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Long range quantum mechanical scattering in the presence of a constant electric
field of strength F >0 is discussed. It is shown that the scattering matrix, as a
function of energy, has a meromorphic continuation to the entire complex plane as
a bounded operator on L(R"™") where n is the space dimension. There is a marked
contrast between this result and the comparable result in the Schrodinger case (F =
0). The scattering matrix is constructed using two Hilbert space wave operators and
time dependent modified wave operators both and the constructions are compared.
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1. Introduction

We shall study the scattering matrix and show that it has a meromorphic extension
to the entire complex plane as a bounded operator in the following context. A non-
relativistic quantum particle in R” is scattered by a long range potential V in the
presence of a constant electric field. If we suppose that the field acts in the direction
e, =(1,0,...,0) of IR* and is of constant strength F > 0 and make convenient
normalizations then the corresponding Hamiltonian can be written as

Hy=—-A+Fx, and H=H,+ V.

Here A = ¢*/0x7 + -+ + 0*/0x? is the Laplacian; H is regarded as a perturbation
of H, and the scattering is by the potential V in the presence of the linear electric
potential Fx,. H and H, are referred to as “Stark” or “Stark-effect” operators in
honor of Johannes Stark (1874-1957) who explored the effect of an electric field on
the spectrum of hydrogen and discovered what is now known as the Stark Effect.
It is known, under the assumptions on V stated in the Hypotheses below, and
if F> 0, that the scattering matrix S(4) exists for almost all real 1 (the “free”
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energy) and defines a unitary operator on L>(IR"~!). We shall show that S(/1) has a
meromorphic continuation in A to the entire complex plane as a bounded operator
on L?(R™"). The continuation is of considerable physical interest because the poles
are “resonances” of the system but what is perhaps of more mathematical interest is
the contrast between this result and the corresponding result in the case F = 0; see
the discussion after the statement of Theorem 2.

The following assumptions on V will be made throughout. Introduce the
notations (x) = (1 + |x|?)!/? and x~ = max{—x, 0}.

Hypotheses. V =V, + V, where V,,(x) is C*(R"), real valued and has an analytic
extension to the cone

I, ={xeC":Rx; < =Ry, |Jx] < py|NRx|} (1.1)

for some R, > 0 and p, > 0, and for some positive constants C and €,

[V (x)] < COx)™ for x e Iy URR" (1.2)
I1|im Va(x) =0. (1.3)

The other term is V, = e*v*1'V,, where p, > 0 and V|, is symmetric and H,-compact
and commutes with any operator which is multiplication by a function of x;.

Example. Let V,(x) = (x;)"% (1 + In(x))~! and suppose that V,(x) is a real valued
function that can be expressed as a sum of a function in L?(R"), p > max{2, n/2}
and a bounded function V,(x) with lim,, V. (x) =0 then V =V, + eV,
satisfies the Hypotheses. (Here V,, acts by multiplication.) See Perry (1983, Section
19.1) for a more detailed discussion of Stark operators. The Coulomb potential
V(x) = 1/|x| is a second example if n > 3. However, in the present context, if
F > 0 then the Coulomb potential is “short range” as will be explained below and
Theorems 1 and 2 below are not new for short range scattering; see White (2001).

The results here are new in the case of long range potentials V. Here “long
range” means that the usual (Mgller) wave operators (see (1.8) below) of scattering
theory do not exist. In the present context that corresponds, roughly to 0 < €, < 1/2
but a precise criterion is given in §4; see (4.2). Consequently some generalized notion
of wave operator is needed. The wave operators most convenient to our purposes
are the two Hilbert space wave operators

Wi =s- Jim et JeitHo (1.4)
where J is a bounded operator on L?(IR") to be chosen in the next paragraph and
“s-lim” means the limit is taken in the strong topology.

Following Isozaki, Kitada, and Yajima (Isozaki, 1982; Isozaki and Kitada,
1985a,b) and Kitada and Yajima (1982, 1983) (who used the terminology “time
independent modifier” for J), we define the Fourier integral operators

Fu(x) = [ €709a%(x, (@), (1.5)
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where integrals are over IR” unless otherwise indicated and d,x is (27)™"/? times
Lebesgue measure on RR". The phase ¢ and symbol a* will be introduced in
§2 and §3 respectively and are very similar to those constructed in White (2001).
The operator J is defined so that it agrees with J* (resp. J~) on outgoing (resp.
incoming) states (see (2.5) below). It is known (White, 1990) that W exists (that
is the limit in (1.4) exists) and is “complete” under more general assumptions than
those in the Hypotheses above.

We shall consider the scattering operator S, = (W;")*W; . The scattering matrix
S,(2) is defined by restricting S, to manifolds of constant free energy A. These
manifolds are hyperplanes IR”"! in the present context (F > 0) whereas, for
comparision, they are spheres S"! if F =0. The restriction operator, T,(1) is
constructed explicitly after (5.9); it is a mapping from L>(R") to L>*(R"""). Formally
we have AT (1) = Ty(L)H, and S,(2)T,(4) = To(1)S,.

