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LESSON 11  EXPONENTIAL AND LOGARITHMIC EQUATIONS 

 

 

Since any exponential function is one-to-one, then 
vu bb    if and only if  vu  . 

 

 

Examples  Solve the following exponential equations.  Give exact answers.  No 

decimal approximations. 

 

1. 813 x
 

 

 Using the one-to-one property:   813 x
  433 4  xx

 

 

  

Using logarithms base 3:   813 x
   81log3log 33

x
 

 

  81log3log 33x   481log 3 x  

 

 NOTE:  13log 3   

 

  

Using natural logarithms:   813 x
   81ln3ln x

   81ln3lnx  

 

 4
3ln

81ln
 xx   (using a calculator) 

 

 

 Answer:  4 

 

 

2. 255  t
 

 

 

3. 322 113 x
 

 

Using the one-to-one property:   322 113x
   5113 22 x
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3

16
1635113  xxx  

 

 

 Using logarithms base 2:   322 113x
   32log2log 2

113

2

x
 

 

  32log2log)113( 22x   
3

16
1635113  xxx  

 

 NOTE:  12log 2   

 

 

 Using natural logarithms:   322 113x
   32ln2ln 113x

 

 

  32ln2ln)113( x    32ln2ln112ln3x  

 

  2ln1132ln2ln3x   
3

16

8ln

)2(32ln

2ln3

2ln1132ln 11




x  

 

 (using a calculator) 

 

 

 Answer:  
3

16
 

 

 

4. 
16

1
4

3

x
 

 

 

5. 6416 t
 

 

 

6. 
27

1
9 4 x

 

 

 

7. 126 x
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 Using natural logarithms:   126 x
   12ln6ln x

 

 

  12ln6lnx   
6ln

12ln
x  

 

 NOTE:  38685.1
6ln

12ln
x   and  99994.116 38685.1   

 

 

 Using logarithms base 6:   126 x
   12log6log 66

x
 

 

  12log6log 66x   12log 6x     NOTE:  16log 6   

 

Since your calculator does not have logarithm base 6 key, you would have to 

do a change of bases to obtain an approximation for  12log 6 .  Since your 

calculator has a natural logarithm key   LN  , then we obtain that  12log 6   = 

6ln

12ln
  using the change of base formula that  

b

u
u

a

a

b
log

log
log  ,  where  

,6,12  bu  and  ea  .  Or, Since your calculator has a common 

logarithm key  LOG  , then we obtain that  12log 6   =  
6lo g

12log
  using the 

change of base formula that  
b

u
u

a

a

b
log

log
log  ,  where  ,6,12  bu  and  

10a . 

 

 Answer:  
6ln

12ln
x  

 

 

8. 
3

2
5 t

 

 

 

9. 
4

3
7  x
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10. 658 25  x
 

 

 

11. 493 47 x
 

 

 

Examples  Solve the following logarithmic equations.  Give exact answers.  No 

decimal approximations. 

 

1. 216log x  

 

Using the definition of logarithm  ( xy blog  if and only if xb y   ), we 

will write the logarithmic equation as an exponential equation: 

 

16216log 2  xx  

 

Using square roots to solve the equation  162 x , we have that 

 

      441616 22  xxxx  

 

Since the base of a logarithm can not be negative, then the solution of  

4x  can not be used.  Thus, the only solution of the equation  

216log x   is  4x . 

 

 

Answer:  4x  

 

 

2. 35log x  

 

Using the definition of logarithm  ( xy blog  if and only if xb y   ), we 

will write the logarithmic equation as an exponential equation: 

 

535log 3  xx  
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Using cube roots to solve the equation  53 x , we have that 

 

333 33 555  xxx  

 

 

Answer:  3 5x  

 

 

3. 2log 3 x  

 

Using the definition of logarithm  ( xy blog  if and only if xb y   ), we 

will write the logarithmic equation as an exponential equation: 

 

9

1
32log 2

3   xxx  

 

We need to check that the number  
9

1
  makes the argument of the logarithm 

positive since the logarithm of a negative number or zero is undefined.  The 

argument of  x3log   is  x.  Thus,  x  will be positive when  
9

1
x .  Thus,  

9

1
 is a solution of the equation 2log 3 x .  Of course, it is the only 

solution. 

