LESSON 2 FUNCTIONS

Definiton A function f from a set D to a set E is a correspondence that assigns to
each element x of D a unique elementy of E .

Example Determine if the following is a function or not.

All the elements in the set D have been corresponded with an element in the set E.
Now, we need to see if it has been done uniquely. x has been uniquely
corresponded with a. y has been uniquely corresponded with b. z has not been

uniquely corresponded. z has been corresponded with ¢ and d. Thus, this is not a
function.
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Example Determine if the following is a function or not.

Not all the elements in the set D have been corresponded with an element in the set
E. 3 has not been corresponded with anything in E. Thus, this is not a function.

Example Determine if the following is a function or not.

D E

All the elements in the set D have been corresponded with an element in the set E.
Now, we need to see if it has been done uniquely. 3 has been uniquely
corresponded with 9. —3 has been uniquely corresponded with 9. 2 has been
uniquely corresponded with 4. Thus, this is a function.

NOTE: This function is the function that corresponds each real number with its
square.
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Since any real number can be squared, we could not show the picture for all real
numbers.

However, if we let x represent any real number, we could do the following:

Let’s develop some notation and terminology using the following picture for the
function f.

D E

The element y in the set E is called the value of the function f at x and is denoted
by f(X),read “f of x.” A common mistake, which is made by students, is saying
that f(x) is the function. The name of the function is f and f(X) is a functional
value, namely the value of the function at x. The set D is called the domain of the
function. The range of the function f is the set consisting of all possible functional
values f(x), where x is in the domain D.
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Example

» d

D E
Domainof f = {Xx,y,z,w}

Rangeof f = {a,b,c}

Example If f(X)=6X2—17X—14, then find f(1), f(-2), f(0), and
f(x+h).

To find f(1), replace all the x’s in f(x) =6x" —17x =14 by 1. Simplifying the
exponential expression and the multiplication as we go, we have that

f(l)=6-17 -14 = - 25
NOTE: This function f corresponds 1 with — 25, Answer: - 25

To find f(-2), replace all the x’s in f(x) =6x* —17x —14 by — 2. Simplifying
the exponential expression and the multiplication as we go, we have that

f(-2)=24+34-14=44
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NOTE: This function f corresponds — 2 with 44, Answer: 44
Clearly, f(0)=0-0-14=-14

NOTE: This function f corresponds 0 with — 14, Answer: —14

Before we find f(x+h), I want to show you another way to find f(1) and
f(-2). Sometimes, we might have to factor the expression 6x* —17x —14 in the

statement f(x) =6x" —17x —14 in order to answer another question like finding

the x-intercept(s) of the graph of the function f. If we have to do the factorization,
then we can use it in order to find functional values of f. It is also possible that the
function f is given to us in factored form. In this case, we do not have to do any

work to get the factorization. Since 6x”* —17x —14 = (2x = 7)(3x + 2) , then
f(x)=(2x-7)(3x + 2),

Thus, f(1)=-5(5)=-25 and f(-2)=—11(-4) =44
Now, let’s find f(x+h). To find f(x+h), first replace all the x’s in
f(x)=6x*-17x —14 py x + h:

F(x+h)=6(x+h)? —17(x +h) - 14

Now, simplify the algebraic expression of the right side:

f(x+h)=6(x?+2xh +h?) —17(x + h) — 14 =

6x> +12xh + 6h* —17x —17h — 14

Answer: 6x% +12xh + 6h? —17x —-17h - 14

Example If g(x) =9 —-4x  then find 9(8).

g(8)=9-32 =./-28 =i /23
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NOTE: i/ 23 is a complex number. We want the value of all our functions to be

a real number. Thus, the value of the function g at 8 is undefined as a real
number. Thus, 8 is not in the domain of the function g.

Answer: undefined

NOTE: For the functions, which we will work with in this class, the domain of
the function is the set of real numbers for which the functional values are real
numbers too. In other words, we want to be able to graph the function in the
xy-plane.

This is the reason that 8 is not in the domain of the function g above.

Examples Find the domain of the following functions.

1. g(x) =9 - 4x

When we replace x by a real number, the functional value of this real number
is obtained by multiplying that number by 4. Then subtracting the resulting
product from 9. Then taking the square root of this difference. We will
obtain a real number as long as we do not take the square root of a negative
number. The square root of a negative number is a complex number.

