LESSON 7 RATIONAL ZEROS (ROOTS) OF POLYNOMIALS

Recall that a rational number is a quotient of integers. That is, a rational number is

a a
of the form E,where a and b are integers. A rational number o Is said to be
in reduced form if the greatest common divisor (GCD) of a and b is one.

-3 4 17 8 4

Examples 5 5 —gand 1 e rational numbers. The numbers 3 and
17 _ -3 8 :

g areinreduced form. The numbers r and 1p arenotin reduced form. Of

. =3 17 3 :

course, we can write r and —5 as "% and ) respectively. In reduced
Coo.3. 1 8.2

orm, —¢ is —5 and o is 7.

7 I
Examples 4 and G are not rational numbers since ﬁ and 7 are not

integers.

C
Theorem Let p be a polynomial with integer coefficients. If 4 Is a rational zero

(root) in reduced form of

n-1 2

p(x) =a,x" +a,_,X +a, X"+ 4+ a,x? +a X+ a,,

where the a,’s are integers for i =1,2,3,....,n and a, # 0 and a, # 0,
then c isa factor of a, and d is a factor of a,.

Theorem (Bounds for Real Zeros (Roots) of Polynomials) Let p be a polynomial
with real coefficients and positive leading coefficient.
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1. If p(x) is synthetically divided by x — a, where a > 0, and all the
numbers in the third row of the division process are either positive or zero,
then a is an upper bound for the real solutions of the equation p(x) = 0.

2. If p(x) is synthetically divided by x — a, where a < 0, and all the
numbers in the third row of the division process are alternately positive and
negative (and a 0 can be considered to be either positive or negative as
needed), then a is a lower bound for the real solutions of the equation

p(x) = 0.
Examples Find the zeros (roots) of the following polynomials. Also, give a
factorization for the polynomial.
1. f(x) = x* —5x% — 2x + 24
To find the zeros (roots) of f, we want to solve the equation f(x) =0 =
x> — 5x? — 2x + 24 = 0. The expression x° — 5x* — 2x + 24 can

not be factored by grouping.

We need to find one rational zero (root) for the polynomial f. This will
produce a linear factor for the polynomial and the other factor will be
quadratic.

Factorsof 24: £1, +2, +£3, £4, +6, £8, £12, +24

Factorsof 1: 1

Possible rational zeros (roots): £1, £2, £3, +4, £+6, £8, 6 +12 +24

Coeff of x3 — 5x2 — 2x + 24 ‘
1 -5 -2 24 "
Trying 1: 1 -4 -6

1 -4 -6 18

Thus, f(1) =18 #0 = x — 1 is not a factor of f and 1 is not a zero
(root) of f.
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Coeff of x3 — 5x2 — 2x + 24 ‘ 1
1 -5 -2 24—
Trying —1: 1 6 _4

1 -6 4 20

Thus, f(-1) =20 =0 = x + lisnota factor of fand —1 is not a zero
(root) of f.

Coeff of x* — 5x? — 2x + 24

1 -5 -2 24 ‘i
Trying 2: 2 _—_6 —16

1 -3 -8 8

Thus, f(2) =8 =0 = x — 2 is not a factor of f and 2 is not a zero
(root) of f.

Coeff of x® — 5x? — 2x + 24 ‘_2

1 -5 -2 24 —
Trying —2: —2 14 -24

1 -7 12 0

Thus, f(-2) =0 = Xx + 2 isafactor of fand — 2 is a zero (root) of f.

NOTE: By the Bound Theorem above, -2 is a lower bound for the
negative zeros (roots) of f since we alternate from positive 1 to negative 7
to positive 12 to negative 0 in the third row of the synthetic division.

The third row in the synthetic division gives us the coefficients of the other
factor starting with x. Thus, the other factor is x* — 7x + 12,

Thus, we have that x® — 5x% — 2x + 24 = (X + 2)(x* = 7x + 12).

