2.B Graph Sketching: Asymptotes and Rational Functions.
A rational function is the ratio of two polynomials
Examples 1) f(x) = 2Xx+4
x+1
X+1
2) f(x) = — —
X2 +5
3)g(x) = AX72+5
X" 2+5x+6
4) h(t) = 5t°3 +t"2+2t
t~2-3t+2
Example: 1) A vertical asympote for the curve y = f(x) is _X=-1
2) No vertical asymptote because x~2+3 is never 0
vertical asymptotes
4) 72-3t+2=(t-2 )(t-1 ) t=1 and t =2 are vertical
asymptotes
Section 2.}

For rational functions factor out the highest power downstairs

lim 1 _ lim 1 _
xeg, T X—>-00 X
Example 1) f(x) = 2X+4 _ X (2 +4/x)
X+1 5 (1+1/x)
— = A \ 17%)
' — i 2+ 4/x
l(ITDg f(x) lim . 240 =2 Horizontal Asymptote is
x=pa L1+ LX 1+0 y=2

atx = o@ andatx =-¢o




So y=2 is a horizontal asymptote.

Taking the limit as x goes to &0  gives the same value y=2 is a horizontal

1 asymptote at +/- GQ
v
Example 2) 2)1(x) = ———
D +3 (degree on bottom larger)
+0—=0
lim f(x) = lim x+1 _ lim ﬁ (1/x + 1/x"2\ — lim 1/x+ 1/x"2 0
x50 XTUXT243 5eh k291 +3x%2) w0 1 +3x~2 O
=0
So the horizontal asymptote isy = 0
(Same as x approaches - O )
— 4x72+5

Example 3) g(x) = = 72 __ (degree on bottom equals degree on top)

X" 2+5x+6
lim g(x) = |im **2 4+ 5/x™2 _pim A 5/X72 440
x—w x=+ad }?ff 1+5/X+6/X"2  x=30D  145/x +6/x~2 14040 —
Soy = 4 is a horizontal asymptote
Example 4) h(t) = 2L 3" 2+ 2t (degree on bottom is one smaller than

t72-3t+2 one on top
£27 5t +1 + 2/t et a0
h(t) = — St+1 +2/t —~ Ot+1+0
gp7  1-3/t +2/t72 134202~ T o

Soy = 5t+1 is an oblique asymptote.

If the degree on top is 2 or more larger than that on the bottom then this doesn't work.

There is no horizontal or oblique asymptote

does not have a horizontal or oblique asymptote
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Example: Graphy =

X-2

b) Asymptotes (and domain) to get the x-intercept

c) Derivative and domain

d) Critical values (f'(c)=0 or DNE)

i s of 1 " 0 elative-Max/Mi
. - | points where f*(x) DNE ——

g) Intervals of concavity

h) Sketch (Table of Values?)

Solution
a) (0,0)
Horizontal asymptote: lim X 1 — lim 1 I

So y=1 is a horizontal asympote.

c)y'=ﬁ)_'_2{ - -2 ~ y=x_2

(X-2)72 (x-2)~2

N'D -D'N

=0 No such x

critical point. No critical points




—2
. Y (x-2)"2
v i - (-0g, y =- ecreasing

y'(3)= -2 <0 Decreasing

g9)

Intervals of Concavity: (-803, 2)

raurc Ul varaco

0 0 -1/2 <0




/N
y



Example: Graph y =

b) Vertical Asymptote? Dpiyision by 0 ? No vertical asymptote

—Heﬁzeﬂ%aﬂsymptete?—yﬂi

1 _ x227 1x~2
X 2+1 X277 14 1/x72
fim e li X2 0
=2 _— Im A - =0 =0
=0 X y 1+1/x°2 140 y
) ! _2X / - i I IR
c) = > > (extended power rule)
(x= + 1)
y-=(x22+1)~(-1) yr=(-I}{x"24+1) " (-2) 2%
L (24 1)~ x(2)(x22FT)(2%) Ouotient Rute)
y = P4 - ot it aicy)
(x~2+1)~A473
N'D - ND'
bD~2
= -2 1-3x"™2
(x~2+1)"3
= 2 3x™2-1
(X~2+1)"3
So that y"=0 when x =
A . _ -2X _
y'=0 Implies =0 e =0 so-2x=0
xX*2+1)72
y' DNE? No

x=0is the only critical point



-2X

e) Intervals of Increase/Decrease V= > 2
g (X + 1)
(~o0,0) y'(-1)=2/4>0 Increasing
(0,047 y'(1) =-2/4 <0 decreasing

At x=0, y =1 Is x=0 a relative max or min or neither? Max

_ 5 _3x72-1

(X7™2+1)7 >

y"=0? 3x72-1=0 x™2=1/3 sothat x = +/- UJ?

v"' DNE?2 N

Yy N |“0

g) Intervals of Concavity

( w _1[ R\ WA TA 2 Ui

=00, -1/43) y'ely =2 — =145 —
8

(143, 1/3) y"(0) <0 N

C

y"(1) >0

M
/
s




h)

X"2+1

N3

y=0 asymptote

4 The case of a continuous function f(x) defined on a closed bounded interval

[a,b]

WE look for the ABSOLUTE max and min of f on [a,b]. M is an absolute

maximum of f(x) on [a,b] if

Mo

f(x) <M forallx, a< x<b and there is c so that f(c) =M

=>

p—




!

Abs min

Theorem Every continuous function defined on a closed and bounded interval

[a,b] has both an absolute maximum and minimum.

The absol | the abol , it tical poi

an end point (a or b).

1) Check for critical points f'(x) =2x-2 =2(x-1)

Set f'(x) =0 x=1

f'(x) DNE for some x? No

2) What are the end points? x=0, x=3




3) Evaluate f(x) at each of teh points in parts 1 and 2

f(x) = x"2-2x

f(1) =1-2 =-1 <<—— Absolute min value of -1 at x=1

f(O
v

~—

=0

£
I

_

) = 9-60=
27




