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LESSON 7  RATIONAL ZEROS (ROOTS) OF POLYNOMIALS 

 

 

Recall that a rational number is a quotient of integers.  That is, a rational number is 

of the form  
b

a
, where  a  and  b  are integers.  A rational number  

b

a
  is said to be 

in reduced form if the greatest common divisor (GCD) of  a  and  b  is one. 

 

 

Examples  
6

3
,  

5

4
,  

9

17


, and  

12

8
 are rational numbers.  The numbers  

5

4
  and  

9

17


 are in reduced form.  The numbers  

6

3
  and  

12

8
 are not in reduced form.  Of 

course, we can write  
6

3
  and  

9

17


  as  

6

3
   and  

9

17
   respectively.  In reduced 

form,  
6

3
   is  

2

1
   and  

12

8
  is  

3

2
. 

 

 

Examples  
4

7
  and  

6


 are not rational numbers since  7   and    are not 

integers. 

 

 

Theorem  Let  p  be a polynomial with integer coefficients.  If  
d

c
 is a rational zero 

(root) in reduced form of 

 

      01

2

2

2

2

1

1)( axaxaxaxaxaxp n

n

n

n

n

n  





 , 

 

where the  ia ’s are integers for  ni ,....,3,2,1   and  0na   and  00 a , 

then  c  is a factor of  0a   and  d  is a factor of  na . 

 

 

Theorem  (Bounds for Real Zeros (Roots) of Polynomials)  Let  p  be a polynomial 

with real coefficients and positive leading coefficient. 
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1. If  )( xp  is synthetically divided by  ax  , where  0a , and all the 

numbers in the third row of the division process are either positive or zero, 

then  a  is an upper bound for the real solutions of the equation  0)( xp . 

 

2. If  )( xp  is synthetically divided by  ax  , where  0a , and all the 

numbers in the third row of the division process are alternately positive and 

negative (and a 0 can be considered to be either positive or negative as 

needed), then  a  is a lower bound for the real solutions of the equation  
0)( xp . 

 

 

Examples  Find the zeros (roots) of the following polynomials.  Also, give a 

factorization for the polynomial. 

 

1. 2425)( 23  xxxxf  

 

 To find the zeros (roots) of  f, we want to solve the equation   0)( xf  

 

02425 23  xxx .  The expression  2425 23  xxx   can  

 

not be factored by grouping. 

 

We need to find one rational zero (root) for the polynomial  f.  This will 

produce a linear factor for the polynomial and the other factor will be 

quadratic. 

 

Factors of  24:  1 ,  2 ,  3 ,  4 ,  6 ,  8 ,  12 ,  24  

 

Factors of  1:  1 

 

Possible rational zeros (roots):  1 ,  2 ,  3 ,  4 ,  6 ,  8 , 12 , 24  

 

Trying  1:  

18641

641

24251

2425 23







    xxxofCoeff

  

1

 

 

Thus,  1018)1(  xf  is not a factor of  f  and 1 is not a zero 

(root) of  f. 
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Trying  1 :  

20461

461

24251

2425 23







    xxxofCoeff

  

1

 

 

Thus,  1020)1(  xf  is not a factor of  f and 1  is not a zero 

(root) of  f. 

 

 

Trying  2:  

8831

1662

24251

2425 23







    xxxofCoeff

  

2

 

 

Thus,  208)2(  xf  is not a factor of  f  and 2 is not a zero 

(root) of  f. 

 

 

Trying  2 :  

01271

24142

24251

2425 23







    xxxofCoeff

  

2

 

 

Thus,  20)2(  xf  is a factor of  f and 2  is a zero (root) of  f. 

 

NOTE:  By the Bound Theorem above,  2   is a lower bound for the 

negative zeros (roots) of  f  since we alternate from positive 1 to negative 7 

to positive 12 to negative 0 in the third row of the synthetic division. 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
2x .  Thus, the other factor is  1272  xx . 

 

Thus, we have that  2425 23  xxx   =  )127()2( 2  xxx . 