Before considering the extension of the scattering matrix we show that the
resolvent operator R(z) = (H — z)~!, has an extension from C, = {z€ C : 3z > 0}
to € in a certain context. We shall need the notation

V, = HJ — JH,

for the “effective potential;” later we shall see that V, is a bounded operator. Also
V; (resp. V;) will be a certain restriction of V, to outgoing (resp. incoming) states
and V, = V; + V; see (2.2) below.

Theorem 1. For any u > 0, each of the 9 operators

eI R(z)e™, e ™RV, (Vi)*R(z)e ™1,
(Vi) R@V® and (V7)*R(2)Vi

has a meromorphic extension from C, (resp. C_) to C as a bounded operator on
L*(R™).

The main result of this paper is:
Theorem 2. For almost every real ).
S;(A) =1 = 22mTy(AD)J*V, Ty (A)* + 2riTy(A) Vi R(A + i0)V, T, (A)* (1.6)

and S;(1) has a meromorphic extension in A to all of C as a bounded operator on
L*(R"Y). Moreover T,(1)J*V,T,(1)* has a holomorphic extension to C.

As a consequence of this theorem, a pole of the (extended) scattering matrix
S,(A) must be a pole of the (extended) resolvent R(z). That is to say that, a pole
of S,(2) which is what physicists refer to as a resonance, is a pole of the resolvent
operator which is what mathematicians define to be a resonance. The converse is
not clear, to the author at least. In the case of Schodinger operators (F = 0), the
two concepts of resonance coincide (Gérard and Martinez, 1989).

Theorems 1 and 2 are extensions to the long range case of earlier works (Hislop
and White, 1999; White, 2001).
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Significantly Theorem 2 differs from the comparable result for Schrodinger
operators (F = 0) of Gérard and Martinez (1989) and Agmon and Klein (1992).
In those results, again the scattering matrix does indeed extend (to a cone in C)
under roughly comparable hypotheses on the potential V. However the extension
is as a bounded operator (on L*(S""!) in their case) only if the potential V is
short range. If V is long range then the extension is as bounded operators on
Gevrey spaces G*(S"™!) for a restricted range of the parameter s with the restriction
depending on the rate of decay of the potential. In Agmon and Klein (1992), very
slowly decaying potentials are considered and for them even the Gevrey spaces are
not adequate for the extension. No such problem arises here in the case F > 0: the
extension exists as a bounded operator in L?(R""). Other works on continuation
may be found in Bommier (1994), Sigal (1986), and, in the Start case, Yajima (1981).

The notion of scattering matrix employed by Gérard and Martinez (1989) is
the same as here: S,;(4) where J is chosen comparably to here. In Agmon and
Klein (1992), potentials are assumed to be spherically symmetric and the scattering
matrix is defined in terms of generalized eigenfunctions. Certainly some generalized
notion of the scattering matrix of short range scattering is needed to treat long range
scattering and S,(4) suffices but it is natural to ask how §,(1) compares to other,
more historical definitions of scattering matrix. Therefore we will compare S,(4) to
the scattering matrix associated with the Dollard modified wave operators which we
shall now introduce.

Consider therefore the modified wave operators which were applied by Dollard
(1964) to the study of scattering by a Coulomb potential (when F = 0). The
modified wave operators are defined by

Q;t = s- lim e e it g=i7(D) (1.7)

t—+oo

where e~7(P) is equivalent by way of the Fourier transform to multiplication by a
function e~ (¢ € R")satisfying certain conditions; see §4. Both the modified and two
Hilbert space wave operators (1.4) are generalizations of the Mgller wave operators:

QF = Wi = s lim " "0 (1.8)

t— o0

Corresponding to the modified wave operators is the scattering operator defined by
3, = (Q)*Q;. The scattering matrix 2, (/) can be defined by restricting 3, to a
manifold of free energy A in the same manner as S ,(4) was defined by restnctlng S;.

How should y, be chosen? In terms of the phase ¢ to be defined in §2, we
define 0% (x, &) = ¢ (x, &) — x - € and

7,(8) = FOT(—R,e, +21& — Frle,, +¢ — Fre)) (1.9)
if £¢ > 0 and R, > 0 is the constant of (2.6) below. Then we have

Theorem 3. The modified wave operators Q)i of (1.7) where the modifier is defined by
(1.9) exist and are complete and moreover

O =wy.

The Mgller wave operators Wit (1.8) exist if €, > 1/2 or, more precisely, if and only if
condition (4.2) is valid. If €, > 1/2 then Wi = W = Q.
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Corollary 4. The two definitions of the scattering matrix %.(4) = S,(4) coincide. The
scattering matrix has a meromorphic extension to the entire complex plane as a bounded
operator on L*(R"™"). If €, > 1/2 then the scattering matrix 3,(1) = S,(1), associated
with the Mgpller wave operators, has such an extension.

