LESSON 10 LOGARITHMIC FUNCTIONS

Definition The logarithmic function with base b is the function defined by
f(x) = log, X, where b>0and b =1,

Recall that Y = log, X if and only if b’ = X
Recall the following information about logarithmic functions:

1. The domain of f(Xx) = log, X is the set of positive real numbers. That is,
the domain of f(x) = log, X is (0, ).

2. Therange of f(Xx) = log, X is the set of real numbers. That is, the range of
f(x) = log, X is (-, o),

3.  The logarithmic function f(X) = log, X and the exponential function

g(x) = b* are inverses of one another:

(feg)(x) = f(g(x)) =log, g(x) = log,b* = xlog,b = x(1) = X,
for all x in the domain of g, which is the set of all real numbers.

(go f)(x) = g(f(x)) = g(log, x) = b“®* = x, for all x in the
domain of f, which is the set of real numbers in the interval (0, o),

Definition The natural logarithmic function is the logarithmic function whose base
Is the irrational number e. Thus, the natural logarithmic function is the function

defined by f(x) = log, X, where e =2.718281828..... Recall that log, x = In X,

Definition The common logarithmic function is the logarithmic function whose
base is the number 10. Thus, the common logarithmic function is the function

defined by f(x) = log,,x. Recall that log,, x = log X,
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Theorem (Properties of Logarithms)

1.

8.

Proof

1.

r
log,u” = rlog,u

log,uv = log,u + log, Vv

u
Iogbg = log,u — log, Vv

log, b =
log,1 =0
b = u
log,b" =u
log . u
Change of Bases Formula: log, u = log, b

Let Yy = log,u. Then by the definition of logarithms, b* = u. Thus,
u" = (b’)" =b’ =Db". writing the exponential equation u" = b"
in terms of a logarithmic equation, we have that log,u" = ry. Since
y = log, u, then we have that log,u" = rlog,u.

Let ¥ =log,u and w = log,V. Then by the definition of logarithms,
bY =u and b" =v. Thus, uv=Db’b" =b”"" Writing the
exponential equation uv = b* "™ in terms of a logarithmic equation, we
have that log,uv =y + w, Since Yy =log,u and W = log,V, then
log,uv = log,u + log, V.
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Let ¥ =log,u and W = log,Vv. Then by the definition of logarithms,

u b?

bY =u and b" =v. Thus, — =
Y b

b* ™™ Writing the exponential

U_py-w

equation in terms of a logarithmic equation, we have that

u
logb;=y—W. Since y=1Ilog,u and w=log,Vv, then

u
log,— = log,u — log, V.
v

u . u .
Alternate proof: Since = UV ' we have that |09b; = log,uv "

‘' =log,u + log,v*,

Now, applying Property 2, we have that log,uv"
Now, applying Property 1, we have that log,v™" = —log,Vv. Thus, we

u
have that Iogb; = Iogbuv‘l = log,u + IOgbV_l = log,u — log,V

Let Y = log,u. Then by the definition of logarithms, b’ = u. Since

log, u

y = log,u, then b™™" =u,
Follows from applying Property 1 and then Property 4.

Let ¥ =log,u, w=1log,u and z = log,b. Then by the definition of
logarithms, we have that b’ =u, a” =u,and a* = b, Since a‘ = b,
then b’ =(a’)” =a’. Since b’ =u and b’ =a’* then
a’ =u. Since a" =u, then a’* =a". Thus, Yz = W. Since
y =log,u, z=1log,b ,and W = log, u,then (log,u)(log,b) =
log, u. Since b is the base of a logarithm, then b # 1. Since log,b =0
if and only if b =1, then log,b # 0. So, we can solve for log,u by
dividing both sides of the equation (log, u)(log,b) = log, u by log,b.
log . u

log,b-

Thus, we obtain that 109, U =
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Alternate proof: Let Y = log,u. Then by the definition of logarithms,
b’ = u. Taking the logarithm base a of both sides of this equation, we
obtain that log,b” =log,u. By Property 1, we have that
log,b” = ylog,b. Thus, log,b” =log,u = ylogb=1ogu,
Since b is the base of a logarithm, then b # 1. Since log,b = 0 if and

only if b =1 then log,b =0, Solving for y, we obtain that

log, u log, u
= Since Y = log, U, then 109, U =

y

~log,b log, b

Examples Graph the following logarithmic functions.