 

 

Answer:  
9

1
x  

 

 

4. 2)94(log t  

 

Recall that log is the notation for the common logarithm, and the base of the 

common logarithm is 10.  Using the definition of logarithm  ( xy blog  if 

and only if xb y   ), we will write the logarithmic equation as an 

exponential equation: 
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1009410942)94(log 2  ttt  

 

 Solving the equation  10094 t , we have that  
4

109
t . 

 

We need to check that the number  
4

109
  makes the argument of the 

logarithm positive since the logarithm of a negative number or zero is 

undefined.  The argument of  )94(log t   is  94 t . 

 

When  
4

109
t , we have that  94 t   =  9

4

109
4 








  =  09109  . 

 

Thus,  
4

109
 is a solution of the equation 2)94(log t .  Of course, it is 

the only solution. 

 

 

Answer:  
4

109
t  

 

 

5. 6)12(loglog 22  xx  

 

First, we’ll use the property of logarithms that  vublog   =  ublog   +  vblog   

in order to write  )12(loglog 22  xx   as  )12(log 2 xx .  Thus, 

 

 6)12(loglog 22 xx   6)12(log 2 xx  

 

Now, using the definition of logarithm  ( xy blog  if and only if xb y   ), 

we will write the logarithmic equation  6)12(log 2 xx  as an exponential 

equation: 

 

      64)12(2)12(6)12(log 6

2  xxxxxx  
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 Solving the equation  64)12( xx , we have that 

 

  64)12( xx    64122 xx    064122 xx  

 

  0)16()4( xx   4x ,  16x  

 

We need to check that the numbers  4   and  16  make the argument of the 

logarithms positive since the logarithm of a negative number or zero is 

undefined.  The argument of x2log  is  x and the argument of  )12(log 2 x   

is  12x . 

 

When  4x , we have that  04 x .  Thus, when  4x , we 

have that )4(loglog 22 x .  However,  )4(log 2    is undefined.  Thus,  

4   is a solution of the equation 64)12( xx , but it is not a solution 

of the equation  6)12(loglog 22  xx . 

 

When  16x , we have that  016 x   and  0121612 x .  

Thus, 16 is a solution of the equation 6)12(loglog 22  xx . 

 

 

Answer:  16x  

 

 

6. )5(lnln xx   

 

In order to solve this equation, we will use the fact that any logarithm 

function is one-to-one.  Thus,  vu bb loglog    if and only if  vu  . 

 

Thus, by the one-to-one property, we have that 

 

   xxxx  5)5(lnln  

 

Solving the equation  xx  5 , we have that  
2

5
x . 
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We need to check that the number  
2

5
  makes the argument of the logarithms 

positive since the logarithm of a negative number or zero is undefined.  The 

argument of xln  is  x and the argument of  )5(ln x   is  x5 . 

 

When  
2

5
x , we have that  0

2

5
x   and  0

2

5
55  x .  

Thus, 
2

5
 is a solution of the equation )5(lnln xx  . 

 

 

Answer:  
2

5
x  

 

 

7. )117(loglog 88  tt  

 

In order to solve this equation, we will use the fact that any logarithm 

function is one-to-one.  Thus,  vu bb loglog    if and only if  vu  . 

 

Thus, by the one-to-one property, we have that 

 

   117)117(loglog 88  tttt  

 

Solving the equation  117  tt , we have that  
6

11
t . 

 

We need to check that the number 
6

11
   makes the argument of the 

logarithms positive since the logarithm of a negative number or zero is 

undefined.  The argument of t8log  is  t and the argument of  

)117(log 8 t   is  117 t . 

 

When  
6

11
t , we have that  0

6

11
t .  Thus, when  

6

11
t , we 

have that 









6

11
loglog 88 t .  However,  










6

11
log 8   is undefined.  
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Thus, 
6

11
   is a solution of the equation 117  tt , but it is not a 

solution of the equation  )117(loglog 88  tt . 

 

 

Answer:  No solution 

 


