Pre-Class Problems 10 for Monday, February 26

These are the type of problems that you will be working on in class.

You can go to the solution for each problem by clicking on the problem
number or letter.

Definition The composition of the function f with the function g, denoted by
fog isdefinedby (fog)(x) = f(g(x)), where the domain of the function fog

Is the set of real number x in the domain of the function g such that g(x) is in the
domain of the function f.

1.  If f(x) = 4x*> - 7x — 75 and g(x) = /3x + 25, then find the following.

a. (fe0)(=3) b. (gof)(=3) ¢ (f=f)(5) d (g°9)(0)

2. If f(x)=4x>-7x - 75and g(x) = 3x + 25, then find the following.

a. (feg)(x) b. (gef)(x)

3. Ifh(x) =8 - 5xand k(x) = x>+ 9x — 36, then find the following.

a. (heok)(x) b. (keoh)(x)

4.  Given the function h, find functions f and gsuchthat h = f o g,

a. h(x) = 3x + 25 b. h(x) = (x> + 5x — 9)°

X — 3
= — h =
c. h(x)=|2x - 7| d. h(x) = 4 T




Discussion of quadratic functions.

5. Write the following quadratic functions in vertex form by completing the
square. Then a. identify the vertex, b. determine whether the graph of the
parabola opens upward or downward, c. determine the x-intercept(s), d.
determine the y-intercept, e. sketch the graph of the function, f. determine
the axis of symmetry, g. determine the maximum or minimum value of the
function, h. determine the range of the function.

a. f(x)=x>+12x + 45 b. g(x) = 2x* — 20x + 15

c. h(x)=-3x*+8x -2

6. A company wants to use fencing to enclose a rectangular region next to a
warehouse. If they have 600 feet of fencing and they do not fence in the side
next to the warehouse, what is the largest area that they can enclose?

Warehouse

Discussion of polynomials and their behavior at X — o and X — — o,

7. Determine the behavior of the following functions as X — o and
X = — o0,

a. f(x) =2x® - 72x b. g(x) = 48 + 32x — 3x* — 2x°

c. h(x) =3x* +5x°> -12x* d. f(x) = -16x"* + 56x> — 49



e. g(x) =x>—4x® —8x* + 32 f. h(x) = —4x>+ 9x* - 7

g. f(x) =5x*(8 — x)(2x + 7)°

h, g(x) = %(x S 1)4(x + 2)(3% — 4)°

Problems available in the textbook: Page 271 ... 47 —81, 91 — 98, 99efg — 102efqg,
103 — 110 and Examples 6 — 9, 11, 12def starting on page 266. Page 295 ... 7 — 30,
49, 51 — 55 and Examples 1 — 3, 5 starting on page 287. Page 311 ... 13 —20and
Example 1 on page 303.

SOLUTIONS:

la. f(x) =4x>-7x —75and g(x) = /3x + 25
(feg)(=3) = f(g(-3))

9(-3)=,-9+25 =,/16 =4

(fog)(=3) = f(g(=3)) = f(4) =64 — 28 — 75 = 64 — 103 = — 39

Answer: (fog)(-3) = -39 Back to Problem 1.

1b. f(x) =4x*> - 7x — 75and g(x) = /3x + 25
(gef)(=3) = g(f(-3))

f(-3)=36+21-75=—18

(gof)(-3) = g(f(-3)) =9g(-18) = /—54 + 25 = .[-29 =i./29



The value of (gof)(—3) isacomplex number. The number — 3 is not in
the domain of the function go f because the number f (- 3), which is the
number —18, is not in the domain of the function g. The domain of the

i : : . 25
function g is the interval of real numbers given by [— 3 00) :

Answer: (geof)(-3) isundefined as a real number

Earn one bonus point because you checked this Pre-Class problem. Send me
an email with PC10-1b in the Subject line.

lc. f(x) =4x>-7x -75 Back to Problem 1.
(fof)(5) = f(f(5))
f(5) =100 — 35 — 75 =100 — 110 = - 10

(fof)(5) = f(f(5) = f(~10) = 400 — 70 — 75 = 400 — 145 = 255

Answer: (fof)(5) = 255

1d. g(x) = J3x + 25 Back to Problem 1.