Thus, we want to find all the values of x that will make the expression 9 — 4x
be greater than or equal not zero. Thus, we want to solve the inequality
9 - 4x >0, Solving this inequality, we have that

9
90-4x>0 = 92>4x = XSZ

Thus, if we replace x in the expression 9 — 4X by any number that is less than

or equal to nine fourths, then the value of 9 — 4x will either be a positive
number or will be zero. Thus, the square root of the positive number or zero
will be a real number and will not be a complex number. Thus, the domain
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9

of the function g is the set of numbers given by the interval (— @, Z]

Note that the number 8 is not in the domain of the function g as we saw in
the example above.

9

- J— w’ N
Answer: [ 4}

f(x)=5%x"+3x -6

If we replace x in the expression 5x° +3x -6 by a real number, the

functional value of this real number will real number. Since this is true for
all real numbers that we would substitute for x, then the domain of f is the
set of all real numbers.

NOTE: The function f is a polynomial function. The domain of any
polynomial is the set of all real numbers.

Answer: All real numbers

x? -9

h(x) =
() 12x% — 80x + 48

If we replace x in the expressions X° —9 and 12x° —80x + 48 by a real
number, we will obtain a real number for each one. The functional value of
the original real number is obtained by dividing the real number, that was

obtained from the expression x> -9, by the real number that was obtained

from the expression 12x° — 80x + 48. This functional value will be a real
number if we don’t divide by zero. Thus, we want (or need) that the

denominator of 12x* — 80x + 48 not equal zero. That is,
Want (Need): 12x* —80x + 48 = 0

12x° —80x + 48 20 = 4(3x* —20x+12) #0 = 4(x-6)(3x-2) %0 =
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2
X—-6#20 and 3x-2#0 = x#6 and Xig

Thus, the domain of the function h is the set of all real numbers such that

2
X#6 and Xig.

2
Answer: X#6 and X# 3

2
or All real numbers suchthat X#6 and X# =

3
2 2

f(X)=+2x% —5x -3

Want (Need): 2x* —5x —3>0

We will need to solve this nonlinear inequality using the material from
Lesson 1.

We will use the three step method to first solve the nonlinear inequality
2x*> —=5x -3>0:

Stepl: 2Xx°-5x-3=0= (x-3)(2x+1)=0=> x=3,x=-

N |-

Step 2: + = + Sign of 2x* - 5x — 3

A

v
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Step 3:

Interval Test Value Sign of 2x* =5x —=3=(x - 3)(2x +1)
1
(_OO’_EJ -1 (-)(=) =+
1
(_5’3j 0 (-)(+) = -
(3, ) 4 (+)(+) = +

Thus, the solution for the nonlinear inequality 2x* —5x —3> 0 is the set of
real numbers given by (— 0, — %j U (3,%).  The solution for
2x> —=5x-3=0 was found in Step 1 above. Thus, the solution for
2x* = 5x —=3=0 is the set {— : ) 3}. Putting these two solutions together,

2
we have that the solution for 2x* —=5x —3>0 s the set of real numbers

(—oo, —%:l U [3, o).

1
Thus, the domain of the function f is the set (— 00, — E} U [3,x),

1
Answer: (—00, _E} U [3, o)

g(x) = %/ZX2 ~5x+3

The index of the radical is three. This is an odd number (by the mathematical
definition of odd). The cube root of a negative real number is also a negative
real number. It is not a complex number. Of course, the cube root of a
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positive real number is also a positive real number and the cube root of zero
Is zero. Thus, we can take the cube root of any real number. Thus, the
domain of the function g is the set of all real numbers.

In general, if the index of the radical is odd, the root of a negative real
number is also a negative real number, the root of a positive real number is
also a positive real number, and the root of zero is zero.

Answer: All real numbers.

h(x) = 4/ S5X +3
X+ 2
The index of this radical is four, an even number. Thus, we want (or need)

5X + 3 _
N not be negative. Thus,

that the rational expression

5x + 3 >0
X+ 2

Want (Need):

We will need to solve this nonlinear inequality using the material from
Lesson 1.