Now, we can try to find a factorization for the expression x> — 7x + 12:
x> —7x +12 = (x = 3)(x — 4)
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Thus, we have that x® — 5x® — 2x + 24 = (X + 2)(x* = 7x + 12) =
(x +2)(x —3)(x — 4)

Thus, x® = 5x* —=2x+24=0 = (X +2)(x -3)(x-4)=0 =

X=-2 x=3, x=4

Answer: Zeros (Roots): -2, 3, 4

Factorization: Xx® —5x% —2x +24 = (x + 2)(x = 3)(x — 4)

g(x) = 3x® — 23x* + 57x — 45
To find the zeros (roots) of g, we want to solve the equation g(x) =0 =

3x°® — 23x* + 57x — 45 = 0. The expression 3x° — 23x? + 57x — 45

can not be factored by grouping.

We need to find one rational zero (root) for the polynomial g. This will
produce a linear factor for the polynomial and the other factor will be
quadratic.

Factorsof —45: +1, +£3, £5, +9, +15, +45
Factorsof 3: 1,3

The rational numbers obtained using the factors of — 45 for the numerator
and the 1 as the factor of 3 for the denominator:

+1, £3

, +5, +9 +15 +45

The rational numbers obtained using the factors of — 45 for the numerator
and the 3 as the factor of 3 for the denominator:
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+E +1 +§ +3, +5, +15
_31 - ’ _31 - )y )
3 9 15 45
- +—=+1 +=-=+3 +— =+5 +— =+15
NOTE: 3 3 , 3 , and 3
. _ 1 5
Possible rational zeros (roots): * 3 +1, % 3 +3,+5, +9 +15 +45

Coeff of 3x3 — 23x? + 57x — 45

1
3 -23 57 —-45 ‘—
Trying 1: 3 -20 37
3 —-20 37 -8
Thus, 9(1) = -8 # 0 = x — 1 isnot a factor of g and 1 is not a zero

(root) of g.

Coeff of 3x3% — 23x2 + 57x — 45 ‘ 1
3 —-23 57 —45 o~
Trying —1: ~ 3 26 -83

3 -26 83 -128

Thus, g(—1) = -128 # 0 = X + 1 isnota factor of g and —1 is nota
zero (root) of g.

NOTE: By the Bound Theorem above, —1 is a lower bound for the negative
zeros (roots) of g since we alternate from positive 3 to negative 26 to
positive 83 to negative 128 in the third row of the synthetic division. Thus,

5
T3 3,-5,-9, —15, and - 45 can not be rational zeros (roots) of g.

Coeff of 3x3 - E3x2 + 57x — 45 9

3 -23 57 —45 ‘—
Trying 2 6 -34 46

3 -17 23 1
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Thus, 9(2) =10 = x — 2 is not a factor of g and 2 is not a zero
(root) of g.

Coeff of 3x3® — 23x? + 57x - 45 3
3 -23 57 —-45 ‘—
Trying 3: 9 —42 45
3 -14 15 0

Thus, 9(3) = 0 = x — 3 isafactor of g and 3 is a zero (root) of g.

The third row in the synthetic division gives us the coefficients of the other
factor starting with x°. Thus, the other factor is 3x* — 14x + 15,

Thus, we have that 3x® — 23x? + 57x — 45 = (x — 3)(3x® - 14x + 15).

Now, we can try to find a factorization for the expression 3x* — 14x + 15:
3x* —14x + 15 = (x — 3)(3x - 5)

Thus, we have that 3x°> — 23x* + 57x — 45 = (x — 3)(3x* - 14x + 15)

= (x = 3)(x —=3)(3x = 5) = (x —3)*(3x - 5)

Thus, 3x%® — 23x* +57x —45=0 = (x - 3)’(3x -5) =0 =

X =3 X—§
B 3

5
Answer: Zeros (Roots): 3 3 (multiplicity 2)

Factorization; 3x°® — 23x? + 57x — 45 = (x — 3)*(3x - 5)
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3.

h(t) = 4t® — 4t*> — 9t + 30
To find the zeros (roots) of h, we want to solve the equation h(t) = 0 =
4t° — 4t* — 9t + 30 = 0. The expression 4t° — 4t> — 9t + 30

can not be factored by grouping.

We need to find one rational zero (root) for the polynomial h. This will
produce a linear factor for the polynomial and the other factor will be
quadratic.

Factorsof 30: =1, £2, £3, +5, +6, £10, +15, +30
Factorsof 4: 1,2, 4

The rational numbers obtained using the factors of — 30 for the numerator
and the 1 as the factor of 4 for the denominator:

+1, £2, £3, 5, £6, £10, +£15

+ 30

The rational numbers obtained using the factors of — 30 for the numerator
and the 2 as the factor of 4 for the denominator:

L5 215
N 2

+15

+1+1+
=5, 2=

N | w

5
+> 4
g0 3

Eliminating the ones that are already listed above, we have

22 4D
.