Proof of Corollary 4. This result follows from Theorems 2 and 3 immediately. O

The plan for the subsequent sections is this: In §2, we overview differences
between the long range case here, compared to the short range case of White (2001).
Additionally, in §2 the definition of the phase ¢* of J* is given. The construction
of the symbol a® is outlined in §3. Theorem 3 follows by the method of stationary
phase and a proof is given in §4 assuming Theorems 1 and 2. In §5 groundwork
is laid for the proof of Theorems 1 and 2 and the fundamental analytic extension
result 2 is stated. Theorem 2 is derived from Theorem 1 in §6; Theorem 1 is derived
in §7 with the help of Lemma 7.2. Finally in §8, Lemma 7.2 is derived showing the
use of analytic properties of ¢ and a*. To avoid lengthy repetitions of arguments
the reader will be referred to White (2001) when no confusion should arise but most
results are stated completely here.

2. Phase

In this section we give the strategy for the proofs of Theorems 1 and 2 of §1 and
highlight the differences between the short range case considered in White (2001)
and the long range case considered here. Then the choice of the phase function of
the operators J* is described in some detail.

The long and short range cases are not so different as might be expected because
even in the short range case (White, 2001), long range methods (such as using the
wave operators Wi of (1.4)) were used. The same is true of the Schrodinger case
(F = 0): Gérard and Martinez (1989) also use W;" to treat both long and short range
potentials. Therefore the proof of Theorems 1 and 2 of §1 can parallel that of the
comparable results in White (2001). We shall introduce the “effective” potential in
an effort to explain the differences between the short and long range cases. First
we will need operators which act as projections onto the incoming and outgoing
subspaces. However true projection operators have “bad commutator properties”
and so we proceed as follows. We define y € C*(IR) to be a smooth version of the
Heaviside function:

1 ifx, >1/2

2.1
0 if x;, <—1/2 @D

5{(61) Z{

and so that 7(&)?+ 7(=¢)*>=1 and %(&,) > 0. Our “approximate projections”
onto the incoming (resp. outgoing) state space are defined, for any x > 0, by
7(D,/Kx)( resp. y(—D,/x).) where D; = —id/dx,. Therefore 7(D,/x) is equivalent via
the Fourier transform to multiplication by 7(&,/x). The effective potential is V, =
Y. Vi =V} +V; where VF = HI*3(¥D,/x) — J*3(¥D,/x)H, or

~ - iF .,
VJi = [H%Ji - JiHo]X(:FDMK) + VeJiX(:FDl/K) + xji}f (FD, /) (2.2)
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where H, = H, + V,, and %' is the derivative of ¥. By a formal calculation that can
easily be justified H,J* — J*H, is a Fourier integral operator like J* and with the
same phase ¢* but with symbol

(x, &) = —2iV,*(x, &) - V,a

. €)
+p7(x, Oa*(x, &) — Aa™(x, f) (2.3)

where

<i>

pH(x, &) = V" (x, O — (x &) + Fxy + Vo (x) = [EP = id,¢™(x, &), (24)

We shall want Vi to be small in some sense and we choose ¢* in §2 and a* in §3 so
that 7% (x, &) = O(e "), for some u > 0, provided F¢&, > 0. A similar choice was
made in the short range case. However, the effective potential also includes terms
like the last term on the right hand side of (2.2) which arises as the commutator of
H, with the incoming or outgoing approximate projections. The symbols of these
terms are compactly supported in the £, variable. It will also be convenient if their
operator norms are small as well. Consequently we shall eliminate any cutoff of the
phase and choose the parameter x > 0 in (2.2) to be large. Large x corresponds to
a gradual transition from incoming to outgoing and vice versa. Consequently our
estimates of the phase ¢t (resp. ¢~) must be uniform even into the incoming region
&, > 0 (resp. outgoing region &, < 0). Furthermore, since the phase ¢* is not cutoff,
we are forced to work with J* and J~ separately instead of the operator J of White
(2001). The appropriate definition of J here for the statement of the results in §1 is

J=T"72(=D\/K) + I~ (D) /1) (2.5)

This completes the overview of the difficulties specific to the long range case.
The results in White (2001) that used the short range assumption €, > 1/2 in
a significant way are Lemma 5.1 and Theorem 6.2, there; these correspond to
Lemma 5.1 below and Theorem 1 above, respectively.

Next we introduce the phase function ¢*(x, &) of J*. We set ¢~ (x, &) =
—¢*t(x,—¢) and therefore need only define the outgoing portion ¢*.
The construction here is the same as in White (2001) but omits any cutoff of the
incoming portion (&, > 0); it is preferable to cutoff only the symbol and not the
phase.

