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2. Measurability

It is an objective of this Chapter to define the integral of a function.
If f is a nonnegative function defined on an interval in the real line
then the integral should be able to tell us the area under the graph of
f just as the Riemann integral does in calculus. It will tell us much
more but even in this limited context we shall discover that f must
be restricted: the notion of area under the graph of f will not make
sense for every f and we will be forced to restrict the class of functions
considered. We introduce in this Section the concept of a “measurable”
function. We shall see that f must be measurable if we are to make
sense of the notion of area under the graph. Of course this difficulty
arises already in the case of Riemann integration: the Riemann integral
is not defined for arbitrary functions f. We shall clarify this remark
and discuss the Riemann integral and its relation to the “Lebesgue
integral,” introduced here, at the end of this Chapter.

Definition: Let ) be a set and F be a og-algebra of subsets of ().
The we shall refer to (2, F) as a measurable space. The sets in F will
be referred to as measurable sets.

Definition: Suppose (21, F;) and (€9, F2) are two measurable
spaces. Then a mapping f : Q; — {2y is measurable, with respect
to F, and F, if f~}(B) € F; whenever B € F,. We shall sometimes
say f is measurable function from (Q, ;) to (9, F2) to clarify the
choice of g-algebras F; and F,. Unless otherwise specified a function
f:9Q; — R” is said to be measurable or Borel measurable if f is mea-
surable from (€, F1) to (R*, B).

An elementary example of a measurable function is given by the
characteristic function y4 of a set A . Then y, is measurable as a
mapping from (2, F) to (R, B) if and only if A € F, that is if and only
if A is a measurable set. Further examples of measurable functions will
be apparent once some elementary properties have been established.

LEMMA 2.1. Suppose that (01, F1), (Q2,F2) and (3, F3) are
three measurable spaces and that f : 2y — Qo and g : Q9 — Q3 are two

mappings. If f and g are both measurable then the composed function
go [ is measurable from (21, F1) to (3, F3).

Proof: We must show that, for an arbitrary set C € F3, (g o
f)7HC) € F,. Tt suffices to show that

(2.2.1) (g0 /)™H(C) = F(97(0))
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because g~1(C) € F, because g is measurable and so f~1(¢71(C)) € F;
because f is measurable. The verification of (2.2.1) is a straightforward
exercise in checking the equality of sets. O

PROPOSITION 2.2. Suppose that [ : Q1 — (s is a function and
F1 and Fy are o-algebras on €2y and )y respectively. Suppose further
that S is a system of generators of Fo, which is to say Fo = o(S). Then
f is measurable from (1, F1) to (Q, Fe) if and only if f~'(B) € F,
for every B € S.

Proof: It is obvious that, if f is measurable then f~1(B) € F; for
every B € S simply because S C F,. Conversely, suppose f~(B) € F;
forevery BES. Let T ={B € Fp: f7'(B) € Fi} sothat T 2 S. We
shall show that 7 is a g-algebra which implies that 7 = F, and so, by
the definition of 7, f is measurable. This will complete the proof.

We check therefore that 7 is a o-algebra. Certainly () € 7, because
fY®) = 0 € F.. We check next that if B € T then f }(B) € F,
and so f1(B%) = f}(B)® € F, because F; is closed under taking
complements. (Recall f~!(B¢) = f~!(B)¢ by an Exercise.) We check
finally that if (B,).en is a sequence of sets in T so that f~1(B,) € T
for each n € N then

f_l(UnENBn) = UnENf_l(Bn) e F

because Fj is a o-algebra. This shows that 7 is closed under countable
unions and is therefore a o-algebra and the proof is complete. O

Remark: This set 7 in the proof constitute “good” sets and the
argument that there are many good sets is an instance of what Ash
calls the good sets principle in his text page 5.

Remark: The above proof uses a special case of the following
observation: If f is a mapping f : Q1 — Q5 and if (B, )acz is a collection
of subsets of {2, indexed by a set Z then

f_l(UaEIBa) = UaEIf_l(Ba)
fﬁl(maEIBa) = maEIfil(Ba)-
On the other hand if (A, )acz is a collection of subsets of €2; then
f(UaEIAa) = UaeIf(Aa)
but it may happen that f(NaezAa) 7# Naczf(Aa)-

COROLLARY 2.3. A continuous function f : R™ — R" is Borel
measurable.

