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LESSON 9  EXPONENTIAL FUNCTIONS 

 

 

Definition  The exponential function  f  with base b is the function defined by 
xbxf )( , where 0b  and 1b . 

 

The domain of  f  is the set of real numbers.  That is, the domain of   f  is 

),(  . 

 

The range of  f  is the set of positive real numbers.  That is, the range of  f  is 

),0(  . 

 

 

Definition  The natural exponential function is the exponential function whose base 

is the irrational number e.  Thus, the natural exponential function is the function 

defined by 
xexf )( , where ....718281828.2e . 

 

Notation:  Sometimes, 
xe  is written )(exp x . 

 

Recall the following properties of exponents, where  m  and  n  be integers: 

 

1. 
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2. 
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4. If  0a , then  10 a . 

 

5. If  0a  and  n  is positive, then  n

n

a
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6. 
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7. If  0b , then  n
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8. If  0a   and  0b   and  n  is positive, then  
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9. n mnm aa /
 

 

 

Examples  Graph the following exponential functions. 

 

1. 
xxf 3)(   

 

In order to graph the function  f  given by  
xxf 3)(  , we set  yxf )(  

and graph the equation  
xy 3 . 
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          The Drawing of this Graph 

 

 The  y-intercept of the graph of the function is the point )1,0( . 

 

Note that as  x ,   xy 3   and as  x ,  03  xy .   

 

Since as x ,  03  xy , then the horizontal line of 0y , 

which is the x-axis, is a horizontal asymptote of the graph of the function. 
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2. 
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1
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In order to graph the function  g  given by  

x

xg 









2

1
)( , we set  yxg )(  

and graph the equation  

x

y 
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           The Drawing of this Graph 
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The  y-intercept of the graph of the function is the point )1,0( . 

 

Note that as x , 0
2

1











x

y  and as x ,  
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.   

 

Since as x , 0
2

1











x

y , then the horizontal line of 0y , 

which is the x-axis, is a horizontal asymptote of the graph of the function. 
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3. 
xxh  4)(  

 

In order to graph the function  h  given by  
xxh  4)( , we set  yxh )(  

and graph the equation  
xy  4 . 
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                The Drawing of this Graph 

 

 NOTE:  

x

xx








 

4

1
)4(4 1

 

 

 The  y-intercept of the graph of the function is the point )1,0( . 

 

Note that as x ,  04   xy  and as x ,    xy 4 .   

 

Since as x ,  04   xy , then the horizontal line of 0y , 

which is the x-axis, is a horizontal asymptote of the graph of the function. 
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    The Drawing of this Graph 
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The  y-intercept of the graph of the function is the point )1,0( . 

 

Note that as x , 
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Since as x ,  0
5

3











 x

y , then the horizontal line of 0y , 

which is the  x-axis, is a horizontal asymptote of the graph of the function. 

 

 

5. 
xexf )(  

 

In order to graph the function  f  given by  
xexf )( , we set  yxf )(  

and graph the equation  
xey  . 

Example4Animated.gif
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       x                    y 
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The Drawing of this Graph 

 

The  y-intercept of the graph of the function is the point )1,0( . 

 

Note that as  x ,   xey   and as  x ,  0 xey .   

 

Since as x ,  0 xey , then the horizontal line of 0y , 

which is the x-axis, is a horizontal asymptote of the graph of the function. 

 

 

6. )2(3)( xxg   

 

In order to graph the function  g  given by  )2(3)( xxg  , we set  

yxg )(  and graph the equation  )2(3 xy  . 
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       The Drawing of this Graph 

 

 The  y-intercept of the graph of the function is the point )3,0( . 

 

Note that as x ,  )2(3 xy  and as x ,  0)2(3  xy .   

 

Since as x ,  0)2(3  xy , then the horizontal line of 0y , 

which is the x-axis, is a horizontal asymptote of the graph of the function. 
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In order to graph the function  h  given by  

x
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4)( , we set  

yxh )(  and graph the equation  
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       The Drawing of this Graph 
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 The  y-intercept of the graph of the function is the point )4,0(  . 

 

Note that as  x ,  0
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Since x ,  0
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y , then the horizontal line of 0y , 

which is the x-axis, is a horizontal asymptote of the graph of the function. 
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In order to graph the function  f  given by  

t

tf 
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ytf )(  and graph the equation  
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        The Drawing of this Graph 
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 The  y-intercept of the graph of the function is the point 
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Since as  t ,  0
4

5

7
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t

y , then the horizontal line of 0y , 

which is the t-axis, is a horizontal asymptote of the graph of the function. 

 

 

9. 
tetg  2)(  

 

In order to graph the function  g  given by  
tetg  2)( , we set  ytg )(  

and graph the equation  
tey  2 . 

 

       t                    y 

 

   3          1711.402 3 e  

 

   2         7781.142 2 e  

 

   1         4366.52 e  

 

     0            2 

 

     1           7258.02 1 e  

 

     2          2707.02 2 e   

 

     3          0996.02 3 e  

 

 

    The Drawing of this Graph 
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The  y-intercept of the graph of the function is the point )2,0( . 

 

Note that as t , 02   tey  and as t ,   tey 2 .   

 

Since as t , 02   tey , then the horizontal line of 0y , 

which is the t-axis, is a horizontal asymptote of the graph of the function. 

 

 

10. 
tth 3)(   

 

In order to graph the function  h  given by  
tth 3)(  , we set  yth )(  

and graph the equation  
ty 3 . 
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             The Drawing of this Graph 

 

 The  y-intercept of the graph of the function is the point )1,0(  . 