(g°9)(0) = g(g(0))

g(0) = /0 + 25 = /25 =5

(9°9)(0) = g(g(0)) = g(5) = /15 + 25 = /40 = 2,/10

Answer: (gog)(0) = 2,/10 Back to Problem 1.
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2a. f(x) =4x>-7x —75and g(x) = /3x + 25
(fog)(x) = f(g(x)) = f(y3x +25) =
4(\/3x + 25)2 - 7./3x + 25 — 75 =

4(3x + 25) — 7y3x +25 - 75=12x + 100 - 7y3x + 25 — 75 =

12x + 25 - 7,/3Xx + 25

Answer: (f og)(x) =12x + 25 - 7/3x + 25

Back to Problem 2.

2b. f(x) =4x*—-7x —75and g(x) = \/3x + 25

(gof)(x) = g(f(x)) = g(4x* = 7x - 75) =

J3(4x2 — 7x — 75) + 25 = J12x? — 21x — 225 + 25 =

J12x2 — 21x — 200

Answer: (go f)(x) = \/12x2 — 21x — 200 Back to Problem 2.

3a. h(x) =8 —5xand k(x) = x>+ 9x — 36

(hok)(x) = h(k(x)) = h(x? + 9x — 36) = 8 — 5(x2 + 9x — 36) =



3b.

4a.

4b.

8 — 5x% — 45x + 180 = 188 — 45x — 5x?
Answer: (hok)(x) = 188 — 45x — 5x? Back to Problem 3.
h(x) =8 — 5x and k(X) = x> + 9x — 36

(koh)(x) = k(h(x)) = k(8 — 5x) = (8 — 5x)% + 9(8 — 5x) — 36 =

64 — 80X + 25x% + 72 — 45x — 36 = 25x°® — 125x + 100

Answer: (k oh)(x) = 25x* — 125x + 100 Back to Problem 3.

h(x) = ,/3x + 25 Back to Problem 4.

Let f(x) = /x andlet g(x) = 3x + 25,

Then (f o g)(x) = f(g(x)) = f(3x + 25) = /3x + 25 = h(x)
Answer: f(x) = /x , g(x) = 3x + 25
h(x) = (x? + 5x — 9)°3 Back to Problem 4.

Let T(X) = x> andlet g(X) = x>+ 5x — 9

Then (f o g)(x) = f(g(x)) = f(x>+5x —9) = (x> + 5x — 9)° = h(x)



Answer: f(x) = x® g(x) = x> +5x - 9

4c. h(x) =]2x — 7| Back to Problem 4.

Let f(x) =|x|andlet g(x) = 2x — 7

Then (f o g)(x) = f(g(x)) = f(2x = 7) = |2x - 7| = h(x)

Answer: f(x) =|x|, g(x) =2x - 7

4d. h(x) = 4,/ x -3 Back to Problem 4
' ox + 11 E—

X — 3
= X) =
Let f(x) = 4/x andlet 9(X) ox + 11

X — 3 X — 3
Then (T 2 9)(x) = f(g(x)) = f(Gx + 11} = 41/6)( T h(x)

X — 3
- = X =
Answer: f(x) = 4/x , 9(x) o+ 11

5a. f(x) = x®+12x + 45 Back to Problem 5.

y = X® + 12x + 45



y—45 +36 =x*+12x+ 36 = y-9=(x+6)’
¥ Half
6

I Square
36

a. Vertex: (—6,9) Back to Problem 5.

b. ax®*= x> = a=1>0 = parabolaopens upward

c.  Xx-intercept(s): Sety =0 = -9 = (x + 6)°

The solutions to the equation —9 = (x + 6)* are complex numbers.
Thus, there are no x-intercepts.