We define now ¢+, or more conveniently 0t = ¢*(x, ) — x - £&. The motivation
here is that p* of (2.4) should decay rapidly in the field direction —e,. As a first
approximation of 01 we set

V,(x+2t& — Fr'e)) — V,(—R,e, + 2t&, — Fre))dt if e, <1/2
0,(x,¢) = o

V, (x + 2t& — Fle))dt if €, >1/2
(2.6)

for any fixed R, > Ry. (This is the same R, that appears in (1.9).) This definition
corrects the definition of 0, given in White (2001) in the short range case €, > 1/2.



Meromorphic Continuation 137

The integral defining 6, exists, as an improper Riemann integral, if €, < 1/2 and
absolutely if €, > 1/2 and defines a differentiable function of (x, £) whose derivative
can be calculated by differentiating under the integral sign. Introduce a cutoff
function ¥_ ;) € C*(IR) function so that

- 1 ifx; <1/2
T (1) = if x> 1.

We further define

Y(x, ¢) = 5{(700,1)(mx1)|vx91 (x, §)|2

0.8 = 0,(r O + T 28— Filey, & — Fre,)ds

This is the same definition as used in White (2001) if M¢&, < 0 (that is, in the
important outgoing region) but here we omit any cutoff in &, in the definition of
Y. Define 0% in terms of 0, as follows: let 7. g, be a C*(R) function which is
T(—oo—ry(X1) = 0if x; > =Ry and 7_,, g, (x) = 1 if x; < =R, — 1. Let

wy(xy) = (x; + Ry + 1)5((—00,—R0)(9{x1) —R,—1
and
07 (xy, x5 &) = Oy (a(xy), x4, &). (2.7)

This cutoff locks in the analyticity of 0 in the other variables when x; > —R; is
fixed. The parameter R, will be specified very large in §5 below. This completes the
construction of 8% and therefore of ¢t (x, &) = x- &+ 0% (x, &); their properties are
summarized in the proposition below.

To state that proposition, we first recall that V,, is analytic on a cone.
Correspondingly the phase ¢* is analytic on

I'(y, R, K) = [(x, &) e € : |3x] < —ypy(Rx, + K), Rx; < —R,

3¢ < max(—7py ey, 1), 9, < (F/291 | (2.8)

where 0 <y <1, and provided R > K > 0 are adequately large. Intuitively 1 — 7y,
I/R, 1/K are small positive constants to be chosen as appropriate for the proof
of the proposition below and for the construction of the symbol in §3 below. We
introduce the notation C;'(£2), 0 < m < oo for those functions in C"({2) which are
bounded along with all their partial derivatives up to order m on a set Q) in R”
or C".

Proposition 1. Let 0 <y, <1 be a given constant. Then there is R, and K
0<K, <R, so that the phase, ¢*(x, &), as defined above, with Ry > R, in (2.7)
adequately large exists and is C*(Q) where Q =T U {(x, &) € R*™ : & < \/(F/2)x7}
and T = F(yd), R,, K¢). Moreover ¢*(x, &) is real valued when x and & are; ¢ is
holomorphic on Q N {(x, &) : Nx; < =Ry — 1}. If =Ry — 1 < Nx; < —R,, (resp. Nx; >
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—R,) is fixed then ¢* (x, &) is holomorphic in the variables (x, , &) on the cross section
I(x) ={(x, &) : (x,x,, &) €T} (resp. on I(—R,)) of . Further, for any o, € N,

sup{|Dng[qu5+(x, H—=¢:(x, &) eQ}=0(1) as Ry — 0. (2.9)
Moreover for any €,, 0 < €, < €, there is C > 0 so that

V™ (x, &) — €] < Ca |7 (|9, | + (€)™ (2.10)
p(x, O < Cl9txy | 71750 (|9tx | + (91&,)*) 72 (2.11)

for all (x, &) € I. The functions p and V. ¢+ — &, and V.p" — x, belong to C;*(£2) and
for any real R and all o, f € INj

WM 7 p (x)[ID2DE[V, 7 (x, &) — €]| + | D*DEp(x, &)]] = 0,

[(x,&)[—>o00

the limit being taken inside Q. Finally, if €, > 1/2 in the Hypothesis, then ¢ (x, &) —
x-Cisin CP(Q) and ¢ (x, &) — x - & = O(|Nx, |~ /%) on T

Remark. This is (White, 2001, Proposition 2.1) except that () has been enlarged
and the additional conclusion V:¢*(x, £) — x is in C;°(Q2) has been drawn. Later in
(5.8) we shall need estimates for the first few derivatives of ¢*(x, &) on the outgoing
region NE, < k where x > 0 is large. It will be possible to fix x as large as necessary
provided —Nx, is restricted to be suitably large because the estimates above are
uniform on Q or I'.