Of course the understood o-algebras here are the Borel o-algebra
B(R™) and B(R").
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Proof: Since the B(R") is generated by the open sets, it suffices
to show that f~1(U) € B(R™) for an arbitrary open set U. The result
will then follow from the Proposition. However f is continuous means
that f~'(U) is open whenever U is and so f~}(U) € B(R™). O

The same reasoning applies in a more general setting.

COROLLARY 2.4. If f is a continuous function from one topo-
logical space (X, X) to another (Y, T) then f is measurable from (X, B(X))
to (Y,B(Y)) where B(X) is the Borel o-algebra which is generated by
the open sets &2 of X and similarly B(Y') is generated by the open sets
T.

PROPOSITION 2.5. Suppose that (2, F) is a measurable space

and fi, fo, ... fm are m Borel measurable real valued functions, f; :
(Q,F) - (R B), for 1 < j < m. Suppose that g : (R™,B(R™)) —
(R, B(R)) is measurable. Then

¢(z) = g(f1(2), fo(2), .., fm(@))
defines a measurable function ¢ : (2, F) — (R, B(R)).

We shall set aside the proof of the Proposition until later and con-
sider its consequences.

COROLLARY 2.6. If f; : (2,F) — (R,B), j = 1,2 are Borel
measurable functions, then fi + fo is also Borel measurable.

PRrROOF. This is an application of the Proposition with ¢ : R? — R
defined by g(x1,22) = x1 + zo. Because g is continuous it is Borel
measurable. O

COROLLARY 2.7. If f; : (2,F) — (R,B), j = 1,2 are Borel
measurable functions, then the product fif, is also Borel measurable.
In particular, if k is a real constant then kfy is Borel measurable.

PROOF. In this case g(x,y) = zy. The special case follows by

defining f,(z) = k which makes f; measurable because it is continuous.
O

COROLLARY 2.8. If f : (2, F) — (R, B), is a Borel measurable
function then | f| is also Borel measurable.

PROOF. In this case g(z) = |z|. O

COROLLARY 2.9. If f; : (0, F) = (R,B), j = 1,2 are Borel
measurable functions, and if fo(x) # 0 for all x € Q then the ratio
fi/ fe is also Borel measurable.



2. MEASURABILITY 13

PROOF. In this case we define

x if 0
g(a”y):{o/y if Zio

so that g is defined on all of R? but of course it is not continuous.
We shall check however that g is measurable, as a mapping from
(R?, B(R?)) to (R, B). It suffices to show that g~*(—o0,a) € B(R?)
for any real a by Proposition 2.2. If a < 0 then g7*(—o00,a) = {(z,y) €
R? : z/y < a} is easily seen to be open in R? and hence in B(R?). If
a > 0 then g '(—o00,a) = {(z,y) € R? : z/y < a} U {(z,y) : y = 0}
which is the union of an open and a closed set and is therefore in B(R?).
This proves that ¢ is measurable and so the above Proposition applies
which completes the proof. O

Exercise: Show that if f; : (2,F) — (R,B), j = 1,2 are Borel
measurable functions then max{fi, fo} and min{ fi, fo} are also mea-
surable. Remark: max{a,b} = (Ja — b| + a + b)/2 for any reals a and
b.

It remains to establish the Proposition.

Proof of the Proposition: It suffices to show that the map-
ping, f say, defined by f(z) = (fi(x), fa(z),-.. fm(x)) is measurable
as a mapping from (2, F) to (R™, B(R™) because the composition
of measurable functions is measurable. To verify f is measurable,
it suffices to show that, for an arbitrary a = (a1, as9,... ,an) € R™,
Y {z1 < a1, < ag,... , Ty < ay}) € F by Proposition 2.2. How-
ever

FH o < a1, 20 < g, T < am}) = Migjamf; ' (—00,a5)
and as the intersection of m measurable sets, this set is, itself measur-

able. O

DEFINITION 2.10. A function f : (Q,F) — R is said to be
stmple if there exist finitely many sets A; € F, 1 < j <m and scalars
Aj so that

fl@) =3 Aixay(@)
1<j<m
The set of all simple functions is denotes S(Q, F) or S when the context

18 clear.

Observe that a simple function is measurable because it is the sum
of measurable functions. Also a simple function takes on only finitely
many values, A\;, 1 < j < m and possibly 0. Conversely a measurable
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function that takes on finitely many values is simple. To see this, sim-
ply define, for each ); in the image of f, A; = f~'({)\;}). The set S
is closed under addition, scalar multiplication and multiplication and
therefore forms a linear algebra over R of functions. (Recall that a lin-
ear algebra is a vector space with a multiplication operation (f, g) — fg
that is associative and distributes over addition from the left and right
and, for any scalar «, a(fg) = (af)g = f(ag). Reference: Naimark’s
Normed Algebras §7.) It is further worth noting that the representation
f(®) =32 1<jcm AiXa; (2) in the definition of f € S is not unique.

