthetic division to find  )4(p . 

 

 

    

01285

483220

4820125

4820125 23







    xxxofCoeff

  

4

 

 



 

Thus, 0)4( p .  Thus, by the Factor Theorem, 4x   is a factor of 

4820125)( 23  xxxxp . 

 

NOTE:  The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
2x .  Thus, the other factor is  1285 2  xx . 

 

Thus, we have that  4820125 23  xxx   =  )1285()4( 2  xxx . 

 

 

Example  Show that  6t   is not a factor of  1572)( 24  tttq . 

 

We will use the Factor Theorem and show that  0)6( q .  We will use the 

Remainder Theorem and synthetic division to find  )6(q . 

 

    

235539065122

23403907212

150702

1572 24

   



ttoftsCoefficien

  

6

 

 

Thus, 02355)6( q .  Thus, by the Factor Theorem, 6t   is not a factor of 

1572)( 24  tttq . 

 

 

Example  Find the value(s) of  c  so that 3x   is a factor of 

cxxxxxf  2292)( 234
. 

 

By the Factor Theorem,  3x   is a factor of the polynomial  f  if and only if  

0)3( f . 

 
42668127162)3(  ccf  

 

Thus,  420420)3(  ccf . 

 

Using the Remainder Theorem and synthetic division to find  )3(f , we have 

 

 



 

    

42141272

4236216

22912

2292 234









c

c

cxxxxofCoeff   

  

3

 

 

By the Remainder Theorem,  42)3(  cf .  Thus,   0)3(f  

 
42042  cc . 

 

 

Answer:  42  

 

 

Example  Find the value(s) of  c  so that 2t   is a factor of 

6465)( 235  tcttttg . 

 

By the Factor Theorem,  2t   is a factor of the polynomial  g  if and only if  

0)2( g . 

 
162642244032)2(  ccg  

 

Thus,  801620)2(  ccg . 

 

Using the Remainder Theorem and synthetic division to find  )2(g , we have 

 

 

   

1622412921

482241842

646501

6465 235









cc

c

c

tctttofCoeff   

  

2

 

 

By the Remainder Theorem,  162)2(  cg .  Thus,   0)2(g  

 
80162  cc . 

 

 



 

Answer:  8 

 

 

Back to top. 

 

 

Recall that a rational number is a quotient of integers.  That is, a rational number is 

of the form  
b

a
, where  a  and  b  are integers.  A rational number  

b

a
  is said to be 

in reduced form if the greatest common divisor (GCD) of  a  and  b  is one. 

 

 

Examples  
6

3
,  

5

4
,  

9

17


, and  

12

8
 are rational numbers.  The numbers  

5

4
  and  

9

17


 are in reduced form.  The numbers  

6

3
  and  

12

8
 are not in reduced form.  Of 

course, we can write  
6

3
  and  

9

17


  as  

6

3
   and  

9

17
   respectively.  In reduced 

form,  
6

3
   is  

2

1
   and  

12

8
  is  

3

2
. 

 

 

Examples  
4

7
  and  

6


 are not rational numbers since  7   and    are not 

integers. 

 

 

Theorem  Let  p  be a polynomial with integer coefficients.  If  
d

c
 is a rational zero 

(root) in reduced form of 

 

      01

2

2

2

2

1

1)( axaxaxaxaxaxp n

n

n

n

n

n  





 , 

 

where the  ia ’s are integers for  ni ,....,3,2,1   and  0na   and  00 a , 

then  c  is a factor of  0a   and  d  is a factor of  na . 

 



 

 

Theorem  (Bounds for Real Zeros (Roots) of Polynomials)  Let  p  be a polynomial 

with real coefficients and positive leading coefficient. 

 

1. If )( xp  is synthetically divided by ax  , where 0a , and all the 

numbers in the third row of the division process are either positive or zero, 

then  a  is an upper bound for the real solutions of the equation  0)( xp . 

 

2. If )( xp  is synthetically divided by ax  , where 0a , and all the 

numbers in the third row of the division process are alternately positive and 

negative (and a 0 can be considered to be either positive or negative as 

needed), then a  is a lower bound for the real solutions of the equation  

0)( xp . 

 

 

Back to the top. 

 

 

 

 