1.

g(x) = log;x

Note that the domain of the logarithmic function g is (0, o). In order to
graph the function g given by 9(x) = log,; X, we set g(x) = y and graph
the equation Y = l0g;X. By the definition of logarithm, Yy = log;x if

and only if x = 37,

X y y

I
I
N

W
I
=

The Drawing of this Graph

Copyrigh

U/ Tjdiiue s/ Locv


Example1Animated.gif

The x-intercept of the graph of the function is the point (1, 0).

Note that as X — O from the right, ¥ = log;X — — o, Thus, the vertical

line of X = 0, which is the y-axis, is a vertical asymptote of the graph of the
function.

The functions Y = 3" and ¥ = 10g; X are inverse functions of one another:
y=3" = x=log,y
y =log,x = x =3’

We graphed the function f(x) = 3" in Lesson 9.

The graph of Y = 3™ is red and the graph of Y = 109, X is blue:

v

The Drawing of these Graphs

Each graph is a reflection of the other through the line y = X, which is
gray.

f(x) = log,, x
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Note that the domain of the logarithmic function f is (0O, ). In order to
graph the function f given by f(x) = log,,, X, weset f(x) = y and
graph the equation Y = 10g,,, X. By the definition of logarithm,

y
y = log,,, X ifand only if x :(%j .

X y y

8 -3

/
l

NG

|~

3 The Drawing of this Graph

The x-intercept of the graph of the function is the point (1, 0).

Note that as X — O from the right, Y = l0g,,, X — oo Thus, the vertical

line of X = 0, which is the y-axis, is a vertical asymptote of the graph of the
function.

: 1
The functions Y = l0g,,, X and v :(

X
Ej are inverse functions of one

another:

1 X
y = (Ej = X =log,,y
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Example2Animated.gif

l y
y = Iogl/ZX = X = (Ej

We graphed the function g(x) = (%j in Lesson 9.

1

The graphof Y = (Ej is red and the graph of Y = log,,, X is blue:

The Drawing of these Graphs

Each graph is a reflection of the other through the line y = X, which is

gray.

h(x) = log, (= x)

Note that the domain of the logarithmic function h is (— o0, 0). In order to
graph the function h given by h(x) = log, (- X), we set h(x) = y and
graph the equation Y = log, (— X). By the definition of logarithm,

y =log,(=X) ifandonlyif —x =4 = x =-47,
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1 _9 y
16
_1 _1 —_—

o ——

- 16 2 The Drawing of this Graph
The x-intercept of the graph of the function is the point (-1, 0).

Note that as X — O from the left, Y = 10g,(—X) - —, Thus, the

vertical line of X = 0, which is the y-axis, is a vertical asymptote of the
graph of the function.

The functions Yy = 10g,(—X) and y = — 4" are inverse functions of one
another:

y=1log,(-x) = - x=4" = x=-4"

y=-4"= -y=4" = x=log,(-y)

The graph of Y = — 4" is red and the graph of ¥ = log, (— X) is blue:



Example3Animated.gif

The Drawing of these Graphs

Each graph is a reflection of the other through the line y = X, which is
gray.

k(x) = —log, x

Note that the domain of the logarithmic function k is (0, ). In order to
graph the function k given by k(x) = —log, x, we set h(x) = y and
graph the equation Y = —10g,X. Since y = —log,x = -y =log,x,
then by the definition of logarithm, — Y = log, X ifand onlyif x = 477,

X y y
16 -2
4 | -1 L

1 1
% 2 The Drawing of this Graph

The x-intercept of the graph of the function is the point (1, 0).

Note that as X — O from the right, ¥ = —log, X — . Thus, the vertical

line of X = 0, which is the y-axis, is a vertical asymptote of the graph of the
function.

The functions kK(X) = —log, X and h(x) = 4~ are inverse functions of

one another:
y=4" = —-x=1log,y = x=-log,y
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y=—-log,x = -y =log,x = x=47"

We graphed the function h(x) = 47" in Lesson 9.