1
+— *
2 ]

N | W
N | o

The rational numbers obtained using the factors of — 30 for the numerator
and the 4 as the factor of 4 for the denominator:

1 15

+ —
4" 2

1 5 3 5
+— =+ +t—- - - £
4l ] 4l 21 2!

N| -~
Mlw

Eliminating the ones that are already listed above, we have
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L1 0,8 ,5 .15
4’ 4’ 4’ 4
Possible rational t'Jri + 1 +§ +1 2 +§ + 2
ossible rational zeros (roots): T Ty Ey 2L EL Eo, 22
5 15 15
iE’ + 3, iZ, +5, +£6, iE, +10, £15, +£30

Coeff of 4t% — 4t? — 9t + 30 ‘

4 -4 -9 30
Trying 1: 4 0 -9

4 0 -9 21

Thus, h(1) =21 #0 = t — 1 is not a factor of h and 1 is not a zero
(root) of h.

Coeff of 4t3 — 4t%2 - 9t + 30 ‘ 2

4 -4 -9 30 —
Trying 2: 8 8 _2

4 4 -1 28

Thus, h(2) =28 #0 = t — 2 is not a factor of h and 2 is not a zero
(root) of h.

Coeff of 4t — 4t? — 9t + 30

4 -4 -9 30 |3
Trying 3: 12 24 45

4 8 15 75

Thus, h(3) =75 %0 = t — 3 is not a factor of h and 3 is not a zero
(root) of h.
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NOTE: By the Bound Theorem above, 3 is an upper bound for the positive
zeros (roots) of h since all the numbers are positive in the third row of the

15

synthetic division. Thus, R 5, 6, o 10, 15, and 30 can not be rational

zeros (roots) of h.

Coeff of 4t% — 4t%2 — 9t + 30

| -1
4 -4 -9 30 ——

Trying —1: —4 8 1
4 -8 -1 31

Thus, h(—=1) =310 = t + 1 isnota factorof h and —1 is not a zero
(root) of h.

Coeff of 4t3 —A4t2 - 9t + 30 ‘ 9
4 -4 -9 30 ——
Trying —2: ~8 24 -30

4 -12 15 0

Thus, h(-2) =0 = t + 2 is factor of h and — 2 is a zero (root) of h.

The third row in the synthetic division gives us the coefficients of the other
factor starting with t°. Thus, the other factor is 4t* — 12t + 15,

Thus, we have that 4t°® — 4t* — 9t + 30 = (t + 2)(4t° — 12t + 15).

Now, we can try to find a factorization for the expression 4t°> — 12t + 15.
However, it does not factor.

Thus, we have that 4t® — 4t* — 9t + 30 = (t + 2)(4t° — 12t + 15)

Thus, 4t° — 4t> — 9t + 30 =0 = (t + 2)(4t*> — 12t +15) =0 =

t=-2, 4t - 12t +15=0
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We will need to use the Quadratic Formula to solve 4t* — 12t + 15 = 0.

h t__bim 12+ /1212 - 4(4)15
Thus, 2a - 8 -

12+ J4-4[3.3-1(1)15] 12+4,/9-15 12+4,/-6
8 8 8 -

12+ 4i,/6  3+i6

8 - 2

3+i6 3-i,6

Answer:  Zeros (Roots): — 2, > >

Factorization; 4t® — 4t? — 9t + 30 = (t + 2)(4t? — 12t + 15)

p(x) = x* — 6x° — 3x% + 16x + 12
To find the zeros (roots) of p, we want to solve the equation p(x) =0 =
x* —6x°® —3x? +16x + 12 = 0.

We need to find two rational zeros (roots) for the polynomial p. This will
produce two linear factors for the polynomial and the other factor will be
quadratic.

Factorsof 12: =1, £2, £3, +4 +6, £12

Factorsof 1: 1

Possible rational zeros (roots): £1, £+2, £3, £4, £6, £12
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Coeff of x* — 6x3 — 3x2 + 16x + 12

1 -6 -3 16 12 ‘i
Trying 1: 1 -5 -8 8

1 -5 -8 8 20

Thus, p(1) =20 %0 = x — 1 is not a factor of p and 1 is not a zero
(root) of p.