PROPOSITION 2.11. Let f,, n € N be a sequence of Borel mea-
surable real valued functions defined on a measurable space (2, F). Sup-
pose that

linl\lI f(z) = f(z) exists in R for every x € .
ne
Then the function f: (2, F) = R, so defined, is measurable.

This result says, briefly, that the pointwise limit of measurable func-
tions is measurable.
Proof: We will show that

(2.2.2) S (=00, a]) = Mpen Unen Njsnf; ((—00,a + 1/p])

for every a € R The set of all sets of the form (—oo,a] generate the
Borel o-algebra B because any open set is generated. Therefore, we
will have shown f is measurable by Proposition 2.2.

To verify (2.2.2), let x € f~!((—o0,a]) so that f(zr) < a. Then,
for any p € N there is n so that f;j(z) < a + 1/p for all j > n:
z € f;'((—o0,a+1/p]) for all j > n or z € Nj>uf; ' ((—00,a+1/p)).
But p was arbitrary and so z belongs to the right side of (2.2.2) and
this shows that f~'((—oo, a]) is a subset or equal to the right side of
(2.2.2).

Conversely suppose that = belongs to the right hand side of (2.2.2).
Then, for every p € N, there exists n € N so that f;(z) < a+1/p for
all 7 > n. Taking limits in this last expression as j — oo we see that
f(z) <a+1/p. Since p is arbitrary f(z) < a and this shows the right
side of (2.2.2) is in f~!((—o0,a]) which verifies (2.2.2). This proves
that f is measurable. 0.

The Extended Reals R: We introduce the extended real line R =
[—00, 00], sometimes referred to as the two point compactification of
the real line, and this is just R with two points +00 adjoined: R = RU
{oo}U{—00}. This will be a convenience when discussing convergence.
We introduce the following topology on R. The neighborhoods of co
(resp. —oo) are those sets which contain an interval of the form (a, o]
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for some a € R (resp. [00,a)) and the neighborhoods of = € R are the
usual: those sets that contain an interval of the form {y : |y — x| < 6}
for some § > 0. Of course the topology that R inherits as a subset of R
is its usual topology. As a consequence of these definitions we see that
R is homeomorphic to the compact interval [—1,1] with the (usual)
topology it inherits as a subset of R. Indeed

\/5;7“ if reR
(2.2.3) S(z)=4¢ 1 if rz=o00

-1 it x=-00

is continuous from R to [—1, 1] with inverse

z if -1<z<1

1 V1—z2
O (z) =4 oo if z=1
—oo if r=-1

which is also continuous.

COROLLARY 2.12. Let f,, n € N be a sequence of Borel mea-

surable extended real valued functions defined on a measurable space
(Q,F). Suppose that

lin& fo(z) = f(x) emists in R for every z € €.
ne

Then the function f : (Q, F) — R, so defined, is measurable.

PROOF. An extended real valued function ¢ is Borel measurable
if and only if ® o g is Borel measurable for ® as in (2.2.3) because ®
and ®~! are continuous and hence measurable. Therefore the previous
Proposition 2.11 applied to ®o f,, implies implies the present result [

Measurable functions can be written as the pointwise limit of simple
functions. We begin by considering nonnegative bounded functions and
later we will extend to all measurable functions.

PROPOSITION 2.13. Suppose [ is be a monnegative, bounded,
measurable function defined on a measurable space (2, F). Then there
is a sequence (fn)nen of simple functions such that

1. (fn)nen is increasing.
2.0< f, < f, for everyn € N
3. (fa)nen converges to f pointwise and even uniformly.

PROOF. Let € > 0 be given. We shall construct a simple function
g. so that g. < f and |f(z) — g(z)| < € for all z € Q. Since f is
bounded we have 0 < f < M for some positive constant M. We
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choose ap =0 < a1 < ag < ... < Gy < Gpy1] S0 that a1 —a; <, for
0<j<m+1and M < ayy1 < M + € We define

Aj={zeQ:a; < f(x) <ajn}=f '(la;,a;41))

for 0 < j < m. Then A; is measurable and A; N A, = 0 if j # k and
UOSjSmAj = (). We define

ge(x) = Z ajXA;

0<j<m

Then g. < f < g + ¢, in fact, for any x € Q, x € A; for some j and so
9¢(z) = a; and a; < f(z) < ajy1.