The graph of Y = 4™ is red and the graph of ¥ = —l0g, X is blue:

'| v

1%

ST x

The Drawing of these Graphs

Each graph is a reflection of the other through the line y = X, which is
gray.
y = |093,5(— X)

Note that the domain of the logarithmic function is (—,0). By the

y
definition of logarithm, Y = l0g55(—=X) if and only if —x = (§) =

(3 |
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The Drawing of this Graph

The x-intercept of the graph of the function is the point (-1, 0) .

Note that as X — O from the left, Y = 10g9;:(—X) — o, Thus, the

vertical line of X = 0, which is the y-axis, is a vertical asymptote of the
graph of the function.

The functions Y = 10g;,:(—X) and y = —(gj are inverse functions of

one another.

f(x) =Inx

Recall: In X = log, X, where e=2.718281828....

Note that the domain of the logarithmic function f is (O, ). In order to
graph the function f given by f(Xx) = In X, we set f(x) = y and graph
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Example5Animated.gif

the equation Y = In X. By the definition of logarithm, y = In X if and
onlyif x =e”.

X y

e ® ~ 0.04979 -3 ’
e ? = 0.13534 -2
e ' ~ 0.36788 -1

1 0
e ~ 2.71828 1
e? ~ 7.38906 2
e’ ~ 20.08554 3 The Drawing of this Graph

The x-intercept of the graph of the function is the point (1, 0).

Note that as X — O from the right, Y = In X — — oo, Thus, the vertical

line of X = 0, which is the y-axis, is a vertical asymptote of the graph of the
function.

The functions Y = In X and Y = €” are inverse functions of one another.

g(x) = 3logx
Recall: logx = log,, X

Note that the domain of the logarithmic function g is (— o0, 0). In order to
graph the function g given by g(x) = 3logx, we set g(x) = y and

graph the equation y = 3logx. Since Y = 3logx = % = log X | then
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by the definition of logarithm, % = log X ifand only if x = 10""°,

y
X y
1 -6
100
1 "
1 _3 —
10 // ol
1 0 // *
f
10 3
100 6

The Drawing of this Graph
The x-intercept of the graph of the function is the point (1, 0).

Note that as X — O from the right, Y = logx — — . Thus, the vertical

line of X = 0, which is the y-axis, is a vertical asymptote of the graph of the
function.

The functions ¥ = 3logx and y = 10*"® are inverse functions of one
another.

h(X) = =2 IOgl/S(_ X)

Note that the domain of the logarithmic function h is (-0, 0). In order to
graph the function h given by h(x) = —21og,,;(— X), weset h(x) =y
and graph the equation Y = —210g,,;(—= X). Since Y = —210g,,5 (- X)
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= —% = 109,/;(— X), then by the definition of logarithm, —% = l0g /3 (- x)

—-yl2
HmMWyH—XZ(gj = —x=3" = x=-3"2,
1 1
NOTE: h(—gj = =2 |091/35 =-2(2) = -4

1 1
h(—éj = —2|0g1/3§ = —2(1) == —2
h(=1) = —2log,,,1 = —2(0) = 0
h(=3) = —2log,,,3 = —2(-1) = 2

h(-=9) = —2log,,9 = —2(-2) = 4

X y
1 _4
9
21 ~2
3
-1 0
-3 2
-9 4

The Drawing of this Graph

The x-intercept of the graph of the function is the point (-1, 0) .
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Note that as X — O from the right, ¥ = —210g,,;(— X) = — . Thus,

the vertical line of X = 0, which is the y-axis, is a vertical asymptote of the
graph of the function.

The functions ¥ = —210g,,; (= X) and Yy = — 3*'* are inverse functions
of one another.