Remarks on the Proof of the Proposition. We begin with the observation that the
derivatives of V,; satisty, for each multi-index o in INj

D"V, (x) = O((%x,)" ") for x e I,. (2.12)

When o = 0 this is just the Hypotheses; the general case follows from the Cauchy
integral formula for derivatives of analytic functions and the conical shape of I},.
Similarly the estimate (2.10) implies the estimate (2.9) on I

The proof is very similar to that of White (2001, Proposition 2.1) and the reader
is referred there. The enlargement of () and I' means that &, may be positive or
more precisely 0 < &, < /Fixy /2 so that Nx; must be compensatingly negative.
In this region the characteristic curves x + 2r¢ — Fr’e; have first component x, +
&JF — F(t — &, /F)? and the real part satisfies %ix, + RE2/F < Mx, /2 < 0. Therefore
whenever —fx; > 0, is large enough then the characteristic curve lies entirely
within I, and they estimates (2.10) and (2.11) can be verified as in White (2001,
Proposition 2.1).

The boundedness of V.07 (x, ) and its derivatives follows by way of White
(2001, Lemma 2.2). The remaining conclusions differ from those in White (2001,
Proposition 2.1) only because () has been enlarged and the verification is the same.

O
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3. Symbol

In this section we complete the specification of the operator J* (1.5) by indicating
the choice of symbol a*, the phase ¢* being already specified in §2. Unlike the
phase, the symbol is constructed exactly as in White (2001) and so it is only
necessary to recall the relevant results for reference. One critical criterion in the
choice of the symbol a* of J* is that the symbol 7+ of equation (2.3) of H,J™ —
JTH, will decay to 0 exponentially fast as fx; — —oo in the outgoing regions of
phase space. We shall find it convenient to construct the restriction b of a* to an
outgoing region of space and to obtain a* by simply extending b by (3.8) below.
Therefore define 1™ by (2.3) with 7" and a* there replaced by ™ and b respectively.
Regrettably b(x, &), as constructed below, is not analytic in x; and so, in order to
keep track of the asymptotic behavior of b and its derivatives, we introduce the
notation

0 1 0 0 0 1 0 0
_— = —1 —— =z +1 = (31)
ox, 2 6§ij ﬁ?sxj axj 2 6§}ixj ﬁ;sxj

J

for 1 < j <n. For « € N/ define 0* = 0*1/0x}" ... 8% /0x™; 0 is defined similarly.
The symbol b has the following properties.

Proposition 2. For any y,, 0 <y, <y,, and k, > 0 there exist constants R, > K, > 0,
and a function b(x, &) defined and C* on T =T1(y,, R,, K,) N{(x, &) € € : R, <
—K,) such that, for fixed x,, Wx, < —R,, b(x, &) is holomorphic in the remaining 2n — 1
variables on (the cross section of) I. Also, for all o, € NG, there is u > 0, and C, ;>0
so that,

0208 (x, O)] < €, ge O (3.2)
’ lj)rln 1Pt (x,6) =0 (3.3)
X,¢)|—> o0
|9y [P (1900 | 4 (99E,)%) 1210700 (b(x, &) = 1] < Cops (34)
Hm |9, [ (90 | + (1)) 2|0 208 (b(x, &) — 1)| = 0. (3.5)

[(x, &) o0

Moreover, there is 5 > 0 (6 = d(u, o, B)) so that on Ty =T N {(x, &) € C" : |Sx, >+
ISE)? < 6%, NE, < 3K,/2} b can written as b = b, + b, where b, is analytic in all 2n
variables on I's and

0700b,(x, &) < C, e
Here y, and €, are constants of Proposition 1; 0 <y, < 1,0 < €4 < €.
Proposition 1 is Proposition 3.1 and Corollary 4.2 of White (2001) combined

and a proof can be found there. The symbol a* of J* can be defined in terms of b
as follows. First extend b to the region fx, > R, by replacing b by

U Yoo,y 11 /R)[B(x, &) — 1] (3.6)
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where

1 ifx; <=5/2

3.7
0 if x; >-3/2 (3.7)

5((—00,—2) (x) = {

and where R > R is a parameter to be chosen later. The extended function will also
be called b. Let

at(x, &) =1+ ¥ o 2NE /K,)(b(x, &) — 1) (3.8)

and similarly define a: replace a* in (3.8) by a); and b by b,. Define a; so that
a* = al, + af. Define the incoming analogues of a™ and ¢* by “time reversal”:

a(x, 8 =at(x =8 ¢ (x, &) =—¢"(x, =9). (3.9)

(Recall ¢* is real valued on R>".) Define a;; (resp. a,) similarly replace a* in (3.9)
by a¥ (resp. a¥). These definitions agree with those in White (2001); however the
introduction of a combined phase ¢ in White (2001) was misguided.

4. Modified Wave Operators

In this section we shall derive Theorem 3 from Theorem 2. We begin with some
introductory comments about the modified wave operators (), of (1.7). The choice
of y, given in (1.9) is made to facilitate the proof of Theorem 3. The one restriction
is that the resultant wave operators (0 should “intertwine” H and H, (Hérmander,
1976). Since that is an immediate consequence of Theorem 3 and the intertwining
principle for Wi (see Yafaev, 1992) we shall not stop to find a direct proof.