 

Now, we can try to find a factorization for the expression  1272  xx : 

1272  xx   =  )4()3(  xx  
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Thus, we have that  2425 23  xxx   =  )127()2( 2  xxx   = 

)4()3()2(  xxx  

 

 

Thus,   02425 23 xxx    0)4()3()2( xxx  

 
2x ,  3x ,  4x  

 

 

Answer: Zeros (Roots):   2 ,  3,  4 

 

Factorization:   2425 23  xxx   =  )4()3()2(  xxx  

 

 

2. 4557233)( 23  xxxxg  

 

 To find the zeros (roots) of  g, we want to solve the equation   0)( xg  

 

04557233 23  xxx .  The expression  4557233 23  xxx   

 

can not be factored by grouping. 

 

We need to find one rational zero (root) for the polynomial  g.  This will 

produce a linear factor for the polynomial and the other factor will be 

quadratic. 

 

Factors of  45 :  1 ,  3 ,  5 ,  9 ,  15 ,  45  

 

Factors of  3:  1, 3 

 

The rational numbers obtained using the factors of  45  for the numerator 

and the 1 as the factor of 3 for the denominator: 

 
1 ,  3 ,  5 ,  9 ,  15 ,  45  

 

The rational numbers obtained using the factors of  45  for the numerator 

and the 3 as the factor of 3 for the denominator: 
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3

1
 ,  1 ,  

3

5
 ,  3 ,  5 ,  15  

 

 NOTE:  1
3

3
 ,  3

3

9
 ,  5

3

15
 ,  and  15

3

45
  

 

Possible rational zeros (roots):  
3

1
 , 1 , 

3

5
 , 3 , 5 , 9 , 15 , 45  

 

 

Trying  1:  

837203

37203

4557233

4557233 23







    xxxofCoeff

  

1

 

 

Thus,  108)1(  xg  is not a factor of  g  and 1 is not a zero 

(root) of  g. 

 

 

Trying  1 :  

12883263

83263

4557233

4557233 23







    xxxofCoeff

  

1

 

 

Thus,  10128)1(  xg  is not a factor of  g  and 1  is not a 

zero (root) of  g. 

 

NOTE:  By the Bound Theorem above, 1  is a lower bound for the negative 

zeros (roots) of  g  since we alternate from positive 3 to negative 26 to 

positive 83 to negative 128 in the third row of the synthetic division.  Thus,  

3

5
 , 3 , 5 , 9 , 15 , and 45  can not be rational zeros (roots) of  g. 

  

 

Trying  2:  

123173

46346

4557233

4557233 23







    xxxofCoeff

  

2
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Thus,  201)2(  xg  is not a factor of  g  and 2 is not a zero 

(root) of  g. 

 

 

Trying  3:  

015143

45429

4557233

4557233 23







    xxxofCoeff

  

3

 

 

Thus,  30)3(  xg  is a factor of  g  and 3 is a zero (root) of  g. 

 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
2x .  Thus, the other factor is  15143 2  xx . 

 

Thus, we have that  4557233 23  xxx   =  )15143()3( 2  xxx . 

 

Now, we can try to find a factorization for the expression  15143 2  xx : 

15143 2  xx   =  )53()3(  xx  

 

Thus, we have that  4557233 23  xxx   =  )15143()3( 2  xxx   

=  )53()3()3(  xxx   =  )53()3( 2  xx  

 

 

Thus,   04557233 23 xxx    0)53()3( 2 xx  

 

3x ,  
3

5
x  

 

 

Answer: Zeros (Roots):   
3

5
,  3 (multiplicity 2) 

 

Factorization:   4557233 23  xxx   =  )53()3( 2  xx  
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3. 30944)( 23  tttth  

 

 To find the zeros (roots) of  h, we want to solve the equation   0)( th  

 

030944 23  ttt .  The expression  30944 23  ttt   

 

can not be factored by grouping. 

 

We need to find one rational zero (root) for the polynomial  h.  This will 

produce a linear factor for the polynomial and the other factor will be 

quadratic. 