3
f(t) = —Zlogzt

Note that the domain of the logarithmic function f is (0, «). In order to

3
graph the function f given by f(t) = 3 log,t, weset f(t) =y and

3 3
graph the equation ¥ = — 7 log,t. Since Y = 2 log,t =

4y 4y
-3 T log, t| then by the definition of logarithm, -3 T log,t if and
onlyif t =2"%",
1 3 1 3 9
. fl =1l =—-—=1log.=- = ——(-3) = —
NOTE: (8j 210927 4( ) 1
1 3 1 3 3
fl=]=-2log,==->(-2) ==
(4) 4 925 4( ) 2
1 3 1 3 3
fl=]==-Z1og,= =-2(-1) =2
(2) 4 7%2 V=g
3 3
(1) 2 1092 4()
3 3 3
f(2)=->1log,2 = ->(1) = - >
(2) 2 092 4() 2
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3 3 3

f(4) =—-——=1log,4 = ——(2) = ——

(4) 2 90 4() 5

3 3 9

f(8) =-—-1log,8=-—(3) = ——

(8) 2 092 4() 2
t y
1 s
8 4

y

1 3
4 2

| —
Hlow
_,,.n-""-

5 ~ E \"IF-..._______-_:_-

4 "“"II-—-.._________
4 .3

2
8 —% The Drawing of this Graph

The t-intercept of the graph of the function is the point (1, 0) .

3
Note that as t — O from the right, ¥ =~ log,t — o Thus, the

vertical line of t = 0, which is the y-axis, is a vertical asymptote of the
graph of the function.

3
The functions ¥ =~ log,t and v = 27 *""® are inverse functions of one

another.
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1
10. 9(t) = > log,, (—1)

Note that the domain of the logarithmic function g is (=, 0). In order to

1
graph the function g given by 9(t) = > l0g 3, (1), we set g(t) =y

1 1
and graph the equation Y = 7 l0g 5/, (—1). Since Y = > log,,(-t) =
2y = log,, (= 1), then by the definition of logarithm, 2y = log,, (—1)

3\ 3\
i r —t = — = t=-|—
if and only if (4j (4) :
2y 2 Y y 2y
NOTE: Since 4 4 16 ,then ' = 4 =
9 y
_(Ej

: - =2 o Z(=3)= -2
NOTE: 9( 7) 5 100514 2( ) )
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9 1 9 1
— 2 | =Zlog.,— = =(2) =1
g[ 16) - log o = ~(2)

2 Ly 2 1, 3

I " ea 2 “¥ea 2 2
t y
_ 64 _3

27 2 y

_16 -1

3 L d
4 2 ,///
_ % 1 o ~
_ % % The Drawing of this Graph

The t-intercept of the graph of the function is the point (-1, 0).

1
Note that as t — O from the left, Y = > log,, (—=t) = . Thus, the

vertical line of t = 0, which is the y-axis, is a vertical asymptote of the
graph of the function.

1 3 2t t
- = Zlog,, (-t -2 - -2
The functions Y 5 Jaa(—t) and Y (4) (16] are

inverse functions of one another.
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11. h(t) =5 Iog1/4t

Note that the domain of the logarithmic function h is (0, ). In order to
graph the function h given by h(t) = 5log,,,t weset h(t) = y and
graph the equation Yy = 510g,,,t. Since y =5log,,t =

g - 109/, t, then by the definition of logarithm, % = log .t if and only
1"
i) e
y
t y |
‘n
S 10 1
16 \
1 \
= 5
4 \
'\\ t
1 0 \
\\.
4 | -5 |
'\\\
16 -10 S
M"'H.._
—~

The Drawing of this Graph

The t-intercept of the graph of the function is the point (1, 0).

Note thatas t — O fromtheright, ¥ = 5log,,,t — oo Thus, the vertical

line of t = 0, which is the y-axis, is a vertical asymptote of the graph of the
function.
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12.

13.

14.

1

t/5
The functions Y =5log,,t and Y =(—j = 47" are inverse

4

functions of one another.

f(x) = log,2x

g(t) = |og4(_%j

h(x) = 5log,,,4X

Examples Sketch the graph of the following functions. State the domain of the
function and use the sketch to state the range of the function.

1.

10.

f(x) = log,(x — 3)
g(x) = 3log x — 4

h(x) = log,,;(x + 5) + 8
f(x) =In(—x) + 2

g(t) = —2log,,(t — 1) + 6
h(x) = —In(x + 4) — 3
f(x) = /3 log,,(4x + 8)

g(x) =log_ (6 — x) -1
1
h(t) = 3 log,,(—3t — 5) — 12

f(x) =—-41log (8 — x) +15
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