h)

X"2+1

N3

y=0 asymptote

4 The case of a continuous function f(x) defined on a closed bounded interval

[a,b]

WE look for the ABSOLUTE max and min of f on [a,b]. M is an absolute

maximum of f(x) on [a,b] if

Mo

f(x) <M forallx, a< x<b and there is c so that f(c) =M

=>

p—




!

Abs min

Section 2.4

Theorem Every continuous function defined on a closed and bounded interval

[a,b] has both an absolute maximum and minimum.

Max-Min Principle 1 (Theorem8)

Ti bsol |t bsol in of , . : lefined
on a closed bounded interval [a,b] occur either at a critical point or at

an end point (a or b).

1) Check for critical points f'(x) =2x-2 =2(x-1)
Set f'(x) =0 x=1

f'(x) DNE for some x? No

2) What are the end points? x=0, x=3




3) Evaluate f(x) at each of the points in parts 1 and 2

f(x) = x™2-2x

f(1) =1-2 =-1 <<—— Absolute min value of -1 at x=1

f(0) =0
nwoy

>4

=

Example: Let f(x) = 1/x for x>0 thenf(x) is continuous but the

interval x>0 is not closed or bounded and f has neither an absolute max nor min.

y =

|
|
l
H
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Max-Min Principle 2 (Theorem 9)

If f is differentiable on an entire interval | and if there is exactly one c in |

so that f'(c)=0 and if i Iati (resp. min) then it i |

max (resp. min) on I.

Example: Let f(x) = x +1/x, x>0. Find the absolute max and min if they exist.

; he x>0 losed (or t ed) there | F

absolute max or min existing.

points f'(x) = 0 : 1- x~(-2)=0 so x"2= 1‘sé)x—+/ib'utx>Osox 1.

fis dlfferentlable on the entire interval x>0 Is x=1 a relat|ve max or min

y = X+1

y = X (slant asymptote)

vV




2.5 Max-Min Problems; Business and Economics Applications

Example: A farmer wants to fence off a rectangular plot of land along

a river for pasture. She has 600 meters of fence and no fence is needed

along the river. What is the largest area that she can enclose?

Solution: Picture

River

We want to maximize area which for a rectangle is A = Xy = x*y

We know that there is 600 meters of fence: x+2y = 600
X = 600-2y

Eliminate all but one variable. A = (600-2y)y = 600y - 2y~2

Find the absolute max / min of A on the closed interval 0.<y <300

using calculus [0,300] is a closed and bounded interval

\/

600---4
A="00U -4y

Check for critical points A'=0: 600-4y = 0 or 600 = 4y or 150 =y
A'is defined for all y and so this is the only critical point.

End Points y =0andy = 300

y=0 A=0

y= 300, A =600*300 - 2*¥300*300 =0

Absolut‘e/max

A wheny = 150 is 600*150 - 2*¥150*150 = 150*(600 -2*150) =150*300=45000

—ﬁérwhewﬂm%%e&%e Do
ABsolute Min



The farmer should fence off a rectangular portion which is 150 by 300 m of

nactiiraland alana - tha rivvar

pastulrciariu aivity uic rivceit.




Example (page 274, Number 32 of the text)

hotel charges $80 per day for a room. For every increase of x dollars in

the daily room rate , there are x rooms vacant.Each occupied room costs $22

. per day to service and maintain. What should the hotel charge to maximize
profit?

Let p(x) = the price of a room per night when there are x rooms vacant.

p(0) = 80
p(l) =281
p(x) =80 + x

300-x is ti | f ied
Revenue is 80+ H300-d= 24000+220x-x"2

Costs are 22(300-x) = 6600-22x so that Profit (Revenue minus cost) is
P(x) = 24000 +220x -x"2 -(6600-22x)= 17400—+242x=x>2

—

242-2x=0

Find P'= 242-2x so that there is a critical point at x =121 and nowhere else
242=2X because P'(x) is defined everywhere.
121=x he endbpoin =0_and

P(O) =17,40CG——
P(300) =0 Absolute Min —

P(121) = 17400 +242(121) -(121)"2= 17400+14641=32041Absol

NN
MidX

So if the charge is 80+x = 201 dollars per night then the profit is maximized

Masxermim-orinciote 2 I I '




2.6 Marginals and Differentials.

C(x) the cost and P(x) the profit.