We also recall that y, in the definition of the modified wave operators is not
unique. To be more precise we state the following result of Hormander (1976,
Theorem 3.1). Suppose that the modified wave operators QF and QF both exist with
two different choices of y, and 7,. Then the range of Q%lis contained in the range
of OF if and only if exp(—i(y, —7,)) converges in measure as t — £oo to some
function, ® say and, in this event Qi = Q?CI)(D).

The relationship between the modified wave operators - and the two Hilbert
space wave operators Wi was studied by Kitada (1987) in the Schrodinger case
(F =0). There, however the choice of y, is the historical one and is related to
the solution of a certain Hamilton—Jacobi equation; here y, can be chosen as is
convenient for the proof of Theorem 3.

Proof of Theorem 3. Let us begin by assuming the first statement and showing how
it implies the final statement about the Mgller wave operators W;* = Q. We apply
Hormander (1976, Theorem 3.1), as stated in the preceding paragraph with 7, = 0.
Since Wi is complete, that is the range is equal to the subspace of continuity of H
(White, 1990), and since, QF has range inside the subspace of continuity of H by a
standard argument (Kato, 1980), that result applies and we conclude: QZ, exists if
and only if exp(iy,) converges in measure. Recall therefore the definition of y,, r > 0
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(1.9), first in the case that 0 < €, < 1/2
(&) = =07 (—Re, + 2t& — Fr’e,, & — Fre,)
= /too V. (—Re, + 2t& — F’e|) — V,,(—Re, + 21¢, — Fre))
+|V,0,(—Re, + 2t¢ — Fr’e,, ¢ — Fre))|* dt
- /0 V., (—Re, + 2t¢, — Fie,)dx @.1)
provided that —R — 2¢&, — Ft? is sufficiently large and negative so that we are in the

region where 07 = 0,. In this way we see that the Mgller wave operator W;* exists
if and only if

t
exp <z/ V,(2t¢, — Frzel)dr> converges in measure as t — oo. 4.2)
0

(We omit the term —Re, from the argument to simplify the statement.) A similar
calculation applies when €, > 1/2, but in this case y, — 0 as t — oo which implies
that the modified wave operators and Mgller wave operators coincide: QF = Wt

It remains to prove the first statement of Theorem 3 and that can be done by
a stationary phase argument which we now outline. Suppose that u € L*>(IR") has
Fourier transform & € C({¢ : |& — &| < n}) where &, € R" is arbitrary and n > 0
is suitably small (as specified below). Such u form a fundamental subset of L>(R")
(that is, their linear span is dense). It will be shown that

Je Moy _ o~itHo=iy o () a5t — o0 (4-3)

with convergence in L>(IR"). This will show that Q+ exists and is W;", which is
known to exist (White, 1990) and this will conclude the proof.
Recall the Avron-Herbst formula (Avron and Herbst, 1977; Perry, 1983)

. 3 . 2
e itHy __ e iF=t /36‘ itFx, etD]Ft it(—A)
so that
_; _iF233 e Ei0(x E— 5 E2 il 2 A .
Je ”HOM(X) —e iF°t /3e itFx; /etx E+if(x,¢& er])a(x’ f _ Ftel)e’*‘F’ it|¢| u(é)dlg

and similarly

—itHy—iy —iF283)3 i ix-Ei| F2—it|EP2—ip, (E) ~
e itH, z,,(D)u(x) —¢ th/Se itFx /elXC+lg]F[ it|¢] ly,(g)u(é) dlé

To verify 4.3, it suffices to prove that v,(-, 1) — v, (-, t) converges to 0 in L*(IR", dx)
as t — oo where

v, (x, 1) = feix.¢+i0(x—n2e],5—Fte1)e—i:|§|2a(x — Fie,, & — Fre\)i(&) d,¢
v, (x, 1) = feixf—itlél'—iv,(é);t(é) d,¢.

We apply stationary phase (2, §7.7) to v, and v,.
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The stationary phase argument is standard and can be left to the reader but
the properties of the phase that are needed should be stated. Let us introduce the
notation: for each multi-index f || > 1

DPy (&) = / " (20)IDPV(~Re, + 21¢, — FrY) dt
0

(The integral may not exist if f =0 and €, < 1/2.) Since || > 1 the integral exists
and can be differentiated by differentiating “under the integral sign” (so that the
notation is consistent) and the result is a bounded function of ¢,. The required
estimates are: Given K > 0 there is C > 0 so that for all y, £ € R” such that |y, |+
[

|DPy,(&) + DPy (&))| + |DLO* (ty — Frle,, & — File)) + Dy (¢))| < Cr™

The differentiation is in the £, variables but in fact we can allow also differentiation
in £, as well if it is understood that dy, /d&, = 0. The estimates follow directly from
the (2.12); Proposition 2.1 is not needed here.

Stationary phase applies to each of the integrals, the one defining v, and the
other v,. The point of stationary phase for the integral defining v, is ¢ defined
implicitly by the equation

1

denote it by &,(y, t). The point of stationary phase for v, is ¢, (y, t) defined by

1
y = 28— =V (9) = 0.