We will use the three step method to first solve the nonlinear inequality
oX +3

> 0.
X+ 2 '
5x+3_0:>5 3-0 ‘- 3
Step 1: X+ 2 X+3=0= X= c
5X + 3

12 undefined = x+2=0= x=-2
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5X + 3

< | i >
., 3
5
Step 3:
_ 5x +3
Interval Test Value Signof =~
(-)
— 00, — 2 -3 Y
( ) (-)
(_ ’ _gj 4 ) _
5 (+)
(30 e
5 (+)
5X + 3

Thus, the solution for the nonlinear inequality >0 js the set of real

X+ 2

3 5X + 3
numbers given by (-, -2) U | - P The solution for w12 0

5x + 3
was found in Step 1 above. Thus, the solution for 4D =0 s the set

3
{— E}' Putting these two solutions together, we have that the solution for

5x + 3
X+ 2

3
2 0 s the set of real numbers (—©, —2) U [—g : 00].

3
Thus, the domain of the function h is the set (=%, —2) U [— rE 00).
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3
Answer: (—o,—-2) U [—E,OO)

£(x) = 5/ 5X + 3

X+ 2
The index of this radical is five, an odd number. The fifth root of a negative
real number is a negative real number, the fifth root of a positive real number

Is a positive real number, and the fifth root of zero is zero. Thus, we only
need to worry about division by zero.

Want (Need): X+2#0 = x=#-2

Thus, the domain of the function f is the set of all real numbers such that
X# -2,

Answer: X#-2 or (—©,-2) U (-2, »)

Al 45 — 9x?

X2 —4x —12

g(x) =

Want (Need): 45-9x>>0 and x* —4x-12 =0

Using the material from Lesson 1, the solution for the nonlinear inequality
45-9x* >0 s the set of real numbers given by |-+/5.45 | Since
X? —4x-12=(x+2)(x—-6), then X* —4x-12#0 when X#-2 and
x#6. Since —y5 < -2 < /5, then — 2 is in the interval [—ﬁﬁ]
Since 6 > \E then 6 is not in the interval [— J5, \EJ Thus, the real
numbers x that satisfy the condition 45 —9x* >0 and X* —4x —12 =0 are

the numbers in the interval l— J5 - 2) U (— 2, ﬁJ Thus, this is the
domain of the function g.
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Answer: l—\/g,—Z)u (—2,\/€J

X% —4x —12

\ 45 - 9x°

Want (Need): 45— 9x* >0

9. N(x)=

NOTE: The reason we want or need that 45 — 9x* >0 and not 45 - 9x* >0

is because if 45 - 9x> =0 | then 45 -9x° = \/> =0 and we would have
division by zero. Using the material from Lesson 1, the solution for the

nonlinear inequality 45 —9x* >0 is the set of real numbers given by
(— \/3 ﬁ ) Thus, this is the domain of the function h.

Answer: (— J5, ﬁ)

g(x +h)—g(x)
: .

Example If g(x) =6x" —8x + 15, then find

g(x+h)=6(x+h)>=8(x+h)+15 =6(x*+2xh+h®) —8x-8h +15 =
6x> +12xh + 6h* —8x —8h + 15
g(x) = 6x* —8x + 15

NOTE: In the subtraction of g(x) from g(x + h), the 6x* terms will cancel, the
— 8X terms will cancel, and the 15°s will cancel. Thus,

g(x +h) — g(x) = 12xh + 6h* —8h = h(12x + 6h - 8)

NOTE: In the division of g(x + h) — g(x) by h, the h’s will cancel. Thus,
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g(x+h) - 9(x)

h = 12x + 6h -8 provided that h # 0,

Answer: 12x + 6h — 8

(x) = 8 _ f(-2+h)-f(-2)
Example If BEVIRTY then find n .

8 8 8
3(h-2)+16 3h-6+16 3h+10

f(~2+h)=f(h-2)=

fpaz%z

[Sa NN N

8
f(-2+h)-f(-2) = 55~

The least common denominator of 5 and 3h +10 is 5(3h +10). Thus,

40 4(3h+10) 40-4(3h +10)
f=2+0)-1(=2) =53h710) “5(3h+10) = 5(3h+10) -

40-12h - 40  —12h
5(3h +10) ~ 5(3h +10)

1
NOTE: Division by h is the same as multiplying by h provided that h # 0,

1
When you multiply f(-=2+h)~- f(-2), which is a fraction by s the h’s will

cancel. Thus,
f(-2+h)-f(-2) _12 |
h = 5(3h + 10) , provided that h # 0,
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-12 12

ANSWer: £ah+10) ° " 5(3h +10)

h(x) = —2x%, x<1
Example If 5_x . x>1°

sketch the graph of the function h.

then find h(5), h(=3), and h(1). Then

The function h is called a piecewise function. The number 1 is sometimes called a
breakup point of the function h.