 

Note that as t ,  ty 3  and as t ,  03  ty .   

 

Since as t ,  03  ty , then the horizontal line of 0y , 

which is the t-axis, is a horizontal asymptote of the graph of the function. 
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The sketch of the graph of  
xby  , where 1b   OR  the sketch of the graph of  

xby  , where 10  b : 
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The  y-intercept of the graph of the function is the point )1,0( . 

 

The horizontal line 0y , which is the x-axis, is a horizontal asymptote of the 

graph of the function. 

 

 

The sketch of the graph of  
xby  , where 10  b   OR  the sketch of the 

graph of  
xby  , where  1b : 
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The  y-intercept of the graph of the function is the point )1,0( . 

 

The horizontal line 0y , which is the x-axis, is a horizontal asymptote of the 

graph of the function. 
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Let  0a .  The sketch of the graph of  )( xbay  , where  1b   OR  the sketch 

of the graph of  )( xbay  , where 10  b : 
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The  y-intercept of the graph of the function is the point ),0( a . 

 

The horizontal line 0y , which is the x-axis, is a horizontal asymptote of the 

graph of the function. 

 

Let  0a .  The sketch of the graph of  )( xbay  , where 10  b   OR  the 

sketch of the graph of  )( xbay  , where  1b : 
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The  y-intercept of the graph of the function is the point ),0( a .  

 

The horizontal line 0y , which is the x-axis, is a horizontal asymptote of the 

graph of the function. 
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Let  0a .  The sketch of the graph of  )( xbay  , where  1b   OR  the 

sketch of the graph of  )( xbay  , where 10  b : 
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The  y-intercept of the graph of the function is the point ),0( a . 

 

The horizontal line 0y , which is the x-axis, is a horizontal asymptote of the 

graph of the function. 

 

Let  0a .  The sketch of the graph of  )( xbay  , where 10  b   OR  

the sketch of the graph of  )( xbay  , where  1b : 
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The  y-intercept of the graph of the function is the point ),0( a .  

 

The horizontal line 0y , which is the x-axis, is a horizontal asymptote of the 

graph of the function.  
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Examples  Sketch the graph of the following functions.  State the domain of the 

function and use the sketch to state the range of the function. 

 

1. 35)(  xxf  

 

 The domain of  f  is the set of all real numbers. 

 

To graph the function  f, we set  yxf )(  and graph the equation 

35  xy . 

       35 xy   
xy 53   

 

The graph of  
xy 53    is the graph of  

xy 5  shifted 3 units upward.   

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

           The Drawing of this Sketch 

 

The range of  f  is  ),3(  .  Note that the y-intercept is the point  )4,0( . 

 

NOTE:  The vertical shift of 3 units upward is determined from the 

expression  3y   in the equation 
xy 53  . 

 

 

2. 4)(   xexg  

 

 The domain of  g  is the set of all real numbers. 

HVShiftExample1Animated.gif
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To graph the function  g, we set  yxg )(  and graph the equation 

4  xey . 

        4xey   
xey  4  

 

The graph of  
xey  4   is the graph of  

xey   shifted 4 units 

downward.   

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

          The Drawing of this Sketch 

 

The range of  g  is  ),4(  .  Note that the y-intercept is the point  )3,0(  . 

 

NOTE:  The vertical shift of 4 units downward is determined from the 

expression  4y   in the equation 
xey  4 . 
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 The domain of  h  is the set of all real numbers. 

 

To graph the function  h, we set  yth )(  and graph the equation 
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The graph of  
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to the right.   

 

  

 

 

 

 

 

 

 

 

 

 

 

             The Drawing of this Sketch 

 

The range of  h  is  ),0(  . 

 

The y-coordinate of the y-intercept is obtained by setting 0t  in the 

equation 
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NOTE:  The horizontal shift of 5 units to the right is determined from the 

expression  5t   in the equation 

5
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4. 68 2  xy  

 

 The domain of the function is the set of all real numbers. 

 

  68 2xy   
286  xy  
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The graph of  
286  xy   is the graph of  

xy 8  shifted 2 units to the 

left and 6 units upward. 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

       The Drawing of this Sketch 

 

The range of the function is  ),6(  . 

 

The y-coordinate of the y-intercept is obtained by setting 0x  in the 

equation 68 2  xy .  Thus, we have that  68 2 y  =  664   = 

70.  Thus, the y-intercept is the point  )70,0( . 

 

NOTE:  The horizontal shift of 2 units to the left is determined from the 

expression  2x   in the equation 
286  xy  and the vertical shift of 6 

units upward is determined from the expression  6y   in the equation. 

 

 

5. 13)( 4  xexf  

 

 The domain of  f  is the set of all real numbers. 

 

To graph the function  f, we set  yxf )(  and graph the equation 

13 4  xey . 

  13 4xey   
431  xey  
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The graph of  
431  xey   is the graph of  

xey 3  shifted 4 units 

to the right and 1 unit downward. 

 

  

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

           The Drawing of this Sketch 

 

The range of the function is  )1,(  . 

 

The y-coordinate of the y-intercept is obtained by setting 0x  in the 

equation 13 4  xey .  Thus, we have that 13 4  ey .  Thus, 

the y-intercept is the point  )13,0( 4  e . 

 

NOTE:  The horizontal shift of 4 units to the right is determined from the 

expression  4x   in the equation 
431  xey  and the vertical shift 

of 1 unit downward is determined from the expression  1y   in the 

equation. 

 

 

6. 9)35.0(2)( 6  xxg  

 

 

7. 154)( 7   teth  
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