The Marginal Revenue is R'(x)

The Marginal Cost is C'(x)

DL/~

Thha M : 1 iy
e viargiral profricis FX)

Example: the Cost of installing x residential swimming pools is C(x)= 22,000x +5x"2

because equipment and costs forinstalling a pool next dooris $22,000 but

when more and more pools are installed then there is an additional transportation

cost.

marginal

cost




2) Differentials.

- If f(x) is a differentiable function then the differential of f is definedtobe

df = f'(x) dx

Intuitively the differential records how fast f(x) is changing relative to x.

. Example: Suppose that a shipping container is a perfect cube butitis

made by hand and the side length may vary: the side length is 6 +/- 0.1

— feet. Use differentials to the variation in volume. ——# —# #7707 777777

V(x) = x™3 x is the sidelength of the container.

dV = V'(x) dx or dV = 3x"™2 dx.

V(6) = 6°3 =216

A . ~

=+/-10.8

The error is using 216 cu ft as the approximation of volume is about 10.8 cu ft.

((6.1)~3-673 =10.981) V =216 +/-10.8

(5.9)°~3-216 £-10.981

Mean Value Theorem: If f(x) is continuous on [a,b] and differentiable

on (a,b) then there exists ¢, a<c<b so that

f(b)-f(a) = f'(c)(b-a)

- (The change in f is the derivative times the change inx.) Ifthe

interval (g,b) is very small we can approximate f'(c) by f'(a)

f(b)-f(a) = f'(a)(b-a)

or /\f ¥r@)Ax /\ Delta




Example: Find dy if

) [cyia
1)y = VOoXT>5
2)y = =
3t+9
| Solution 1) Here y = ( 5x+3)~(1/2) do thaty' =L(5x+3)"(-1/2) 5 pythe
2
generalized power rule. Therefore
dy= 2 (5x+3)"(-1/2)dx
2
0-4(3) 12
2)y = . = — ———— Quotient Rule
(3t+9)72 (3t+9)~2
DN' -ND'
Therefore 12 D~2
dy= — — dt
(3t+9)"2

Example if y = (3x+1)7(-1/3) then y' = (-1/3)(3x+1)"(-4/3) *3= -(3x+1)"(-4/3)

256

if x =21 then df = - —2— 4,

(@)]

oY
yAe)
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Chapter 3: Exponential and Logarithm Functions.

Exponential Functions al  _— j~p a>0
a=2 274 = 2¥2*2%2 (multiply 4 times)
(274)%(273) =277

In general 27(-n) _ 1 foranv-n

We can take 2 to any fractional power with these definitions. The book argues

that 27 x makes sense for any real number x because we can approximate

- x by its finite decimal expansion (which is rational) and take a limit.

This is true but not so obvious.

; s of o Functions:_a~ I E

1) (@~x)(@”y) = a”(x+y)

2)a”~x/a”y = a”(x-=y

NG Y ,\_],

3) (@7 X))y = a”(Xy)

4) a~(-x) = 1/a™x




yA\

Graph of 27 x

\"A)

IN( )

=4

Granh-of v = 3™ x

GTroapprruiry

A~ < \w

N

a~™x>0 for all x

<

~ Graphof(1/2)~x =

| Note




Differentiation:

If f(x) = a”~xthen

f(x+h)-f(x) a”(x+h)-a"x a~x*a~h-a’x

h — — a 7 L 7 =a/\X

This says f is differentiable at x if lim a”~h-1

1=l
IS Ulirereritiapic

Hpy (€ 3 ~ 1 FF
exists. (1

h=0 h

everywhere if it is differentiable at 0. The limit

lim e™~h-1 =1
h=>0 h

Then




~aiacio

e™X that ic

=

Inx =log

(log base e). So

e™(In x) = xand In(e™x) = x

Then L a = In(a).

\S FAN

d
dx

(001 O X
(U.09o1) 2

5\ '\X N
=(In2)2 =

{]

d

Ha

Reacrall +he chain-ri
NCCall Lt Crialll Tuic

f(g(x)) = f(g(x))g'(x)

dx

Recall the product rule. d

OIXg(X)

dx