To find h(5): Since 5>1 and h(x) =5 - x when x>1, then h(5) =0,
Answer: 0

To find h(-3): Since —3 <1 and h(x) = - 2x* when x<1,then h(-3)=-18,
Answer: —18

To find h(1): Since 1=1 and h(x) = - 2x* when x <1, then h(1) =- 2.
Answer: —2

Sketch of h: ¥

N

This graph was created using Maple.
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x> +6x+9, x<-5
Example 1f 9() =1 Y4xX+9 |, =5<X<-2 whanfind g(4). g(-2),

3x2+151x X >=2

17
g [ - Zj g(—4) and g(-8). Then sketch the graph of the function g.

The function g is a piecewise function. The numbers —5 and — 2 are the breakup
points of the function g.

) i , 11
To find g(4): Since 4>-2 and 9(X)=3X +EX when X>-2, then
_ , 111
g(4)=48+22=70. NOTE: Since 3X t X = EX(6X+11),then we could use

1
this information in order to find g(4). Thus, 9(4) = 5(4)(35) =10,

Answer: 70

To find 9g(—2): Since —2=-2 and 9(Xx)=3/4x+9 when —5<x<-2, then

g(-2)=3-8+9 =31 =1,

Answer: 1

17 17
To find 9(‘1): Since —5<—Z§—2 and 09(x)=34x+9 when

17
- 5<x< -2 then g(—Zj=3w/—17+9 =3/-8 =-2

Answer: -2

To find g(—=4): Since —=5<-4<-2and 9(x) =%/ 4x+9 when -5<x<-2,
then 9(-4)=3/-16+9 =3/-7 = -§/7.
Answer: —3\/7
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To find g(-8): Since —8<-5 and g(x)=x"+6Xx+9 when X<-5, then
g(-8)=64-48+9=25 NOTE: Since X* +6x+9 = (x+3)°, then we could

use this information in order to find g (= 8). Thus, g(-8) =(-5)° =25,
Answer: 25

Review of sketching the quadratic function Y = ax* + bx + ¢, which is a parabola
that either opens upward or downward.

b

The x-coordinate of the vertex of the parabola is given by X = T oa The y-

coordinate of the vertex of the parabola can be found by evaluating the quadratic

b b

function at — 24 That is, find Y( B 5]. Thus, the vertex of the parabola is the

(3 3)

The direction that the parabola opens is determined by the sign of a, the coefficient
of x* in the quadratic function y=ax® +bx+c. If a>0, then the parabola
opens upward. If a <0, then the parabola opens downward.

The parabola has a axis of symmetry, which is a vertical line passing through the

b

vertex of the parabola, given by the equation X =~ 23"

Sometimes, the parabola can be sketched using the x-intercept(s) of the quadratic
function and/or the axis of symmetry to find the x-coordinate of the vertex of the
parabola. If the quadratic function has one x-intercept, then this x-intercept is the
vertex of the parabola. To sketch the graph of this parabola, you would plot the

vertex, which is the one x-intercept, and make the parabola open upward if a >0 or
open downward if a<0, |If the quadratic function has two Xx-intercepts, say
(x;,0) and (X,,0), then the x-coordinate of the vertex of the parabola is the
midpoint of X, and X,. Thus, the x-coordinate of the vertex of the parabola is
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X, + X,
2
the parabola.