Coeff of x* — 6x% — 3x2 + 16x + 12 ‘ 1
1 -6 -3 16 12—
Trying —1: -1 7 -4 -12

1 -7 4 12 0

Thus, p(-1) =0 = x + lisafactorof p and —1 is a zero (root) of p.

The third row in the synthetic division gives us the coefficients of the other
factor starting with x*. Thus, the other factor is x° — 7x* + 4x + 12,

Thus, we have that x* — 6x°® — 3x? + 16x + 12 =
(x +1)(x® = 7x* + 4x + 12).

Note that the remaining zeros of the polynomial p must also be zeros (roots)
of the quotient polynomial qg(x) = x° — 7x* + 4x +12. We will use this

polynomial to find the remaining zeros (roots) of p, including another zero
(root) of —1.

Coeff of x® — 7x2 + 4x + 12 ‘ 1
1 -7 4 12 ——
Trying —1 again: -1 8 -12

1 -8 12 0

The remainder is 0. Thus, X +1 is a factor of the quotient polynomial

q(x) = x* = 7x* + 4x + 12 and -1 is a zero (root) of multiplicity of the
polynomial p.
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Thus, we have that x® — 7x% + 4x + 12 = (x + 1)(x* - 8x + 12).

Thus, we have that x* — 6x°® — 3x® + 16x + 12 =
(X +1)(x* =7x> +4x +12) = (x +1)(x +1)(x* - 8x +12) =
(x +1)%(x* — 8x +12).

Now, we can try to find a factorization for the expression x> — 8x + 12:
X> —8Xx +12 = (x — 2)(x — 6)

Thus, we have that x* — 6x® — 3x* + 16x + 12 =
(x +1)*(x* =8x +12) = (x +1)*(x - 2)(x - 6)
Thus, x* — 6x%® —3x*> +16x +12 =0 =

(X+1D)*(x-2)(x-6)=0= x=-1, x=2, x=06

Answer: Zeros (Roots): —1 (multiplicity 2), 2, 6

Factorization; Xx* — 6x® — 3x? +16x + 12 = (x + 1)*(x — 2)(x — 6)

f(z) =6z* —11z° — 53z% + 108z — 36
To find the zeros (roots) of f, we want to solve the equation f(z) =0 =
6z* —11z° — 53z° + 108z — 36 = 0,

We need to find two rational zeros (roots) for the polynomial f. This will
produce two linear factors for the polynomial and the other factor will be
quadratic.

Factorsof —36: =1, £2, £3, +4, +6, £9, £12, +18, +36

Factorsof 6: 1, 2, 3, 6
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The rational numbers obtained using the factors of — 36 for the numerator
and the 1 as the factor of 6 for the denominator:

+1, £2, £3, £4, £6

+9 +12. +18, +36

The rational numbers obtained using the factors of — 36 for the numerator
and the 2 as the factor of 6 for the denominator:

-I-i +1 =
=5 % T

N | w

+2 +3 ig,iG

+9, +18

Eliminating the ones that are already listed above, we have

+

1
2+
2’

N | W
N | ©

The rational numbers obtained using the factors of — 36 for the numerator
and the 3 as the factor of 6 for the denominator:

-+

Wl
H
WwN
4
H
[H
w| b
[+
N
[+
w
[+
N
[+
o
[+
H
N

Eliminating the ones that are already listed above, we have

-+

w|
[
W N
[
w| b

The rational numbers obtained using the factors of — 36 for the numerator
and the 6 as the factor of 6 for the denominator:

-+
-+

sl 22 40 23 40 43 46
1_21_31—1_21— - -

ol
w| K

1
Eliminating the ones that are already listed above, we have * 5
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H
N |~
H
wliN
4+
=
H
w| b
H
N | W

1 1
Possible rational zeros (roots): =+ 5 as 3

9
4, *

= +9, £12
1 21

+2 +3 +6, +9, ,

Coeff of 6z — 11z - 53z% + 108z — 36 1
6 —-11 -53 108 -36 ‘—
Trying 1. 6 -5 -5 50
6 -5 -—58 50 14

Thus, f(1) =14 #0 = z — 1 is not a factor of f and 1 is not a zero
(root) of f.