It is not difficult to show that ¢, — ¢, = O(t~17¢) locally uniformly in y. Comparing
the stationary phase expansions of v, and v, in 7, it follows that the L*(R", dx)
norm of v, — v, converges to 0 as 1 — oo. O

5. Analytic Extensions

In this section we establish a fundamental analytic extension result, Proposition 5.2
in preparation for the proof of Theorems 1 and 2. The proof involves computations
with the operators J* and Vi or more generally

0 u(x) = [ &g (x. Hi(O)de (s.1)

where the integration is over all of R” and u is in the Schwartz space &(IR") of
smooth functions of rapid decrease. Here the phase ¢* is fixed as in §2 but the
allowed symbols ¢g* will comprise a wide class in C*(IR?"). The computations also
will involve pseudo-differential operators: we introduce therefore

Wu(x) = / / O (& X () dX dE (5.2)
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with u € #(IR") and the symbol iy € C*(IR3"). We shall also use the notation ¥ =
Y (X, D,, X") occasionally. It will be convenient to have a criterion that assures that
¥ is bounded operator on L*(IR") and that is given by the Calderén—Vaillancourt
theorem (Calder6n and Vaillancourt, 1972), a special case of which will now be
stated. Define for each m =0, 1,2, ...

W1, = sup{|D*DL DI (x, &, X)), [+ B+ <m, (x, &, x) e R} (5.3)

The version of the Calder6n—Vaillancourt theorem (Calderén and Vaillancourt,
1972) (or see Kumano-go, 1981, p. 224, for example) convenient for the present
applications states that there is a constant C > 0 and integer m, € N, so that, for
every Yy € C*(R3"),

W] =< Clyly,

where || - || denotes the operator norm on L?(R").
It is convenient to introduce a class of symbols i for the operators to be
encountered below. For each 6 > 0, let

Q= {(x, & X) € ©" 1 8¢ | < 8, [3x, P+ |3, 2+ 3¢, P < &,

|Jx;| < dmax{—Nx, — K, 1}, |Jx]| < dmax{-NRx| — K, 1}}

where K, > 0 is a constant of Proposition 1. For m in IN;, let C;'(€)5) denote the
space of functions (x, &, x") which are continuous and bounded along with the
partial derivatives up to order m in the 6n real variables Rx, Jx etc. For each m € N,
and ¢, x > 0, define %(m, J, k) to be the set of all functions ¥ in C}'(25) N C*(€5)
such that, for each fixed x; and x|, ¥(x;, x , &, x{, x| ) is analytic in the remaining
3n — 2 complex variables on the cross section of Q; N {|N¢,| > «}.

For any R > 0 define %,,(m, R, 0, k) C %B(m, J, k) to include those y» which are
analytic in all 3n variables on Q;N {Rx; < —R} N {Rx] < —R} N {|R¢,| > k} and,
for fixed &, |ME| <k, |JE,| < J are analytic in the 3n —1 variables (x, ¢, x') on
the cross section of ;. Define %8 = | %(m, J, k) where the union is over all m €
N, and 9, k > 0; define B, = |J B, (m, R, J, ) where this time the union is over all
m € N, and R, 5, k > 0. It will also be convenient to say that a function ¢*(x, )
belongs to % (or A, if the function (x, &, x') — g*(x, &) does.

Examples. We have b, and a% belong to %,,. To give examples of elements of %
we shall choose, for any X > 0, u > 0, i, and h, x in C* (IR) such that

h,(x)=e™ if |x| >1, and h,x(x)=h,(x+ X) (5.4)

so that &,(x) is like e but smooth at the origin. Then, for any m € N, and X > 0
there is J, u, k > 0 so that be/hﬂ’x, and af/hﬂjx are in %(m, 0, k).

Define further, for any integer 0 < m,

W1, = sup{|0* (e, & )|+ (x, & x') € Qpy 0 f € NG, o+ Bl < m}. (5.5
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(Reference to o is omitted from the notation | - ||,,.) Then, for any € %, we
have [|y(X, D,, X")| < Clly|,,, provided m, is large enough, by the Calderén-
Vaillancourt theorem as stated above,

The operators J* may not themselves be bounded. In fact the phase ¢*
(resp. ¢~) is not well controlled in the incoming region R&, > 0 (resp. outgoing
region R¢; < 0) but the operator J*7(—D, /k) (resp. J~x(D,/x)) will be bounded
for any k > 0. (3 was defined by (2.1).) To be more precise we consider the operators

TEH(FD1 /) (T5) u(x) — 2(FD1/x)*u(x)