. To sketch this parabola, you would plot the x-intercepts and the vertex of

To sketch the graph of the quadratic function y = x* + 6x + 9

Since X° +6x+9=(x+3)* then y = (x +3)*. To find the x-intercept(s), we set
y equal to zero and solve the resulting equation. Thus, we want to solve the
equation (X + 3)° =0. Thereis only one solution to this equation. The solution is

x =— 3. Thus, the vertex of the parabola is (-3, 0). Since the coefficient of x°
is 1> 0, then the parabola opens upward. Since the piecewise function g is

defined by g(x) = x* + 6x + 9 whenever X < -5, then we only use the sketch of
the parabola y = x* + 6x + 9 for x < -5,

11 11
To sketch the graph of the quadratic function ¥ = 3x% + EX: Since 3X° + Ex -

1 1
EX(GX +11)  then ¥ = Ex(6x +11). To find the x-intercept(s), we set y equal to

zero and solve the resulting equation. Thus, we want to solve the equation

1 _ : :
Ex(6x +11) =0, There are two solutions to this equation. They are X =0 and

11 11
X =——_ Thus, the x-intercepts of the parabola are (0, 0) and (0’ - —j. Since

6 6
11 11

the midpoint of 0 and — 5 IS — 1 then the x-coordinate of the vertex of the

1
parabola is x:—E_ The y-coordinate of the vertex of the parabola can be
11

_ _ _ 1
obtained by evaluating the function y:Ex(6x+1l) at ~,. Thus,

e SR o B I S B
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121 _ 11 121 _ _ _
— —5 . Thus, the vertex of the parabola is | — 12° 18 ) Since the piecewise

48 -
o1
function g is defined by 9(x) =3x" + ~ X whenever X > -2, then we only use

11
the sketch of the parabola Y = 3x* + EX for x> -2,

/ 9
To sketch the graph of the radical function Y =3/4X +9 : Since ¥ =3 4( X + Zj ’

9
then we shift the graph of y =3/ 4x 1 units to the left.

Sketch of g: y

LY

This graph was created using Maple.

X, x=0
Example If f(X)={_X . <o thenfind f(=4), f(0),and f(6). Then

sketch the graph of the function f.

The number 0 is the breakup point of this piecewise function f.
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To find f(-4): Since —-4<0 and f(x)=-x when x<0, then
f(-4)=-(-4)=4.  Answer: 4

To find f(0): Since 0>0 and f (x)=Xx when x>0, then f(0)=0,
Answer: 0

To find f(6): Since 6>0 and f(X)=X when x>0 then f(6)=6.
Answer: 6

Sketch of f:

This graph was created using Maple.
NOTE: This piecewise function is the absolute value function.

We will have the need to find the absolute value of algebraic expressions. We will
do this using the following definition.

a,a=>0

Definition Let a be an algebraic expression. Then \a\ = { a4 a<0

Example Find the absolute value of the following.
L s

Using the definition of absolute value given above, we have that

Copyrighted by James D. Anderson, The University of Toledo
www.math.utoledo.edu/~janders/1320



‘XZ 5‘_ x> -5 ,x*-5>0 . -
_(X*=5), X’ =5<0 Now, we need to find when

x* =5>0 and when x* —=5<0. We can do this by finding the sign of
x* =5 using the three-step method from Lesson 1.
Sign of x* — 5: + - +

NG

v

A

Thus, X -5>0 when x<-+5 or x>5. Since X! -5=0 when
X== 5,thenX2—520Wh8nXS—\/€orXZ\/g_

Also, Xx* -5<0 when—ﬁ < X< \/g Since

, x> -5 , x*=52>0
‘x —5‘ = , then we have that

—(x* =5), x* -=5<0

, x? =5 , x<—,/5 or x>,/5 _ )
L T L R

, ‘ , 5‘ X2 -5, x<—,5 or x>,5
S5 —X°, we may also write | X —9| =
y 5_X2’_\/>

Also, since the expression XS—\E or XZ\E Is equivalent to the
expression \X\ 2 \/E and the expression — \/E < X < 4/9 is equivalent to

the expression \ X\ < \/E then we may also write

x2—5,\x\2\/§
5-x*, |x| < \/E

i) -
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Answer: ‘X2—5‘= 5 x5 or

s -

4t — t°|
Using the definition of absolute value given above, we have that

at - 7] = 4t —t* , 4t - 720
— (4t —t?), 4t —t* <0’