Coeff of 6z% — 11z% — 5322 + 108z — 36

-1
6 —-11 -53 108 - 36 ‘—
Trying —1: ~ 6 17 36 —144
6 -17 -36 144 —-180
Thus, f(—1) = -180 = z + 1 is not a factor of p and —1 is not a zero
(root) of f.
Coeff of 6z% — 11z% - 5322 + 108z - 36 ‘ 9
6 —-11 -53 108 —-36 ——
Trying 2: 12 2 —102 12
6 1 -51 6 - 24
Thus, f(2) =-24 #0 = z — 2 isnota factor of f and 2 is not a zero
(root) of f.
Coeff of 624 — 11z% — 5322 + 108z — 36 ‘ 9
6 —-11 -53 108 - 36 ——
Trying — 2: ~12 46 14 — 244

6 -23 -7 122 -280
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Thus, f(—2) =-280 = z + 2 is not a factor of p and —2 is not a
zero (root) of f.

Coeff of 6z*% — 11z% — 53z2 + 108z — 36

3
6 —-11 -53 108 — 36 ‘—
Trying 3: 18 21 —96 36

6 7 -32 12 0

Thus, f(3) = 0 = z — 3isafactor of f and 3 is a zero (root) of f.

The third row in the synthetic division gives us the coefficients of the other
factor starting with z®. Thus, the other factor is 6z° + 7z° - 32z + 12.

Thus, we have that 6z* — 11z° — 53z% + 108z — 36 =
(z — 3)(62° + 7z° — 32z + 12).

Note that the remaining zeros of the polynomial f must also be zeros (roots)

of the quotient polynomial q(z) = 6z° + 7z®> — 32z + 12. We will use
this polynomial to find the remaining zeros (roots) of f, including another
zero (root) of 3.

Coeff of 62% + 722 - 32z + 12

6 7 —32 12 ‘i
Trying 3 again: 18 75 129

6 25 43 141

The remainder is 141 and not 0. Thus, z — 3 is not a factor of the quotient

polynomial q(z) = 6z° + 7z®> — 32z + 12 and 3 is not a zero (root) of q.
Thus, the multiplicity of the zero (root) of 3 is one.

NOTE: By the Bound Theorem above, 3 is an upper bound for the positive

zeros (roots) of the quotient polynomial q(z) = 6z° + 7z — 32z + 12
since all the numbers are positive in the third row of the synthetic division.
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9
Thus, 4, PX 6, 9, 12, 18, and 36 can not be rational zeros (roots) of the
quotient polynomial q(z) = 6z° + 7z®> — 32z + 12 nor of the polynomial
f(z) = 6z% —11z° — 53z + 108z — 36 =
(z — 3)(62° + 7z° — 32z + 12).

Coeff of 6z% + 722 — 32z + 12 ‘ 3
6 7 -32 12 —
Trying —3: ~18 33 -3

6 -11 1 9

The remainder is 9 and not 0. Thus, z + 3 is not a factor of the quotient
polynomial q(z) = 6z° + 7z° — 32z + 12 and - 3 is not a zero (root) of
q.

Coeff of 6z° + 722 — 32z + 12 ‘ 4
6 7 -32 12 ——
Trying —4: —24 68 —144

6 -17 36 — 132

The remainder is —132 and not 0. Thus, z + 4 is not a factor of the

quotient polynomial q(z) = 6z° + 7z* — 32z + 12 and — 4 is not a zero
(root) of q.

NOTE: By the Bound Theorem above, — 4 is a lower bound for the negative
zeros (roots) of the quotient polynomial g since we alternate from positive 6
to negative 17 to positive 36 to negative 132 in the third row of the synthetic

9
division. Thus, Y -6, -9, —12, —18,and — 36 can not be rational

zeros (roots) of q.

Thus, the only possible rational zeros (roots) which are left to be checked are

1 1 1 2 4 3
+- +> +> £ 4+ and £

6" 3° 2 3 3 2
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Coeff of 6z° + 72% - 32z + 12 3
3 6 7 -32 12 | 5
Trying ~: 9 24 -12
6 16 -8 0

3
The remainder is 0. Thus, Z - 5 Is a factor of the quotient polynomial

q(z) = 6z° + 72> — 32z + 12 and g is a zero (root) of q.
3 2 3 2
Thus, we have that 6z° + 7z° — 32z + 12 = | Z - > (6z° +16z - 8) =

(z —ng(Sz2 +82 -4) = (22 - 3)(3z% + 8z - 4).