Answer: None

d.  y-intercept: Set x =0 = y = 45

Answer: (0, 45) Back to Problem 5.
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f. axis of symmetry: Since the vertex of the parabola is the point
(—6,9), then the axis of symmetry is the vertical line X = — 6.

Answer: X = —6 Back to Problem 5.

g.  Since the parabola opens upward and the vertex of the parabola is the
point (-6, 9), then the function only has a minimum value of 9.

Answer: 9 (occurringat X = —6)
h. Range: [9, »)
5b. g(x) = 2x*— 20x + 15 Back to Problem 5.
y = 2x*— 20x + 15

y-15  =2(x*-10x + )

y-15 +50 =2(x*-10x + 25) = y +35=2(x - 5)°
{ Half
5

! Square
25

NOTE: 2-25 = 50 Thus, we added 50 to the right side of the first equation
above. So, to keep the equation equivalent, we add 50 to the left side of this
equation.

a. Vertex: (5, —35) Back to Problem 5.



b.

C.

ax’=2x> = a =2 > 0 = parabola opens upward

x-intercept(s): Sety =0 = 35 = 2(x — 5)* =

§:(x—5)2:>x—5:ir1/3—25 :>x—5:i“7o =

2 2

2 2

10,7 _10: 70
0,

101\/%0]

Answer: [—

> Back to Problem 5.

y-intercept: Set x =0 = y =15

Answer: (0, 15) Back to Problem 5.
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f. axis of symmetry: Since the vertex of the parabola is the point
(5, — 35), then the axis of symmetry is the vertical line x = 5.

Answer: X =5

g.  Since the parabola opens upward and the vertex of the parabola is the
point (5, —35), then the function only has a minimum value of — 35,

Answer: —35 (occurring at X = 5)
h. Range: [-35, »)

5c. h(x) = —3x*+ 8x — 2 Back to Problem 5.

y =—-3x>+8x -2

I Square
16
9



16 16

16
NOTE: - 3- R Thus, we subtracted 3 from the right side of the

16
first equation above. So, to keep the equation equivalent, we subtract 3

from the left side of this equation.

' 3 3 3 3
4 10
a.  Vertex: 33 Back to Problem 5.
b. ax’=-3x*> = a=-3<0 = parabolaopens downward

: 10 4\*
C.  Xx-intercept(s): Sety =0 = - — = —3(x - —j =

3 3
2
Ez(x-—j Loy Aoyt 4 Y10 4+J10
9 3 3 3 3 3
4 + /10
Answer: 3 , 0

d. y-intercept: Set x =0 = y = -2

Answer: (0, —2) Back to Problem 5.



v

4+\/ﬁ X

axis of symmetry: Since the vertex of the parabola is the point

4 10 i . ) ) 4
(E’ ?j’ then the axis of symmetry is the vertical line X = 3
4
Answer: X = 3 Back to Problem 5.

Since the parabola opens downward and the vertex of the parabola is

: 4 10 i :
the point (5, ?j’ then the function only has a maximum value of 3

10 : 4
Answer: 3 (occurring at X = §)

10
Range: (— 0, —} Back to Problem 5.



6.

A company wants to use fencing to enclose a rectangular region next to a
warehouse. If they have 600 feet of fencing and they do not fence in the side
next to the warehouse, what is the largest area that they can enclose?

Warehouse

A =Xy

NOTE: The amount of fencing that would be used to make the enclosure
according to the diagramis x + 2.

Since the company has 600 feet of fencing, then x + 2y = 600. Solving for
X, we have that X = 600 — 2y

Thus, A= xy and x =600 — 2y = A = (600 — 2y)y
A = (600 — 2y)y = 600y — 2y* = —2y* + 600y

Completing the square on A = —2y? + 600y :

A - 45000 = —2(y? - 300y + 22500 ) = A — 45000 = —2(y - 150)’
I Half
150
\ Square
22500

NOTE: 150% = (15-10)% = (15)?(10)? = 225(100) = 22500



Ta.