 

Factors of  30:  1 ,  2 ,  3 ,  5 ,  6 ,  10 ,  15 ,  30  

 

Factors of  4:  1, 2, 4 

 

The rational numbers obtained using the factors of  30  for the numerator 

and the 1 as the factor of 4 for the denominator: 

 
1 ,  2 ,  3 ,  5 ,  6 ,  10 ,  15 ,  30  

 

The rational numbers obtained using the factors of  30  for the numerator 

and the 2 as the factor of 4 for the denominator: 

 

2

1
 ,  1 ,  

2

3
 ,  

2

5
 ,  3 ,  5 ,  

2

15
 ,  15  

 

 Eliminating the ones that are already listed above, we have 

 

     
2

1
 ,  

2

3
 ,  

2

5
 ,  

2

15
  

  

The rational numbers obtained using the factors of  30  for the numerator 

and the 4 as the factor of 4 for the denominator: 

 

4

1
 ,  

2

1
 ,  

4

3
 ,  

4

5
 ,  

2

3
 ,  

2

5
 ,  

4

15
 ,  

2

15
  

 

 Eliminating the ones that are already listed above, we have 
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4

1
 ,  

4

3
 ,  

4

5
 ,  

4

15
  

 

             

Possible rational zeros (roots):  
4

1
 ,  

2

1
 ,  

4

3
 ,  1 ,  

4

5
 ,  

2

3
 ,  2 ,  

2

5
 ,  3 ,  

4

15
 ,  5 ,  6 ,  

2

15
 ,  10 ,  15 ,  30  

 

 

Trying  1:  

21904

904

30944

30944 23







    tttofCoeff

  

1

 

 

Thus,  1021)1(  th  is not a factor of  h  and 1 is not a zero 

(root) of  h. 

 

 

Trying  2:  

28144

288

30944

30944 23







    tttofCoeff

  

2

 

 

Thus,  2028)2(  th  is not a factor of  h  and 2 is not a zero 

(root) of  h. 

 

 

Trying  3:  

751584

452412

30944

30944 23

   



tttofCoeff

  

3

 

 

Thus,  3075)3(  th  is not a factor of  h  and 3 is not a zero 

(root) of  h. 
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NOTE:  By the Bound Theorem above, 3 is an upper bound for the positive 

zeros (roots) of  h  since all the numbers are positive in the third row of the 

synthetic division.  Thus, 
4

15
,  5,  6,  

2

15
,  10,  15, and  30 can not be rational 

zeros (roots) of  h. 

 

 

Trying  1 :  

31184

184

30944

30944 23







    tttofCoeff

  

1

 

 

Thus,  1031)1(  th  is not a factor of  h  and 1  is not a zero 

(root) of  h. 

 

 

Trying  2 :  

015124

30248

30944

30944 23







    tttofCoeff

  

2

 

 

Thus,  20)2(  th  is factor of  h  and 2  is a zero (root) of  h. 

 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
2t .  Thus, the other factor is  15124 2  tt . 

 

Thus, we have that  30944 23  ttt   =  )15124()2( 2  ttt . 

 

Now, we can try to find a factorization for the expression  15124 2  tt .  

However, it does not factor. 

 

Thus, we have that  30944 23  ttt   =  )15124()2( 2  ttt  

 

 

Thus,   030944 23 ttt    0)15124()2( 2 ttt  

 

2t ,  015124 2  tt  



Copyrighted by James D. Anderson, The University of Toledo 

www.math.utoledo.edu/~janders/1320 

 

We will need to use the Quadratic Formula to solve  015124 2  tt . 

 

Thus,  
a

cabb
t

2

42 
   =  

8

15)4(4121212 
  = 

 

8

]15)1(133[4412 
  =  

8

159412 
  =  

8

6412 
  = 

 

8

6412 i
  =  

2

63 i
 

 

 

Answer: Zeros (Roots):   2 ,  
2

63 i
,  

2

63 i
 

 

Factorization:   30944 23  ttt   =  )15124()2( 2  ttt  

 

 

4. 121636)( 234  xxxxxp  

 

 To find the zeros (roots) of  p, we want to solve the equation   0)( xp  

 

0121636 234  xxxx . 