Thus, we have that 6z% — 11z° — 53z% + 108z — 36 =
(z — 3)(6z° + 7z° — 32z +12) = (z - 3)(2z - 3)(3z% + 8z - 4).

Now, we can try to find a factorization for the expression 3z° + 8z — 4.
However, it does not factor.

Thus, we have that 6z* — 11z° — 53z° + 108z — 36 =
(z - 3)(2z - 3)(3z% + 8z - 4).

Thus, 6z* —11z° — 53z% + 108z — 36 =0 =

3
(z-3)(22 -3)(32° +82-4)=0= z = 3, 2=,
32 +8z2-4=0

We will need to use the Quadratic Formulato solve 3z° + 8z — 4 = 0.
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~b + ,/b? - 4ac —8 + /64 — 4(3)(—4)

Z = = =
Thus, a 5
-8+ 16(4+3) -8x4.7 -4+2]7
6 - 6 - 3

-4-2J7 -4+2J7 3 ;
3 ] ] )

Answer:  Zeros (Roots): 3 >

Factorization: 6z* —11z° — 53z2 + 108z — 36 =
(z —3)(2z — 3)(3z% + 8z — 4)

g(x) = 9x* + 18x° — 43x* — 32x + 48
To find the zeros (roots) of g, we want to solve the equation g(x) = 0 =
9x* + 18x° — 43x? — 32x + 48 =0,

We need to find two rational zeros (roots) for the polynomial f. This will
produce two linear factors for the polynomial and the other factor will be
quadratic.

Factorsof 48: +1, +2, +£3, £+4, +6, £8, +12, +16,6 +24, 6 +48
Factorsof 9: 1, 3, 9

The rational numbers obtained using the factors of 48 for the numerator and
the 1 as the factor of 9 for the denominator:

+1, £2, £3, £4, £6

+8, +12, +16, + 24, +48

The rational numbers obtained using the factors of 48 for the numerator and
the 3 as the factor of 9 for the denominator:

* , =8, £16

L2,y w4 L, W8, L8
_31—1_31—1_31—1_3
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Eliminating the ones that are already listed above, we have

16
+

T3

-+

w|
[+
wIlN
4+
w| b
4+
w | oo

The rational numbers obtained using the factors of 48 for the numerator and
the 9 as the factor of 9 for the denominator:

1 2 1 4 2 8 4 1 8 16
+- +— £ +£—- +—-— £—- F+—- +—= +—- +—
9" 9 3" 9 3 9" 3 9" 3’ 3
Eliminating the ones that are already listed above, we have
L1o,2 .4 .8 16
9" 9 9" 9 9
possible rational ), t2, x2o xs x2 22 23 4y
ossible rational zeros (roots): ty Tg T3 Ty T3 T Eh
$2 00 o w8 g s 20 i6 ss, 212 16, + 24
_31 _91 - 1_31 - T ’_31 - ) | | I )y — '

Coeff of 9x* + 18x3 — 43x? - 32x + 48 1

9 18 -43 -32 48 ‘—
Trying 1. 9 27 -16 -48

9 27 -16 48 0

Thus, g(1) = 0 = x — lisafactor of g and 1 is a zero (root) of g.

The third row in the synthetic division gives us the coefficients of the other
factor starting with x°. Thus, the other factor is 9x° + 27x* — 16x — 48,

Thus, we have that 9x* + 18x>® — 43x% — 32x + 48 =
(x —1)(9x® + 27x* — 16x — 48).
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Note that the remaining zeros of the polynomial g must also be zeros (roots)

of the quotient polynomial q(x) = 9x® + 27x* — 16x — 48. We will use
this polynomial to find the remaining zeros (roots) of g, including another
zero (root) of 1.

NOTE: The expression 9x° + 27x* — 16x — 48 can be factored by
grouping:

9x° + 27x% — 16x — 48 = 9x*(x + 3) — 16(x + 3) =
(x + 3)(9x* = 16) = (x + 3)(3x + 4)(3x — 4)

Thus, we have that 9x* + 18x°® — 43x* — 32x + 48 =
(x —1)(9x® + 27x* — 16x — 48) = (x — 1)(x + 3)(3x + 4)(3x — 4).