7b.

NOTE: — 2 - 22500 = —45000. Thus, we subtracted 45000 from the right

side of the first equation above. So, to keep the equation equivalent, we
subtract 45000 from the left side of this equation.

The vertex of this parabola is of the form (y, A) and the vertex is

(150, 45000) . Since ay’ = -2y?> = a = — 2 <0, then the parabola
opens downward. Thus, A has a maximum of 45,000 which occurs when
y = 150. That is, the area of the rectangular enclosure has a maximum area

of 45,000 square feet occurring when y = 150 feet.

Answer: 45,000 square feet Back to Problem 6.

NOTE: Since x = 600 — 2y and y = 150, then x = 600 — 300 = 300,
Thus, the dimensions of the rectangular enclosure are 300 feet by 150 feet.

f(x) = 2x® — 72x Back to Problem 7.

For infinitely large values of x, f(x) ~ 2x°

As X — o, X* = o, Thus, since 2> 0, then f(x) =~ 2x® > o,

As X - —oo, x> > —o, Thus, since 2 >0, then f(x) = 2x*> > — .

Answer: As X — o, f(x) > .

As X > —oo, f(X) > — oo,

g(x) = 48 + 32x — 3x* — 2x° Back to Problem 7.

For infinitely large values of X, g(x) ~ —2x°



As X — o, x> = . Thus, since —2 < 0, then g(x) ~ —2x> — — 0.

As X —> —oo, x> = —oo, Thus, since —2 < 0, then g(x) ~ — 2x> - .

Answer: As X — o, g(X) > — .

As X > —oo, g(x) > oo,

7c.  h(x) = 3x* + 5x® — 12x° Back to Problem 7.

For infinitely large values of x, h(x) ~ 3x*

As X — oo, x* — o, Thus, since 3 >0, then h(x) ~ 3x* - o,

As X —> —oo, X* = . Thus, since 3> 0, then h(x) = 3x* > oo,

Answer: As X — o, h(x) —> .

As X &> —o, h(x) > o,

7d.  f(x) = —16x" + 56x°> — 49 Back to Problem 7.

For infinitely large values of x, f(x) = —16x*

As X — o, x* — . Thus, since —16 < 0, then f(x) ~ —16x* — — oo,

As X = —oo, x* = o, Thus, since =16 < 0, then f(x) = —16x* — — .



Te.

7t

Answer: As X — o, f(Xx) > —w.

As X —»> —oo, f(X) > —o0.
g(x) = x> — 4x® — 8x* + 32 Back to Problem 7.

For infinitely large values of X, g(x) ~ x°

As X — o, X> = o, Thus, g(x) = x> > o,

As X > —oo, X° = —oo, Thus, g(x) = x> > — o0,

Answer: As X — o, g(x) —> o,

As X —> —oo, g(X) > —oo.

h(x) = —4x° + 9x* — 7 Back to Problem 7.
For infinitely large values of X, h(x) =~ —4x°
As X — o, x> — o, Thus, since —4 < 0, then h(x) = — 4x* — — o,

As X = —oo, X> = —o, Thus, since —4 < 0, then h(x) = —4x> > «,

Answer: As X — o, h(x) - — .

As X &> —oo, h(x) > .



7g.  f(x) =5x*(8 — x)(2x + 7)° Back to Problem 7.

For infinitely large values of x, f(x) = 5x*(-x)(2x)® = —40x°

As X — o, X® — o, Thus, since — 40 < 0, then f(x) ~ —40x® — — oo,

As X = —o, x® — . Thus, since —40 < 0, then f(x) ~ —40x°® > — w0,

Answer: As X — o, f(X) > — .