Define fi = g1, fo = max{f1,q12}, --- fo = max{fo_1,91/n} It
follows that f, < f < f, + 1/n Also that f, is measurable as the
maximum of two simple functions. And (f,)nen is increasing and so f,
has the required properties. O

Next consider the case that f is not necessarily nonnegative but is
still bounded.

PROPOSITION 2.14. Suppose f is a real valued, bounded, mea-
surable function defined on a measurable space (Q, F). Then there is a
sequence (fn)nen of simple functions such that

L |fal < |fl, for everyn € N
2. (fn)nen converges to f pointwise and even uniformly.

Remark: The proof is based on the observation that any real
valued, measurable function f = f* — f~ where f* = max{f,0} =
(|f] + f)/2 is nonnegative and measurable and f~ = —min{f,0} =
max{—f,0} is also nonnegative and measurable.

Proof of the Proposition 2.14 : Let g, be a sequence of non-
negative simple functions convergent to f* = max{f,0} as guaranteed
by the preceding Proposition. Similarly let 4, be simple functions con-
vergent to f~ and define f, = ¢, — h,. Then [f,| = |gn — hn| <
gn+hn < f++f_ = |f| Moreover |f_fn| = |f+_gn_(f__hn)| <
|f*—gn|+|f —hn| and since f*—g, and f~ — h,, go to zero uniformly
on (), f, converges uniformly to f. O

Finally we consider the general case when f need not be bounded.

THEOREM 2.15. Let f be a nonnegative extended value measur-
able function, f: (2, F) — R,. Then there is an increasing sequence
fn of simple functions (measurable on (2, F)) so that

1.0< f, < f, for everyn € N
2. (fa)nen converges to f pointwise.
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B THEOREM 2.16. Let f be a measurable function, f: (Q,F) —
R. Then there is a sequence f, of simple functions so that

L ful < |f], for everyn € N
2. (fn)nen converges to f pointwise.

Remark: It is not true in general that the convergence is uniform
in this more general setting. Indeed, if f is unbounded then it cannot
be approximated uniformly by bounded functions. For suppose f, be a
sequence of functions, uniformly convergent to a function f and suppose
each f, is bounded (with bound depending on n). If |f — f,| < 1 then
||f| — |fal| < 1 which says that |f| is bounded. In the setting of the
Theorem above, simple functions are bounded and so we cannot expect
uniform convergence.

Proof of Theorem 2.15: For each p € N, define h, = min{f, p}
so that h, is a bounded, nonnegative measurable function and so it is
possible to choose a simple function g, > 0 so that h, — % <g, < h,
by Proposition 2.13. Then we define f; = g1, fo = max{fi, g2}, .-
fp = max{fy_1,9,} so that f, is simple, nonegative and increasing.
We also see by induction on p, f, < h, < f. To check the pointwise
convergence, suppose xo € €. If f(xy) < oo then we may choose py € N
so that pg > f(xo). Then for p > po, f(xo) = hy(zo) so that f(xo)—% =

hp(xo)—ll) < gp < fp(xo) < f(z0) and so f(zg) = limyen fp(zo). On the
other hand, if f(zy) = oo then h,(z¢) = p and g,(xo) > p — (1/p) so
that f,(z0) > gp(x0) > p — (1/p). Therefore lim, f,(zy) = co = f(zo).
O

Proof of Theorem 2.16 The proof of Proposition 2.14 applies
here except the uniform convergence there must be replaced by point-
wise convergence. Let g, be a sequence of nonnegative simple functions
convergent to f* = max{f,0} as guaranteed by the preceding Theo-
rem. Similarly let h,, be simple functions convergent to f~ and define
fn = gn_hn- Then |fn| = |gn_hn| < gn+h'n < .f++f_ = |.f|
Moreover, if f(z) > 0 then h,(z) =0 and

lim fo() = lim ga(2) = f*(2) = f(2)
Similarly f(z) < 0, then g,(z) = 0 and
lim (2) = lim —hy (x) = —f~(2) = f(a)

Note that lim,, g,(z) = oo and lim,, h,(y) = oo are both possible, but
only if x # y. O

The set of simple functions is an algebra as we have seen. Moreover
if ¢ : R — R is Borel measurable then ¢ o f is simple whenever f is.
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In particular |f| is simple if f is and max{f, g} = 3(f+ g+ |f —g) is
simple whenever f and g are. Similarly min{f, g} is simple.