Thus, 9x* + 18x°® — 43x* — 32X + 48 =0 =

(x -D(x+3)Bx+4)(3x-4)=0 = x=1, x=-3, X=—%,

4
X = —
3

4 4
) 1l

Answer:  Zeros (Roots): -3, "3 3

Factorization: Ox* + 18x°% — 43x? — 32x + 48 =
(x = D(x + 3)(3x + 4)(3x — 4)
h(x) = x* + 8x® + 11x? — 40x — 80

To find the zeros (roots) of h, we want to solve the equation h(x) = 0 =
x* + 8x%® + 11x® — 40x — 80 =0,
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We need to find two rational zeros (roots) for the polynomial h. This will

produce two linear factors for the polynomial and the other factor will be
quadratic.

Factorsof —80: +1, +2, +4 +5, +8

, : , , £10 =16, =20, =40,
+ 80

Factorsof 1: 1

Possible rational zeros (roots): +1, £2, +4, *5
+20, +40, +80

Coeff of x* + 8x3A+ 11x? - 40x - 80

1 8 11 -40 -80 ‘i
Trying 1. 1 9 20 -20

1 9 20 -20 -100

Thus, h(1) = —100 # 0 = x — 1 is not a factor of h and 1 is not a zero
(root) of h.

Coeff of x* + 8x°% + 11x2 — 40x — 80

-1
1 8 11 -40 -80 ‘—
Trying —1: -1 -7 -4 44
1 7 4 —-44 - 36
Thus, h(-1) = -36 # 0 = x + 1 isnot a factor of h and —1 is not a

zero (root) of h.

Coeff of x* + 8x® + 11x? — 40x — 80

1 8 11 -40 -80 ‘i
Trying 2: 2 20 62 44
1 10 31 22 - 36

Thus, h(2) = —-36 # 0 = x — 2 isnot a factor of h and 2 is not a zero
(root) of h.

Copyrighted by James D. Anderson, The University of Toledo
www.math.utoledo.edu/~janders/1320



Coeff of x* + 8x°% + 11x? — 40x - 80 ‘ 9
1 8 11 -40 -80 ——
Trying —2: ~2 12 2 76
1 6 -1 -3 -4
Thus, h(-2) = -4 %0 = x + 2 isnot a factor of h and — 2 is not a

zero (root) of h.

Coeff of x* + 8x® + 11x? — 40x — 80

1 8 11 -40 -80 ‘i
Trying 3: 3 33 132 276

1 11 44 92 196

Thus, h(3) =196 = 0 = x — 3 is not a factor of h and 3 is not a zero
(root) of h.

NOTE: By the Bound Theorem above, 3 is an upper bound for the positive
zeros (roots) of h since all the numbers are positive in the third row of the
synthetic division. Thus, 4, 5, 8, 10 16, 20, 40, and 80 can not be
rational zeros (roots) of h.

Coeff of x* + 8x°% + 11x2 - 40x — 80

A ‘ -3
1 8 11 —-40 -80 ——
Trying —3: -3 _—15 12 84
1 5 —4 -28 4

Thus, h(-=3) =4 0 = x + 3 isnotafactor of h and — 3 is not a zero
(root) of h.

Coeff of x* + 8x°% + 11x2 — 40x - 80

—4
T8 1 _a _& 4

Trying —4: —4 —16 20 80
1 4 -5 —-20 0
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Thus, h(-4) =0 = x + 4 isafactorof h and —4 is a zero (root) of
h.

The third row in the synthetic division gives us the coefficients of the other
factor starting with x*. Thus, the other factor is x* + 4x* - 5x — 20,

Thus, we have that x* + 8x® + 11x? — 40x — 80 =
(X + 4)(x® + 4x* - 5x - 20).

Note that the remaining zeros of the polynomial g must also be zeros (roots)
of the quotient polynomial q(x) = x*> + 4x* — 5x — 20. We will use this
polynomial to find the remaining zeros (roots) of g, including another zero
(root) of —4.