As X - —oo, f(X) > —o0,

2
7h.  9(x) = §(X - 1)*(x + 2)(3x — 4)° Back to Problem 7.
2
For infinitely large values of x, 9(X) = §X4(X)(3X)3 = 18x°

2
As X — o, x> — . Thus, since 3 > 0 then g(x) =~ 18x°® —» .

2
As X = —o, x® — o. Thus, since 3 0, then g(x) ~ 18x® — oo,

Answer: As X — o, g(X) - oo,

As X — —oo, g(X) — oo,



A function f defined by f (x) = ax® — bx + ¢, where @ # 0, iscalled a
quadratic function. The graph of a quadratic function is a parabola which opens
upward from its vertex if @ > 0 or downward from its vertex if a < 0,

In order to find the vertex and the axis of symmetry of the parabola, we first set
f (x) = y obtaining Y = ax® — bx + c¢. By completing the square, we can

write the function Y = ax® — bx + ¢ invertex formas ¥ — k = a(x — h)?,

We can identify the vertex and the axis of symmetry from this vertex form of the
function.

The vertex of the parabola is the point (h, k) and the axis of symmetry is the
vertical line X = h.

NOTE: The graph of the equation Yy — k = a(x — h)? is the graph of the
equation Y = ax? shifted horizontally h units to the right if h > 0 or to the left if
h < 0 and shifted vertically k units upward if K > 0 or downward if kK < 0.

If a > 0, then the parabola opens upward and the vertex is the minimum point.
The minimum value of the quadratic function is k occurring when X = h.

If a < 0O, then the parabola opens downward and the vertex is the maximum point.
The maximum value of the quadratic function is k occurring when X = h,

Back to Top

Definition A polynomial p is a function of the form where

p(x) =a,x" +a,_,;X +a,_ ,X +----+a2x2+alx+a0,

where n is a positive integer. The @;’s can be real or complex numbers for
i=0,1,2,3,....,n and a, =0,



NOTE: In this class, we will restrict our discussion to polynomials with real
(number) coefficients.

Notation: The coefficient a, is called the leading coefficient and n is called the
degree of the polynomial.

COMMENT: Any polynomial is a “continuous” function. The concept of
continuity will be defined in calculus. The continuity of a polynomial implies that
its graph can be drawn without lifting your pencil. Thus, there are no points
missing in the graph, and there are no jumps or breaks in the graph. In general, the
graph of any continuous function can be drawn without lifting your pencil.

COMMENT: The graph of any polynomial is “smooth.” The concept of

smoothness will also be defined in calculus. The smoothness of the graph means
that all the “turns” in the graph are “smooth.”

Now, we will look at the behavior of a polynomial for numerically large numbers.

The mathematical symbol — means approaches. For example, X — 5 means
that x approaches 5.

A
v
8

Real Number Line: — 0

Then X — oo means x approaches positive infinity. Thatis, x grows positively
without bound. Note, that you can only approach o (positive infinity) from the
left-hand side. Also, X — — o means x approaches negative infinity. That is,
X grows negatively without bound. Note, that you can only approach —
(negative infinity) from the right-hand side. In calculus, these would be called one-
sided limitsas X — o or X - — o,

Now, consider



p(x) =a,x" +a,_ ;X" " +a, X"+ +a,x’ +ax+a,

for numerically large values of x positive or negative. In order to do this, we will
need to rewrite p(Xx). Factoringout x", we obtain that

2 2

a X a. . X a. . x"~ a, X a, X a
P(X) = x"| —— e e |
X X X X X X
a. a,. a a a
x"| a, + n-toy "22+----+ n32+ n1_1+ ﬂ
X X X X X
a
n— n-2
As X — @ or X — —o,wehavethat —— =0, —5= =0, ,
a2 0 a O aO 0
— —> 0, — > VU, and — — U,
Xn2 an Xn

Thus, we have that p(x) = a,x" for numerically large values of x positive or
negative.

©,a,>0

Thus,as X — o, P(X) =
-w,a,<0

—o,nisodd and a, >0

) —oo,nisevenand a, <0
_ p(x) — :
andas X — — o, o ,nisodd and a, <0

o ,nisevenand a, >0
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