 

We need to find two rational zeros (roots) for the polynomial  p.  This will 

produce two linear factors for the polynomial and the other factor will be 

quadratic. 

 

Factors of  12:  1 ,  2 ,  3 ,  4 ,  6 ,  12  

 

Factors of  1:  1 

 

Possible rational zeros (roots):  1 ,  2 ,  3 ,  4 ,  6 ,  12  
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Trying  1:  

208851

8851

1216361

121636 234







    xxxxofCoeff

  

1

 

 

Thus,  1020)1(  xp  is not a factor of  p  and 1 is not a zero 

(root) of  p. 

 

 

Trying  1 :  

012471

12471

1216361

121636 234







    xxxxofCoeff

  

1

 

 

Thus,  10)1(  xp  is a factor of  p  and 1  is a zero (root) of  p. 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
3x .  Thus, the other factor is  1247 23  xxx . 

 

Thus, we have that  121636 234  xxxx   = 

)1247()1( 23  xxxx . 

 

Note that the remaining zeros of the polynomial  p  must also be zeros (roots) 

of the quotient polynomial  1247)( 23  xxxxq .  We will use this 

polynomial to find the remaining zeros (roots) of  p, including another zero 

(root) of  1 . 

 

 

Trying  1  again:  

01281

1281

12471

1247 23







    xxxofCoeff

  

1

 

 

The remainder is 0.  Thus,  1x  is a factor of the quotient polynomial  

1247)( 23  xxxxq  and  1  is a zero (root) of multiplicity of the 

polynomial  p. 
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Thus, we have that  1247 23  xxx   =  )128()1( 2  xxx . 

 

Thus, we have that  121636 234  xxxx   = 

)1247()1( 23  xxxx   =  )128()1()1( 2  xxxx   = 

)128()1( 22  xxx . 

 

Now, we can try to find a factorization for the expression  1282  xx : 

1282  xx   =  )6()2(  xx  

 

Thus, we have that  121636 234  xxxx   = 

)128()1( 22  xxx   =  )6()2()1( 2  xxx  

 

 

Thus,   0121636 234 xxxx  

 

 0)6()2()1( 2 xxx   1x ,  2x ,  6x  

 

 

Answer: Zeros (Roots):   1  (multiplicity 2),  2,  6 

 

Factorization:   121636 234  xxxx   =  )6()2()1( 2  xxx  

 

 

5. 3610853116)( 234  zzzzzf  

 

 To find the zeros (roots) of  f, we want to solve the equation   0)( zf  

 

03610853116 234  zzzz . 

 

We need to find two rational zeros (roots) for the polynomial  f.  This will 

produce two linear factors for the polynomial and the other factor will be 

quadratic. 

 

Factors of  36 :  1 ,  2 ,  3 ,  4 ,  6 ,  9 ,  12 ,  18 , 36  

 

Factors of  6:  1,  2,  3,  6 
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The rational numbers obtained using the factors of  36  for the numerator 

and the 1 as the factor of 6 for the denominator: 

 
1 ,  2 ,  3 ,  4 ,  6 ,  9 ,  12 ,  18 , 36  

 

The rational numbers obtained using the factors of  36  for the numerator 

and the 2 as the factor of 6 for the denominator: 

 

2

1
 ,  1 ,  

2

3
 ,  2 ,  3 ,  

2

9
 ,  6 ,  9 ,  18  

 

 Eliminating the ones that are already listed above, we have 

 

      
2

1
 ,  

2

3
 ,  

2

9
  

 

The rational numbers obtained using the factors of  36  for the numerator 

and the 3 as the factor of 6 for the denominator: 

 

3

1
 ,  

3

2
 ,  1 ,  

3

4
 ,  2 ,  3 ,  4 ,  6 , 12  

 

 Eliminating the ones that are already listed above, we have 

 

      
3

1
 ,  

3

2
 ,  

3

4
  

 