Sign of 4t — t* = t(4 —t): _ + _

A
v

4t —t2 ,0<t<4

Answer: |4t — t?| =
‘ ‘ t? —4t,t<O0ort>4

‘WZ + 5w + 6‘
Using the definition of absolute value given above, we have that

w2+5w+6‘— W +5wW+6 ,wW +5w+6>0
—(W* +5W +6), W +5wW+6<0°

Signof W> + 5w + 6 = (W + 2) (W + 3):  + _

v

D I

-3
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w2 +5w+6 ,w<-30orw>-2

- |w? + 5w + 6| =
Answer: ‘ ‘ {—(WZ + 5w +6), -3<w< -2

[(x + 8)* (4 - 3x)|
Using the definition of absolute value given above, we have that

(X +8)*(4 -3x) , (x+8)°(4-3x)=0

“X+®(4‘w”:{_u+8ym_3m,u+8fm—3m<m

Sign of (x + 8)° (4 - 3x): + + _

A
v

(x+8)2(4—3x),xsg
Answer: ‘(X +8)° (4 - 3X)‘ = 4
(x+8)2(3x—4),x>§
t+1
t -6

Using the definition of absolute value given above, we have that

t+1 t+1
, >0

t +1 t—-6 t-6
t+1 t+1
— , <

| t—-6 t-26

0

Copyrighted by James D. Anderson, The University of Toledo
www.math.utoledo.edu/~janders/1320



t+1

Slgnoft_6: + —~ +
< i i >
-1 6
t+1,ts-1ort>6
t+1‘ t — 6
Answer: i
t -6 t+l,—1<t<6
6 -t
3x — | x|
6. 2X + 5
_ X, x>0 3x — ||
Since \X\ = , then \X\ = Xwhen X > 0, Thus, ———— =
- X, x<0 2X + 5
3X —x _ 2X . S0 s \x\— X, x>0 X
2X+5 2X+5wenx_ . Since —x,x<0’ten

3x—\x\_3x—(—x):3x+x

‘x‘:—xwhenx<0. Thus, ox 1 5 2% + 5 2X+5:
4x h 0
2x +5 When X <=%.
2X , x>0
3x — | x| 42x+5
Answer: oy . 5 4x
, X <0
2X + 5

Examples Find a function of one variable for the following descriptions.

1.  Betty wishes to fence a rectangular region of area 650 square yards. Express
the amount F of fencing that is required as function of x, which is the length
of the rectangle.
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We will need to identify the width of the rectangle: Let y be the width of the
rectangle.

y

NOTE: The amount of fencing, which is required to fence this rectangular
region, is the perimeter of the rectangle. Thus, F = 2Xx + 2y,

NOTE: F is a function of two variables x and y. In order to get F as a
function of one variable x, we will need to get a relationship between x and y.
A relationship between x and y is an equation containing only the variables of
x and y. We haven’t used the information that the area of the rectangular
enclosure is to 650 square yards. Since the area of a rectangle is given by the

formula A=1W, then the area of our rectangular enclosure is A= Xy .
Thus, in order for the area of our enclosure to be 650 cubic feet, we need that
Xy =650 . This is our relationship between x and vy.

650
Now, we can solve for y in terms of x. Thus, Xy =650 = Y= BV

650 650
Since F =2x+ 2y and yZT,then F=2x+2y = 2X + 2| ——

X
1300
+ - .
X

- 2X

1300
Answer; F =2X+ — . (inyards)

NOTE: In Calculus I (MATH-1850), you will find the dimensions of the
rectangle which require the least of amount of fencing in order to enclose 650
square yards.
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A closed rectangular box is to be constructed having a volume of 85 ft3. The
width of the bottom of the box is y ft. The length of the bottom of the box is
five times the width of the bottom. Express the amount M of material that is
needed to make this box as a function of .

NOTE: Closed box means that there will be a top to the box.

We will need to identify the height of the box: Let x be the height of the
box.

oy

The amount of material, which is needed to construct the base or the top of

the box, is given by 5y? square feet. (You only need to recognize this
statement. You do not need to write it.)

Thus, the amount of material, which is needed to construct the base and the

top of the box, is given by 2(5y %) square feet. (You only need to recognize
this statement. You do not need to write it.)

The amount of material, which is needed to construct the front or the back of
the box, is given by SXy square feet. (You only need to recognize this
statement. You do not need to write it.)

Thus, the amount of material, which is needed to construct the front and the
back of the box, is given by 2(5Xy) square feet. (You only need to
recognize this statement. You do not need to write it.)

