8.3 Trigonometric Substitution:

For Integrals Involving Substitute Use the Identity
Va2 — x2 r=asinf, dr =acosfdf a2 — 22 =acosb
Vva? + 22 r=atanb, dv = a(sec0)’*df +/a?+ 22 = asecl
Remark: This is simply u-substitution with « = # = sin™' 2z and u = # = tan™! x so
that 7/2 < 0 < 7/2.
Picture: If x = asin then

If x = atan @ then

dz
Example: Evaluate | ———
amp ) r2y/9 — 22
Solution: Substitute x = 3sinf, dr = 3cosfdf. Then /9 — 22 = /9 — 9(sinh)? =
3 cos O Therefore

dx 3cosfdb
229 — 2 9 sm@ 23 cos

9 sm@
= ?cot9+(]

Now it is necessary to convert back into terms of x. Picture

so that cot @ = (9 — 22)"/2 /2 and

dx B ;1(9—x2)1/2
22/9—22 9 x



Check by differentiation:
ii(g _ ZL‘2)1/2 B ;1 :L‘<9 _ 1,2)*1/2(_33) _ (9 _ 1,2)1/2 -1 9_1,2)—1/2 —ZL‘2 _ (9 _ 1'2)

9 dx T 9 2 - ?( 9z2
and this checks.

Example: Evaluate / du

(25 + 227
Solution: Substitute z = 5tané, so that dr = 5(sec)? and (25 + 2%)%? = (25 +
25(tan §)%)3/2 = 125(sec #)® so that

/ : dx B 5(secd)?

25 + x2)3/2 ] 125(sec )3

1 1

N %/sec@da
1

= 2—5/008(9) o
1

= 2—5sm9+0

Convert back into terms of x. Triangle:

sinf = x/(25 + 2%)1/? so that

/ dx B i x e
(25 4 22)3/2 25 (25 + 22)1/2

Check by differentiation.

d 1 T 1 (25422 —2g(25+a) 2 1 25422 — a2
dx 25 (25 + 22)4/2 25 25 + 22 25 (254 22)3/2
X
Example: Evaluate / ——dx
P V122

Solution: Substitute u = 1 — 2%, du = —2x dz or —% du = x dx so that

2?4+ C=—(1-2)+C

R VO S
| e =y [ andu=;

1
Example: Evaluate / ——dx
9 — 2
Solution: Factor out the “9”.

1 1 1
o= [ ———da
/V9—5U2 3 /1 —a2/9



and then substitute u = x/3, du = dz/3 so that

du = sin"tu+ C = sin ' (x/3) + C

1 1
S
/\/9—x2 v V1—u?
Example:Evaluate / V4 — 2?2 dx

Solution: Here z = 2sinf, do = 2cosf and v/4 — 22 = 2cos  so that
/Md:p = 4/(Cos 0)*do
Use the trig identity (cos#)? = (1 + cos 26)/2:
/\/mda: = 2/(1 + c0s20) df = 20 + sin20 + C' = 20 4 2sinf cos§ + C

Here the appropriate triangle is:

so that
4 — p2)1/2 1
/\/4 —22dx = 2sin"H(2/2) + I(j) +C =2sin"Y(2/2) + §x(4 — )2
Check by differentiation.
d o . 1 21/21 1 1 NI 2\—1/2
2o/ Gald = e = e+ (= e - ) )
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