The rational numbers obtained using the factors of  36  for the numerator 

and the 6 as the factor of 6 for the denominator: 

 

6

1
 ,  

3

1
 ,  

2

1
 ,  

3

2
 ,  1 ,  

2

3
 ,  2 ,  3 , 6  

 

 Eliminating the ones that are already listed above, we have  
6

1
  
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Possible rational zeros (roots):  
6

1
 ,  

3

1
 ,  

2

1
 ,  

3

2
 ,  1 ,  

3

4
 ,  

2

3
 ,  

2 ,  3 ,  4 ,  
2

9
 ,  6 ,  9 ,  12 ,  18 ,  36  

 

 

Trying  1:  

14505856

505856

3610853116

3610853116 234







    zzzzofCoeff

  

1

 

 

Thus,  1014)1(  zf  is not a factor of  f  and 1 is not a zero 

(root) of  f. 

 

 

Trying  1 :  

18014436176

14436176

3610853116

3610853116 234







    zzzzofCoeff

  

1

 

 

Thus,  1180)1(  zf  is not a factor of  p  and 1  is not a zero 

(root) of  f. 

 

 

Trying  2:  

2465116

12102212

3610853116

3610853116 234







    zzzzofCoeff

  

2

 

 

Thus,  2024)2(  zf  is not a factor of  f  and 2 is not a zero 

(root) of  f. 

 

 

Trying  2 :  

2801227236

244144612

3610853116

3610853116 234







    zzzzofCoeff

  

2
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Thus,  2280)2(  zf  is not a factor of  p  and 2  is not a 

zero (root) of  f. 

 

 

Trying  3:  

0123276

36962118

3610853116

3610853116 234







    zzzzofCoeff

  

3

 

 

Thus,  30)3(  zf  is a factor of  f  and 3 is a zero (root) of  f. 

 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
3z .  Thus, the other factor is  123276 23  zzz . 

 

Thus, we have that  3610853116 234  zzzz   = 

)123276()3( 23  zzzz . 

 

Note that the remaining zeros of the polynomial  f  must also be zeros (roots) 

of the quotient polynomial  123276)( 23  zzzzq .  We will use 

this polynomial to find the remaining zeros (roots) of  f, including another 

zero (root) of  3. 

 

 

Trying  3 again:  

14143256

1297518

123276

123276 23

   



zzzofCoeff

  

3

 

 

The remainder is 141 and not 0.  Thus,  3z  is not a factor of the quotient 

polynomial  123276)( 23  zzzzq   and 3 is not a zero (root) of  q.  

Thus, the multiplicity of the zero (root) of 3 is one. 

 

NOTE:  By the Bound Theorem above, 3 is an upper bound for the positive 

zeros (roots) of the quotient polynomial  123276)( 23  zzzzq  

since all the numbers are positive in the third row of the synthetic division.  
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Thus,  4, 
2

9
,  6,  9,  12,  18, and 36 can not be rational zeros (roots) of the 

quotient polynomial  123276)( 23  zzzzq  nor of the polynomial  

3610853116)( 234  zzzzzf   = 

)123276()3( 23  zzzz . 

 

 

Trying  3 :  

91116

33318

123276

123276 23







    zzzofCoeff

  

3

 

 

The remainder is 9 and not 0.  Thus,  3z  is not a factor of the quotient 

polynomial  123276)( 23  zzzzq   and 3  is not a zero (root) of  

q. 

 

 

Trying  4 :  

13236176

1446824

123276

123276 23







    zzzofCoeff

  

4

 

 

The remainder is 132  and not 0.  Thus,  4z  is not a factor of the 

quotient polynomial  123276)( 23  zzzzq   and 4  is not a zero 

(root) of  q. 

 

NOTE:  By the Bound Theorem above, 4  is a lower bound for the negative 

zeros (roots) of the quotient polynomial  q  since we alternate from positive 6 

to negative 17 to positive 36 to negative 132 in the third row of the synthetic 

division.  Thus,  
2

9
 ,  6 ,  9 ,  12 ,  18 , and  36  can not be rational 

zeros (roots) of  q. 

