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Chapter 3: Exponential and Logarithm Functions.

Exponential Functions an

PN
=d 1l

274 = 2*¥2*2*2 (multiply 4 timesO

(274)%273) =277

IN(_1/R) — 1
Z—\—1/5)
27(1/3)
In general 27(-n) _ 1 P
p— foranyn
on

We can take 2 to any fractional power with these definitions. The book argues

that 27 x makes sense for any real number x because we can approximate

- x by its finite decimal expansion (which is rational) and take a limit.

This is true but not so obvious.

; s of o Functions:_a~ I E

1) (@~x)(@”y) = a”(x+y)

2)a”~x/a”y = a”(x-=y

NG Y ,\_],

3) (@7 X))y = a”(Xy)

4) a~(-x) = 1/a™x
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Graph of 27x =y
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-~ Note a~x>0 for all x.




Differentiation:

If f(x) = a”~xthen

f(x+h)-f(x) a”~(x+h)-a”x a~x*a™h-a”™x a”~h-1
h = h = < 7\ . L = LA g a/\X < LI
h « h
— L
This says f is differentiable at x if lim a”~h-1 .~ . o h
hA‘IO h CEXILLS. (IS difrerceritianic

everywhere if it is differentiable at 0. The limit

im e~h-1 =1 L, =24
- 115 - - O
h>0 Lo 9
L 3 = 1.3
Then 2<e <3 Lp_:\




Inx =log
e

_—

(log base e). So

e™(In x) = xand In(e™x) = x

Then L_a = In(a).

S b
d X x
— 3 —
dx (Ina)a
|
d
"AX i~y 2 X n (N o1 H X
dx <4 =({In2)2 = (00951 ) 2
Of courselne =1 and so
X
dx € =(ne)eX = eX

Recall the chain rule d

Example: Differentiatey = e™(x"2) y'=e”

(Xx"2)2x = 2x e (x"2)




Example: Differentiate y = x™~2e”x

Recall the product rule. d
d

(f(x)g(x))= g(x)d f(x) 4

X

dx

~X(2x)+ x"2e™x= e X[ 2x + x"2]=eX 2
Therefore y'= e7x(2x)+ X" 2e”X XL 2x + x*2] [2x +x4]

2X
Example: Differentiatey = e
X~2+3
Apply the Quotient Rule d_ N _ DN'-ND'
dx D D2

yo (x™~243)2 e™(2x) - e™(2x) 2x e™(2x)[ 2x7™2 -2x+6]

[Xx™~2+3]"2

[Xx™~2+3]72




3.2 Logarithmic Functions

Recall the graph -of y = X fora>0and a 94 1/

| M
/

log_a (3)

O<bx<l 1<a

oney>0soy=a”x (Similarly if 0<a<l). Consequently we can define a function

which takes y to the corresponding x. Thisis1og_a

log a(@a”™x) =x anda”™(log a x) =x

Example log 2(4) = 2
log_10(1000) = 3
log_3 (1/27) = -3

bg_2(4) = log _2(272)=2; log 10(1000) = log 10(10"3) =3; ;log_3(1/27)

 log_3(277(-1) ) log_3(37(-3)) =-

.
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| Properties of Logarithms We write log for log = Ioga

log(2™3) =3 log(274) =4

2)log (x/y) = log(x) - log(y)

3)log (X) = k log(x)

7)log x =1Inx , T
727 —= (all logs differ by a multiplicative constant.)
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8) d I 1

— Inx= —

dx N

LY
In x
-~ Rationale: e =X
Differentiate elnx d d
— Inx =—_y =1
/,,ﬁ‘ dx dx
chainrute

d
q Inx =1or

Example 1 Differentiatey = In (x™2+x +2)

Recall the chain rule:

H — —_ Y

—1 _  (2X+1) = _2x+1
y' = X"24x42 X" 2+x+1

Example 2 Differentiate y = In/x+1

Simplify y = In (x+1)~(1/2) =% In(x+1)

2(x+1)




Simplify y =1Inx"2 + In(x+1) + In (x-3)= 2In X + In(x+1) + In(x-3)

<o that v' = I | 4 1
(= AV I . C

mna y 1 ) T -’

x+1 X-3

Example. Differentiate y = [In x]"™5

4
Does y simplify? y' = 5[In x]~4 (1/x) = 5[In x]

X




.3 Applications: Uninhibited and Limited Growth Models

where k is the constant of proportionality and might be a positive or negative

real number.

(x is time)

Examples: 1) Population. The number y of bacteria in a culture grows at a

of Strontium 90 atomd then y'=ky where k<0. The number

of strontium 90 atoms is decreasing.

3) A portfolio of investments in bonds grows in value at a

rate proportional to the values of the account or this is a close

approximation

I the | s 3% ti I | the i I
y'= (1.03)y

roughly. (This approximates compound interest when the compounding

period is very short: " continuous compounding.)




at 4% per year. If the portfolio is worth $60,000 now then how much

will It be worth In 2 years? In t years?




