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LESSON 6  LONG DIVISION AND SYNTHETIC DIVISION 

 

 

Example  Find  )34()2016121432( 22345  xxxxxxx . 
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NOTE: 
34523 682)34(2 xxxxxx   

 

  
23422 15205)34(5 xxxxxx   

 

  9123)34(3 22  xxxx  

 

The expression  342  xx  is called the divisor in the division.  The function  

34)( 2  xxxb  is called the divisor function. 

 

The expression  2016121432 2345  xxxxx  is called the dividend 

in the division.  The function  2016121432)( 2345  xxxxxxa  

is called the dividend function. 

 

The expression  352 23  xx  is called the quotient in the division.  The 

function  352)( 23  xxxq  is called the quotient function. 

 

The expression  114 x  is called the remainder in the division.  The function  

114)(  xxr  is called the remainder function. 
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We have that 
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Multiplying both sides of this equation by  342  xx , we have that 

2016121432 2345  xxxxx   = 

 

)114()352()34( 232  xxxxx  

 

 

Let  a  and  b  be polynomials.  Then  
)(

)(
)(

)(

)(

xb
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xa
 .  The degree of the 

remainder polynomial  r  is less than the degree of divisor polynomial  b, written 

deg r  <  deg b. 

 

 

Multiplying both sides of the equation  
)(

)(
)(

)(

)(
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   by  )( xr , we have 

that  )()()()( xrxqxbxa  . 

 

 

Example  Find  )23()7211712( 234  xxxx . 
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NOTE: 
343 812)23(4 xxxx   

 

  
232 69)23(3 xxxx   

 

  xxxx 1827)23(9 2   

 

  1218)23(6  xx  

 

The quotient function is  6934)( 23  xxxxq  and the remainder 

function is  5)( xr .  We have that 

 

)5()6934()23(7211712 23234  xxxxxxx . 

 

 

Example  Find  
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The quotient function is  1827912)( 23  xxxxq  and the remainder 

function is  5)( xr .  We have that 
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 xxxxxxx . 
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NOTE:  In the example above, we had that 

)5()6934()23(7211712 23234  xxxxxxx .  Thus, 

 

5)6934()23(7211712 23234  xxxxxxx   = 

 

5)6934(
3

2
3 23 








 xxxx   = 

 

5)1827912(
3

2 23 







 xxxx  

 

 

Example  Find  )6()208724( 245  xxxxx . 
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The quotient function is  8122)( 234  xxxxq  and the remainder 

function is  28)( xr .  We have that 

 

28)8122()6(208724 234245  xxxxxxxx . 

 

 

Consider the following. 

 

 



Copyrighted by James D. Anderson, The University of Toledo 

www.math.utoledo.edu/~janders/1320 
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What do the numbers in the third row represent? 
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Thus, the quotient function is  8122)( 234  xxxxq   and the remainder 

function is  28)( xr .  These are the same answers that we obtained above using 

long division. 

 

 

This process is called synthetic division.  Synthetic division can only be used to 

divide a polynomial by another polynomial of degree one with a leading coefficient 

of one.  Thus, you can NOT use synthetic division to find 

)23()7211712( 234  xxxx .  However, we can do the following 

division. 

 

Example  Use synthetic division to find  
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Thus, the quotient function is  1827912)( 23  xxxxq  and the 

remainder function is  5)( xr .    These are the same answers that we obtained 

above using long division. 
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Example  If  208724)( 245  xxxxxf , then find  )6(f . 

 

20)6(8)6(72)6(4)6()6( 245 f   = 

 
20)6(8)36(72)1296(47776    = 

 
282048259251847776   

 

This calculation would have been faster (and easier) using the fact that 

 

28)8122()6(208724 234245  xxxxxxxx  

 

that we obtained in the example above.  Thus,  28)()6()(  xqxxf , 

where 8122)( 234  xxxxq . 

 

Thus,  2828028)6(028)6()66()6(  qqf . 

 

 

This result can be explained by the following theorem. 

 

 

Theorem  (The Remainder Theorem)  Let  p  be a polynomial.  If  )( xp   is divided 

by  ax  , then the remainder is )(ap . 

 

Proof  If  )( xp   is divided by  ax  , then  )()()()( xrxqaxxp  .  

Thus,  )()(0)()(0)()()()( arararaqaraqaaap  . 

 

Example  If  7211712)( 234  xxxxg , then find  
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Using synthetic division to find  
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that 
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Thus, the remainder is 5 .  Thus,  








3

2
g   =  5 . 

 

Example  If  371623128)( 2345  xxxxxxh , then find  )3(h . 

 

Using synthetic division to find )3()371623128( 2345  xxxxxx , 

we have that 
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Thus, the remainder is 41.  Thus,  41)3( h . 

 

 

Theorem  (The Factor Theorem)  Let  p  be a polynomial.  The expression  ax   

is a factor of  )( xp  if and only if  0)( ap . 

 

Proof  )(   Suppose that  ax   is a factor of  )( xp .  Then the remainder upon 

division by  ax   must be zero.  By the Remainder Theorem,  0)( ap . 

 
)(   Suppose that  0)( ap .  By the Remainder Theorem, we have that 

)()()()( apxqaxxp  .  Thus,  )()()( xqaxxp  .  Thus,  ax   is 

a factor of  )( xp . 

 

 

Example  Show that  4x   is a factor of    4820125)( 23  xxxxp . 

 

We will use the Factor Theorem and show that  0)4( p .  We will use the 

Remainder Theorem and synthetic division to find  )4(p . 
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Thus, 0)4( p .  Thus, by the Factor Theorem, 4x   is a factor of 

4820125)( 23  xxxxp . 

 

NOTE:  The third row in the synthetic division gives us the coefficients of the other 

factor starting with  
2x .  Thus, the other factor is  1285 2  xx . 

 

Thus, we have that  4820125 23  xxx   =  )1285()4( 2  xxx . 

 

 

Example  Show that  6t   is not a factor of  1572)( 24  tttq . 

 

We will use the Factor Theorem and show that  0)6( q .  We will use the 

Remainder Theorem and synthetic division to find  )6(q . 
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Thus, 02355)6( q .  Thus, by the Factor Theorem, 6t   is not a factor of 

1572)( 24  tttq . 

 

 

Example  Find the value(s) of  c  so that 3x   is a factor of 

cxxxxxf  2292)( 234
. 

 

By the Factor Theorem,  3x   is a factor of the polynomial  f  if and only if  

0)3( f . 

 
42668127162)3(  ccf  

 

Thus,  420420)3(  ccf . 

 

Using the Remainder Theorem and synthetic division to find  )3(f , we have 
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By the Remainder Theorem,  42)3(  cf .  Thus,   0)3(f  

 
42042  cc . 

 

 

Answer:  42  

 

 

Example  Find the value(s) of  c  so that 2t   is a factor of 

6465)( 235  tcttttg . 

 

By the Factor Theorem,  2t   is a factor of the polynomial  g  if and only if  

0)2( g . 

 
162642244032)2(  ccg  

 

Thus,  801620)2(  ccg . 

 

Using the Remainder Theorem and synthetic division to find  )2(g , we have 
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By the Remainder Theorem,  162)2(  cg .  Thus,   0)2(g  

 
80162  cc . 

 

 

Answer:  8 

 