 

Thus, the only possible rational zeros (roots) which are left to be checked are  

6

1
 ,  

3

1
 ,  

2

1
 ,  

3

2
 ,  

3

4
 , and  

2

3
 .  
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Trying  
2

3
:  

08166

12249

123276

123276 23







    zzzofCoeff

  
2

3

 

 

The remainder is 0.  Thus,  
2

3
z  is a factor of the quotient polynomial  

123276)( 23  zzzzq   and 
2

3
 is a zero (root) of  q. 

 

Thus, we have that  123276 23  zzz   =  )8166(
2

3 2 







 zzz   = 

)483(2
2

3 2 







 zzz   =  )483()32( 2  zzz . 

 

Thus, we have that  3610853116 234  zzzz   = 

)123276()3( 23  zzzz   =  )483()32()3( 2  zzzz . 

 

 

Now, we can try to find a factorization for the expression  483 2  zz .  

However, it does not factor. 

 

Thus, we have that  3610853116 234  zzzz   = 

)483()32()3( 2  zzzz . 

 

 

Thus,   03610853116 234 zzzz  

 

 0)483()32()3( 2 zzzz   3z ,  
2

3
z , 

 

0483 2  zz  

 

We will need to use the Quadratic Formula to solve  0483 2  zz . 
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Thus,  
a

cabb
z

2

42 
   =  

6

)4()3(4648 
  = 

 

6

)34(168 
  =  

6

748 
  =  

3

724 
 

 

 

Answer: Zeros (Roots):   
3

724 
,  

3

724 
,  

2

3
,  3 

 

Factorization: 3610853116 234  zzzz   = 

)483()32()3( 2  zzzz  

 

 

6. 483243189)( 234  xxxxxg  

 

 To find the zeros (roots) of  g, we want to solve the equation   0)( xg  

 

0483243189 234  xxxx . 

 

We need to find two rational zeros (roots) for the polynomial  f.  This will 

produce two linear factors for the polynomial and the other factor will be 

quadratic. 

 

Factors of  48:  1 ,  2 ,  3 ,  4 ,  6 ,  8 ,  12 ,  16 , 24 ,  48  

 

Factors of  9:  1,  3,  9 

 

The rational numbers obtained using the factors of  48 for the numerator and 

the 1 as the factor of 9 for the denominator: 

 
1 ,  2 ,  3 ,  4 ,  6 ,  8 ,  12 ,  16 , 24 ,  48  

 

The rational numbers obtained using the factors of  48 for the numerator and 

the 3 as the factor of 9 for the denominator: 

 

3

1
 ,  

3

2
 ,  1 ,  

3

4
 ,  2 ,  

3

8
 ,  4 ,  

3

16
 , 8 ,  16  
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 Eliminating the ones that are already listed above, we have 

 

     
3

1
 ,  

3

2
 ,  

3

4
 ,  

3

8
 ,  

3

16
  

 

The rational numbers obtained using the factors of  48 for the numerator and 

the 9 as the factor of 9 for the denominator: 

 

9

1
 ,  

9

2
 ,  

3

1
 ,  

9

4
 ,  

3

2
 ,  

9

8
 ,  

3

4
 ,  

9

16
 , 

3

8
 ,  

3

16
  

 

 Eliminating the ones that are already listed above, we have 

 

     
9

1
 ,  

9

2
 ,  

9

4
 ,  

9

8
 ,  

9

16
  

 

 

Possible rational zeros (roots):  
9

1
 ,  

9

2
 ,  

3

1
 ,  

9

4
 ,  

3

2
 ,  

9

8
 ,  1 ,  

3

4
 ,  

9

16
 ,  2 ,  

3

8
 ,  3 ,  4 ,  

3

16
 ,  6 ,  8 ,  12 ,  16 , 24 ,  

48  

 

 

Trying  1:  

04816279

4816279

483243189

483243189 234







    xxxxofCoeff

  

1

 

 

Thus,  10)1(  xg  is a factor of  g  and 1 is a zero (root) of  g. 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
3x .  Thus, the other factor is  4816279 23  xxx . 