Coeff of x® + 4x%? — 5x — 20

-4
1 4 -5 -20 ——

Trying — 4 again: — 4 0 20
1 0 -5 0

The remainder is 0. Thus, X + 4 is a factor of the quotient polynomial
g(x) = x> + 4x* = 5x — 20 and -4 is a zero (root) of multiplicity of the
polynomial h.

Thus, we have that x° + 4x®> —=5x — 20 = (x + 4)(x* - 5).

Thus, we have that x* + 8x® + 11x? — 40x — 80 =

(x + 4)(x® +4x° =5x = 20) = (X +4)(x +4)(x* =5) = (x + 4)*(x* - 5).
Thus, x* + 8x® + 11x* — 40x — 80 =0 =

(X + 4)°(x* =5) =0 = x=-4, x>*-5=0
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Answer:  Zeros (Roots): — 4 (multiplicity 2), — J5, 5

Factorization: x* + 8x® + 11x® — 40x — 80 = (x + 4)*(x* - 5)

p(t) = t* — 12t® + 54t° — 108t + 81

To find the zeros (roots) of p, we want to solve the equation p(t) = 0 =
t* — 12t° + 54t* — 108t + 81 = 0.

We need to find two rational zeros (roots) for the polynomial p. This will
produce two linear factors for the polynomial and the other factor will be
quadratic.

Factorsof 81: =1, £3, £9, £27, +81
Factorsof 1: 1
Possible rational zeros (roots): +1, £+3, £9, +£27, 81
Coeff of t* — 12t + 54t% — 108t + 81 ‘ 1
1 -12 54 —-108 81 —

Trying 1: 1 —11 43 - 65
1 —-11 43 -85 16

Thus, p(l) =16 #0 = t — 1 is not a factor of p and 1 is not a zero
(root) of p.

Coeff of t* — 12t% + 54t%2 — 108t + 81

-1
1 -12 54 -108 81 ‘—

Trying —1: ~ 1 13 — 67 175
1 -13 67 -175 256

Thus, p(—1) =25 =0 = t + 1 is not a factor of p and —1 is not a
zero (root) of p.
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NOTE: By the Bound Theorem above, -1 is a lower bound for the
negative zeros (roots) of p since we alternate from positive 1 to negative 13
to positive 67 to negative 175 to positive 256 in the third row of the
synthetic division. Thus, -3, -9, —27,and —81 can not be rational
zeros (roots) of p.

Coeff of t* — 12t3 + 54t% - 108t + 81
1 -12 54 —-108 81 ‘i
Trying 3: 3 -27 8l -8l
1 -9 21 =27 0

Thus, p(3) =0 = t — 3isafactor of p and 3 is a zero (root) of p.

The third row in the synthetic division gives us the coefficients of the other
factor starting with t°. Thus, the other factor is t® — 9t? + 27t — 27.

Thus, we have that t* — 12t3 + 54t? — 108t + 81 =
(t — 3)(t° — 9t + 27t — 27).

Note that the remaining zeros of the polynomial p must also be zeros (roots)

of the quotient polynomial q(t) = t° — 9t* + 27t — 27. We will use this
polynomial to find the remaining zeros (roots) of p, including another zero
(root) of 3.

Coeff of t® — 9t% + 27t — 27 ‘ 3
1 -9 27 -27 —
Trying 3 again: 3 -18 27
1 -6 9 0

The remainder is 0. Thus, t - 3 is a factor of the quotient polynomial

q(t) = t* =9t + 27t — 27 and 3 is a zero (root) of multiplicity of the
polynomial p.

Thus, we have that t® — 9t% + 27t — 27 = (t — 3)(t* — 6t + 9).

Thus, we have that t* — 12t3 + 54t? — 108t + 81 =
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(t —3)(t° —9t* + 27t —27) = (t = 3)(t - 3)(t* =6t +9) =
(t — 3)%(t* - 6t + 9).

Since t? — 6t + 9 = (t — 3)?, then we have that
t* — 12t% + 54t° — 108t + 81 = (t - 3)*(t* -6t +9) =
(t-3)°(t-3)° = (t-3)°

Thus, t* — 12t°® + 54t> — 108t + 81 =0 = (t-3)*'=0= t =3

Answer: Zeros (Roots): 3 (multiplicity 4)

Factorization; t* — 12t® + 54t* — 108t + 81 = (t - 3)*
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