LESSON 10  LOGARITHMIC FUNCTIONS
Definition  The logarithmic function with base b is the function defined by 
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Recall the following information about logarithmic functions:
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The logarithmic function 
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for all  x  in the domain of  g,  which is the set of all real numbers.
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, for all  x  in the domain of  f, which is the set of real numbers in the interval  
[image: image16.wmf])

,

0

(

¥

.
Definition  The natural logarithmic function is the logarithmic function whose base is the irrational number e.  Thus, the natural logarithmic function is the function defined by 
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Definition  The common logarithmic function is the logarithmic function whose base is the number 10.  Thus, the common logarithmic function is the function defined by 
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Theorem  (Properties of Logarithms)
1.
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Change of Bases Formula:  
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Proof
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Let  
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Alternate proof: Since  
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Let  
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Follows from applying Property 1 and then Property 4.
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Alternate proof:  Let  
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Examples  Graph the following logarithmic functions.
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   The Drawing of this Graph
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      The Drawing of these Graphs
Each graph is a reflection of the other through the line  
[image: image133.wmf]x

y

=

, which is gray.

2.

[image: image134.wmf]x

x

f

2

/

1

log

)

(

=


Note that the domain of the logarithmic function  f  is  
[image: image135.wmf])

,

0

(

¥

.  In order to graph the function  f  given by 
[image: image136.wmf]x

x

f

2

/

1

log

)

(

=

, we set 
[image: image137.wmf]y

x

f

=

)

(

 and
graph the equation  
[image: image138.wmf]x

y

2

/

1

log

=

.  By the definition of logarithm, 

[image: image139.wmf]x

y

2

/

1

log

=

  if and only if  
[image: image140.wmf]y

x

÷

ø

ö

ç

è

æ

=

2

1

.

[image: image404.png]


[image: image405.png]


       x             y
[image: image406.png]e




      8
         
[image: image141.wmf]3

-


      4
        
[image: image142.wmf]2

-


      2
        
[image: image143.wmf]1

-


     1              0
     
[image: image144.wmf]2

1

            1
     
[image: image145.wmf]4

1

            2

     
[image: image146.wmf]8

1

            3



   The Drawing of this Graph


The  x-intercept of the graph of the function is the point 
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      The Drawing of these Graphs
Each graph is a reflection of the other through the line  
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Note that the domain of the logarithmic function  h  is  
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         The Drawing of this Graph
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     The Drawing of these Graphs
Each graph is a reflection of the other through the line  
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Note that the domain of the logarithmic function  k  is  
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       The Drawing of this Graph
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      The Drawing of these Graphs
Each graph is a reflection of the other through the line  
[image: image207.wmf]x

y

=

, which is gray.
5.

[image: image208.wmf])

(

log

5

/

3

x

y

-

=


Note that the domain of the logarithmic function is  
[image: image209.wmf])

0

,

(

¥

-

.  By the definition of logarithm,  
[image: image210.wmf])

(

log

5

/

3

x

y

-

=

  if and only if  
[image: image211.wmf]Þ

÷

ø

ö

ç

è

æ

=

-

y

x

5

3

  
[image: image212.wmf]y

x

÷

ø

ö

ç

è

æ

-

=

5

3

.

       x             y

  
[image: image213.wmf]27

125

-

       
[image: image214.wmf]3

-


  
[image: image215.wmf]9

25

-


        
[image: image216.wmf]2

-


  
[image: image217.wmf]3

5

-


        
[image: image218.wmf]1

-


 
[image: image219.wmf]1

-

             0
 
[image: image220.wmf]5

3

-

             1

[image: image221.wmf]25

9

-

            2

        
[image: image222.wmf]125

27

-

            3



   The Drawing of this Graph


The  x-intercept of the graph of the function is the point 
[image: image223.wmf])

0

,

1

(

-

.

Note that as 
[image: image224.wmf]0

®

x

 from the left,  
[image: image225.wmf]¥

®

-

=

)

(

log

5

/

3

x

y

.  Thus, the vertical line of  
[image: image226.wmf]0

=

x

, which is the y-axis, is a vertical asymptote of the graph of the function.

The functions 
[image: image227.wmf])

(

log

5

/

3

x

y

-

=

 and 
[image: image228.wmf]x

y

÷

ø

ö

ç

è

æ

-

=

5

3

 are inverse functions of one another.
6.