 

Thus, we have that  483243189 234  xxxx   = 

)4816279()1( 23  xxxx . 
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Note that the remaining zeros of the polynomial  g  must also be zeros (roots) 

of the quotient polynomial  4816279)( 23  xxxxq .  We will use 

this polynomial to find the remaining zeros (roots) of  g, including another 

zero (root) of  1. 

 

NOTE:  The expression  4816279 23  xxx  can be factored by 

grouping: 

 

4816279 23  xxx   =  )3(16)3(9 2  xxx   = 

 

)169()3( 2  xx   =  )43()43()3(  xxx  

 

 

Thus, we have that  483243189 234  xxxx   = 

)4816279()1( 23  xxxx   =  )43()43()3()1(  xxxx . 

 

 

Thus,   0483243189 234 xxxx  

 

 0)43()43()3()1( xxxx   1x ,  3x ,  
3

4
x , 

 

3

4
x  

 

 

Answer: Zeros (Roots):   3 ,  
3

4
 ,  1,  

3

4
 

 

Factorization: 483243189 234  xxxx   = 

)43()43()3()1(  xxxx  

 

 

7. 8040118)( 234  xxxxxh  

 

 To find the zeros (roots) of  h, we want to solve the equation   0)( xh  

08040118 234  xxxx . 
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We need to find two rational zeros (roots) for the polynomial  h.  This will 

produce two linear factors for the polynomial and the other factor will be 

quadratic. 

 

Factors of  80 :  1 ,  2 ,  4 ,  5 ,  8 ,  10   16 ,  20 ,  40 ,  

80  

 

Factors of  1:  1 

 

Possible rational zeros (roots):  1 ,  2 ,  4 ,  5 ,  8 ,  10   16 ,  

20 ,  40 ,  80  

 

 

Trying  1:  

100202091

202091

80401181

8040118 234







    xxxxofCoeff

  

1

 

 

Thus,  10100)1(  xh  is not a factor of  h  and 1 is not a zero 

(root) of  h. 

 

 

Trying  1 : 

3644471

44471

80401181

8040118 234







    xxxxofCoeff

  

1

 

 

Thus,  1036)1(  xh  is not a factor of  h  and 1  is not a 

zero (root) of  h. 

 

 

Trying  2:  

362231101

4462202

80401181

8040118 234





    xxxxofCoeff

  

2

 

 

Thus,  2036)2(  xh  is not a factor of  h  and 2 is not a zero 

(root) of  h. 
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Trying  2 : 

438161

762122

80401181

8040118 234







    xxxxofCoeff

  

2

 

 

Thus,  204)2(  xh  is not a factor of  h  and 2  is not a 

zero (root) of  h. 

 

 

Trying  3:  

1969244111

276132333

80401181

8040118 234

   



xxxxofCoeff

  

3

 

 

Thus,  30196)3(  xh  is not a factor of  h  and 3 is not a zero 

(root) of  h. 

 

NOTE:  By the Bound Theorem above, 3 is an upper bound for the positive 

zeros (roots) of  h  since all the numbers are positive in the third row of the 

synthetic division.  Thus,  4,  5,  8,  10  16,  20,  40, and  80 can not be 

rational zeros (roots) of  h. 

 

 

Trying  3 : 

428451

8412153

80401181

8040118 234







    xxxxofCoeff

  

3

 

 

Thus,  304)3(  xh  is not a factor of  h  and 3  is not a zero 

(root) of  h. 

 

 

Trying  4 : 

020541

8020164

80401181

8040118 234







    xxxxofCoeff

  

4
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Thus,  40)4(  xh  is a factor of  h  and  4  is a zero (root) of  

h. 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
3x .  Thus, the other factor is  2054 23  xxx . 

 

Thus, we have that  8040118 234  xxxx   = 

)2054()4( 23  xxxx . 