The amount of material, which is needed to construct the left-side or the
right-side of the box, is given by Xy square feet. (You only need to
recognize this statement. You do not need to write it.)
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Thus, the amount of material, which is needed to construct the front and the
back of the box, is given by 2Xy square feet. (You only need to recognize
this statement. You do not need to write it.)

Thus, M =2(5y?) + 2(5xy) + 2xy = M =10y® + 10xy + 2xy =
M =10y® + 12xy .

NOTE: M is a function of two variables x and y. In orderto get M as a
function of one variable y, we will need to get a relationship between x and
y. A relationship between x and vy is an equation containing only the
variables of x and y. We haven’t used the information that the volume of
the box is to 85 cubic feet. Since the volume of a box is given by the formula

V =1lwh, then the volume of our box is V = (5y)yx =5xy®. Thus, in

order for the volume of our box to be 85 cubic feet, we need that 5xy* =85,
This is our relationship between x and .

Now, we can solve for x in terms of y. Thus, 5xy> =85 = X = 5y =

17 , 17 2
x=7_ Since M =10y” + 12xy and XZF,then M =10y“ + 12xy

204

_ 10y* + 12(%]y - 10y® + _
y y

NOTE: 17(12) =17 (10 + 2) =170 + 34 = 204

204
Answer: M =10y* + 7 (inft?)

NOTE: In Calculus I (MATH-1850), you will find the dimensions of the box
which require the least of amount of material in order to have a volume of 85
cubic feet.

An open rectangular box is to be constructed having a volume of 288 in®.
The length of the bottom of the box is three times the width of the bottom.
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The material for the bottom of the box costs 8 cents per square inch and the
material for the four sides costs 5 cents per square inch. Express the cost C to
make this box as a function of one variable.

NOTE: An open box means no top.

3X

NOTE: The amount of material, which is needed to construct the bottom of
the box, is given by 3x® square inches. Thus, the cost to construct the

bottom of the box is given by 8(3x”) cents.

NOTE: The amount of material, which is needed to construct the front and
the back of the box, is given by 2(3Xy) square inches. Thus, the cost to
construct the front and the back of the box is given by 5[2(3xy)] cents.

NOTE: The amount of material, which is needed to construct the left-side
and the right-side of the box, is given by 2Xy square inches. Thus, the cost
to construct the front and the back of the box is given by 5(2xy) cents.

Thus, the cost, C, to construct this open box, is given by
C =8(3x") + 5[2(3xy) + 2xy] in cents. Simplifying, we have that
C =24x* + 5(6xy + 2xy) = 24x* + 5(8xy) = 24x® + 40xy in cents.

NOTE: C is a function of two variables x and y. In order to get C asa
function of one variable in x or y, we will need to get a relationship between
x and y. A relationship between x and vy is an equation containing only the
variables of x and y. We haven’t used the information that the volume of
the box is to be 288 cubic inches. Since the volume of a box is given by the
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formula V =1wh  then the volume of our box is V = (3x)xy = 3x%y.
Thus, in order for the volume of our box to be 288 cubic inches, we need that

3x?y = 288 . This is our relationship between x and .

Now, we can solve the equation 3x”y = 288 for x or y. It is easier to solve
288 96

fory in terms of x. Thus, 3x°y = 288 = YZW =Y 2

96
Since C = 24x* + 40xy and Y = 2 then C = 24x* + 40xy =

4{6x2+10x(%ﬂ = 24{x2+10x(ﬁﬂ = 24(x2+%).
X

160
Answer: C = 24( X* + 7) (in cents)

NOTE: In Calculus I (MATH-1850), you will find the dimensions of the box
cheapest to construct and will have a volume of 28 cubic inches.

Bill can only afford to buy 100 yards of fencing. He uses the fencing to
enclose his rectangular garden. Express the area A of the rectangular
enclosure as a function of one variable.

X
Area of the enclosure: A = Xxy

Since the amount of the fencing is 100 vyards, we have that
2x +2y =100 = x+ Yy =250, Solving fory, we have that ¥y =50 — X
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Since A=Xy and Y =50 — X then A= Xx(50 — x) = 50x — x°,

Answer: A=50x — x* (in square yards)
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