[image: image229.wmf]x

x

f

ln

)

(

=


Recall:  
[image: image230.wmf]x

x

e

log

ln

=

, where  
[image: image231.wmf].

.

.

.

718281828

.

2

=

e


Note that the domain of the logarithmic function  f  is  
[image: image232.wmf])

,

0

(

¥

.  In order to graph the function  f  given by 
[image: image233.wmf]x

x

f

ln

)

(

=

, we set 
[image: image234.wmf]y

x

f

=

)

(

 and graph the equation  
[image: image235.wmf]x

y

ln

=

.  By the definition of logarithm,  
[image: image236.wmf]x

y

ln

=

  if and only if  
[image: image237.wmf]y

e

x

=

.

  x 

         y


[image: image238.wmf]04979

.

0

3

»

-

e


     
[image: image239.wmf]3

-



[image: image240.wmf]13534

.

0

2

»

-

e


     
[image: image241.wmf]2

-



[image: image242.wmf]36788

.

0

1

»

-

e


     
[image: image243.wmf]1

-


        1

       0

[image: image244.wmf]71828

.

2

»

e

             1

[image: image245.wmf]38906

.

7

2

»

e

           2


[image: image246.wmf]08554

.

20

3

»

e

         3


        The Drawing of this Graph

The  x-intercept of the graph of the function is the point 
[image: image247.wmf])

0

,

1

(

.

Note that as 
[image: image248.wmf]0

®

x

 from the right,  
[image: image249.wmf]¥

-

®

=

x

y

ln

.  Thus, the vertical line of  
[image: image250.wmf]0

=

x

, which is the y-axis, is a vertical asymptote of the graph of the function.

The functions 
[image: image251.wmf]x

y

ln

=

 and 
[image: image252.wmf]x

e

y

=

 are inverse functions of one another.
7.

[image: image253.wmf]x

x

g

log

3

)

(

=



Recall:  
[image: image254.wmf]x

x

10

log

log

=


Note that the domain of the logarithmic function  g  is  
[image: image255.wmf])

0

,

(

¥

-

.  In order to graph the function  g  given by  
[image: image256.wmf]x

x

g

log

3

)

(

=

, we set  
[image: image257.wmf]y

x

g

=

)

(

 and graph the equation  
[image: image258.wmf]x

y

log

3

=

.  Since  
[image: image259.wmf]x

y

x

y

log

3

log

3

=

Þ

=

, then

by the definition of logarithm, 
[image: image260.wmf]x

y

log

3

=

  if and only if  
[image: image261.wmf]3

/

10

y

x

=

.


       x             y

    
[image: image262.wmf]100

1

        
[image: image263.wmf]6

-


    
[image: image264.wmf]10

1


        
[image: image265.wmf]3

-


     1             0
   10             3
  100            6

The Drawing of this Graph

The  x-intercept of the graph of the function is the point 
[image: image266.wmf])

0

,

1

(

.

Note that as 
[image: image267.wmf]0

®

x

 from the right,  
[image: image268.wmf]¥

-

®

=

x

y

log

.  Thus, the vertical line of  
[image: image269.wmf]0

=

x

, which is the y-axis, is a vertical asymptote of the graph of the function.

The functions 
[image: image270.wmf]x

y

log

3

=

 and 
[image: image271.wmf]3

/

10

x

y

=

 are inverse functions of one another.
8.

[image: image272.wmf])

(

log

2

)

(

3

/

1

x

x

h

-

-

=


Note that the domain of the logarithmic function  h  is  
[image: image273.wmf])

0

,

(

¥

-

.  In order to graph the function  h  given by  
[image: image274.wmf])

(

log

2

)

(

3

/

1

x

x

h

-

-

=

, we set  
[image: image275.wmf]y

x

h

=

)

(

 and graph the equation 
[image: image276.wmf])

(

log

2

3

/

1

x

y

-

-

=

.  Since 
[image: image277.wmf])

(

log

2

3

/

1

x

y

-

-

=



[image: image278.wmf])

(

log

2

3

/

1

x

y

-

=

-

Þ

, then by the definition of logarithm, 
[image: image279.wmf])

(

log

2

3

/

1

x

y

-

=

-

  if and only if  
[image: image280.wmf]Þ

÷

ø

ö

ç

è

æ

=

-

-

2

/

3

1

y

x

  
[image: image281.wmf]2

/

2

/

3

3

y

y

x

x

-

=

Þ

=

-

.
NOTE:

[image: image282.wmf]4

)

2

(

2

9

1

log

2

9

1

3

/

1

-

=

-

=

-

=

÷

ø

ö

ç

è

æ

-

h





[image: image283.wmf]2

)

1

(

2

3

1

log

2

3

1

3

/

1

-

=

-

=

-

=

÷

ø

ö

ç

è

æ

-

h





[image: image284.wmf]0

)

0

(

2

1

log

2

)

1

(

3

/

1

=

-

=

-

=

-

h





[image: image285.wmf]2

)

1

(

2

3

log

2

)

3

(

3

/

1

=

-

-

=

-

=

-

h





[image: image286.wmf]4

)

2

(

2

9

log

2

)

9

(

3

/

1

=

-

-

=

-

=

-

h



       x             y

   
[image: image287.wmf]9

1

-


        
[image: image288.wmf]4

-


  
[image: image289.wmf]3

1

-


        
[image: image290.wmf]2

-


  
[image: image291.wmf]1

-

            0
 
[image: image292.wmf]3

-

             2
 
[image: image293.wmf]9

-

            4
        






      The Drawing of this Graph


The  x-intercept of the graph of the function is the point 
[image: image294.wmf])

0

,

1

(

-

.

Note that as 
[image: image295.wmf]0

®

x

 from the right,  
[image: image296.wmf]¥

-

®

-

-

=

)

(

log

2

3

/

1

x

y

.  Thus, the vertical line of  
[image: image297.wmf]0

=

x

, which is the y-axis, is a vertical asymptote of the graph of the function.

The functions 
[image: image298.wmf])

(

log

2

3

/

1

x

y

-

-

=

 and 
[image: image299.wmf]2

/

3

x

y

-

=

 are inverse functions of one another.

9.

[image: image300.wmf]t

t

f

2

log

4

3

)

(

-

=


Note that the domain of the logarithmic function  f  is  
[image: image301.wmf])

,

0

(

¥

.  In order to

graph the function  f  given by  
[image: image302.wmf]t

t

f

2

log

4

3

)

(

-

=

, we set  
[image: image303.wmf]y

t

f

=

)

(

 and

graph the equation  
[image: image304.wmf]t

y

2

log

4

3

-

=

.  Since  
[image: image305.wmf]Þ

-

=

t

y

2

log

4

3



[image: image306.wmf]t

y

2

log

3

4

=

-

, then by the definition of logarithm, 
[image: image307.wmf]t

y

2

log

3

4

=

-

  if and only if  
[image: image308.wmf]3

/

4

2

y

t

-

=

.
NOTE:

[image: image309.wmf]4

9

)

3

(

4

3

8

1

log

4

3

8

1

2

=

-

-

=

-

=

÷

ø

ö

ç

è

æ

f





[image: image310.wmf]2

3

)

2

(

4

3

4

1

log

4

3

4

1

2

=

-

-

=

-

=

÷

ø

ö

ç

è

æ

f





[image: image311.wmf]4

3

)

1

(

4

3

2

1

log

4

3

2

1

2

=

-

-

=

-

=

÷

ø

ö

ç

è

æ

f





[image: image312.wmf]0

)

0

(

4

3

1

log

4

3

)

1

(

2

=

-

=

-

=

f





[image: image313.wmf]4

3

)

1

(

4

3

2

log

4

3

)

2

(

2

-

=

-

=

-

=

f





[image: image314.wmf]2

3

)

2

(

4

3

4

log

4

3

)

4

(

2

-

=

-

=

-

=

f





[image: image315.wmf]4

9

)

3

(

4

3

8

log

4

3

)

8

(

2

-

=

-

=

-

=

f


       t             y

     
[image: image316.wmf]8

1

            
[image: image317.wmf]4

9


     
[image: image318.wmf]4

1


          
[image: image319.wmf]2

3


     
[image: image320.wmf]2

1


          
[image: image321.wmf]4

3


     1

 0
     2          
[image: image322.wmf]4

3

-


    4           
[image: image323.wmf]2

3

-


    8           
[image: image324.wmf]4

9

-





   The Drawing of this Graph
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Examples  Sketch the graph of the following functions.  State the domain of the function and use the sketch to state the range of the function.
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