 

Note that the remaining zeros of the polynomial  g  must also be zeros (roots) 

of the quotient polynomial  2054)( 23  xxxxq .  We will use this 

polynomial to find the remaining zeros (roots) of  g, including another zero 

(root) of  4 . 

 

Trying  4  again:  

0501

2004

20541

2054 23







    xxxofCoeff

  

4

 

 

The remainder is 0.  Thus,  4x  is a factor of the quotient polynomial  

2054)( 23  xxxxq  and  4  is a zero (root) of multiplicity of the 

polynomial  h. 

 

Thus, we have that  2054 23  xxx   =  )5()4( 2  xx . 

 

Thus, we have that  8040118 234  xxxx   = 

)2054()4( 23  xxxx   =  )5()4()4( 2  xxx   =  )5()4( 22  xx . 

 

 

Thus,   08040118 234 xxxx  

 

 0)5()4( 22 xx   4x ,  052 x  

 

 052x    52x   5x  
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Answer: Zeros (Roots):   4  (multiplicity 2),  5 ,  5  

 

Factorization:   8040118 234  xxxx   =  )5()4( 22  xx  

 

 

8. 811085412)( 234  tttttp  

 

 To find the zeros (roots) of  p, we want to solve the equation   0)( tp  

0811085412 234  tttt . 

 

We need to find two rational zeros (roots) for the polynomial  p.  This will 

produce two linear factors for the polynomial and the other factor will be 

quadratic. 

 

Factors of  81:  1 ,  3 ,  9 ,  27 ,  81  

 

Factors of  1:  1 

 

Possible rational zeros (roots):  1 ,  3 ,  9 ,  27 ,  81  

 

 

Trying  1:  

166543111

6543111

8110854121

811085412 234







    ttttofCoeff

  

1

 

 

Thus,  1016)1(  tp  is not a factor of  p  and 1 is not a zero 

(root) of  p. 

 

 

Trying  1 : 

25617567131

17567131

8110854121

811085412 234







    ttttofCoeff

  

1

 

 

Thus,  10256)1(  tp  is not a factor of  p  and 1  is not a 

zero (root) of  p. 
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NOTE:  By the Bound Theorem above,  1   is a lower bound for the 

negative zeros (roots) of  p  since we alternate from positive 1 to negative 13 

to positive 67 to negative 175 to positive 256 in the third row of the 

synthetic division.  Thus,  3 ,  9 ,  27 , and  81  can not be rational 

zeros (roots) of  p. 

 

 

Trying  3:  

0272791

8181273

8110854121

811085412 234







    ttttofCoeff

  

3

 

 

Thus,  30)3(  tp  is a factor of  p  and 3 is a zero (root) of  p. 

 

The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
3t .  Thus, the other factor is  27279 23  ttt . 

 

Thus, we have that  811085412 234  tttt   = 

)27279()3( 23  tttt . 

 

Note that the remaining zeros of the polynomial  p  must also be zeros (roots) 

of the quotient polynomial  27279)( 23  ttttq .  We will use this 

polynomial to find the remaining zeros (roots) of  p, including another zero 

(root) of  3. 

 

Trying  3 again:  

0961

27183

272791

27279 23







    tttofCoeff

  

3

 

 

The remainder is 0.  Thus,  3t  is a factor of the quotient polynomial  

27279)( 23  ttttq  and  3 is a zero (root) of multiplicity of the 

polynomial  p. 

 

Thus, we have that  27279 23  ttt   =  )96()3( 2  ttt . 

 

Thus, we have that  811085412 234  tttt   = 
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)27279()3( 23  tttt   =  )96()3()3( 2  tttt   = 

)96()3( 22  ttt . 

 

Since  
22 )3(96  ttt , then we have that 

811085412 234  tttt   =  )96()3( 22  ttt   = 
22 )3()3(  tt   =  

4)3( t  

 

 

Thus,   0811085412 234 tttt    0)3( 4t   3t  

 

 

Answer: Zeros (Roots):   3 (multiplicity 4)  

 

Factorization:   811085412 234  tttt   =  
4)3( t  

 

 

 

 

 

 

 

 