= [[ e D (1, ) aF (W, OTFE /1) ulx)dx dE
~ [[ e o) ' dé
- f / GO0 E () & X Yu(x)dx dE (5.6)

where the substitution
B 6x) = [ Vst ), ) ds.
has been made and
Ve, &x) = a*(x Hat (v, O7(FE P F (. X, &) — WFE /K (5T)

where ¥ is the Jacobian corresponding to the substitution. Therefore we have
JE(FD,/x)*(JE)* — 7(FD,/x)* = Y (X, D,, X) is a pseudo-differential operator
with symbol ¢ € % and with L*(R") operator norm bounded by C|y|,, for some
constant C and integer m, by the Calderén—Vaillancourt theorem (Calderén and
Vaillancourt, 1972). Moreover |5 |,, is small because of (2.9) and (3.6). In fact, given
r> 0 we can choose R > 0 in (3.6) and R, > 0 in (2.9) so that ||yF(X, D,, X)| <
r/2. Adding we have

I 7(=Dy /1) () + T~ 2(Dy /1) (T ) =1 < 7 (5.8)

because 7(—¢&;)? + %(¢,)? = 1. Later we shall see that r > 0 should be small to assure
the convergence of a certain series but for now we just note that, provided r < 1,
Jt(=D,/x)*(JH)* + J~7(D,/x)*(J7)* is invertible.

The operators Q* defined by (5.1) can be shown to be bounded by a similar
argument. In fact if the symbol ¢* is in 98 and supported on {+R¢, < k} for some
real x then there are constants C = C(x) > 0 and m € N which do not depend on g*
so that |Q*|| < C|lg*||,,. See Dereziiski and Gérard’s book (1997, Theorem D.13.2)
or White (2001, Equation 5.8).

Introduce a spectral representation for H,. Let

G =(1/HE+ &G+ +&)
and define the operator U on L?(R") by

Uv(x) = F"?[°PVEy](x/F). (5.9
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Then U is a unitary operator on L*(R") and H, = U*x,U. Now suppose v € #(IR")
and define, for each real A, Ty(1)v(x,) = Uv(4, x ), that is U, followed by restriction
to the plane x; = 4 so that Ty(4)v is in F(R"1).

The following result is (White, 2001, Lemma 5.1) generalized to the long range
case €, > 0.

Lemma 1. For any k € N and k > 0 there are constants C > 0 and m € N so that
for any operator QF as in (5.1) with symbol q=, where gq*(x, &) = 0 for £R¢, > « for
some Kk > 0

10,000 + 0 ™ 7o 1 QM1 T ey ]| = Clg™ - (5.10)

Here } ) and }(_«. ) are as in (2.1). In addition, for any real J, the operator

(H(0,00) T <xl>715{(—oo,0))T0(A)* (5.11)

is bounded as a mapping from L*(R"') to L*(R") for every i€ IR. In particular
X0y + (X1) " T ooy]QT,(2)* is a bounded operator from L*(R"') 1o L*(IR")
whenever |q|,, < oo.

Proof. The proof of Lemma 5.1 given in White (2001) is applicable here. There
it was assumed that €, > 1/2 but that hypothesis, we shall see, was unnecessary.
A notational change is needed: our Q* and g* replace Q and ¢ there; 6% (x, &) =
¢*(x, &) — x - & The assumption €, > 1/2 was used to conclude that that a certain
operator was bounded on L?*(IR"). It was defined, for any k € N by

u +— Os- // eV et (x, &, X' 4 X)u(x + x) dx'd¢

where “Os-” indicates that the integral is an oscillatory integral (Kumano-go, 1981)
and where 7 was defined in (2.1) and

/

k
(D g, f))[L] 7 — 1)

/
x| — x|

(3k
+ N — (k5
g ()C, é,X) - ( l) /C(XI)aflf
However this operator can be rewritten in the same form as (5.1) with symbol =

G50 &) = Os- [[ €50 (. £+ x4 ¥ )3 6. €)) i dy

where y(x, &, &) = fol V0" (x, & + s(& — £')) ds by changing the order of integration
and making a change of variable. Since §* € C;°(IR") the operator is bounded as
noted above or see Dereziriski and Gérard (1997, Theorem 13.2). |

Next is the fundamental extension result.
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Proposition 3.

(a) Suppose > 0 and k € N,. Then there is m = m(k) so that, for any operator Q% as
in (5.1) with symbol g% € B, such that g=(x, &) = 0 for £RE, > x for some k > 0
and ||g*||,, < oo, the operators

(—A)kh“QiTO(/l)* and H(’)‘hHQiTO(/l)* (5.12)

extend to entire functions of 1 taking values in the space of bounded operators from
L2(R""Y to L>*(R™). Denote the extensions by the same symbols. For any compact
H C C, there is a constant C not depending on g* so that, for all A € I,

I(=4)*h, @ Ty ()|l + 1 Hy h, @ To ()|l < Clig™],, (5.13)

(b) For any v > 0, e™"PVT (L) extends to {|IA| < Fv} as an analytic operator valued
function bounded from L*(R"™") to L*(IR").

This is (White, 2001, Proposition 5.2) except that that result assumed €, > 1/2
because it relied on White (2001, Lemma 5.1). However, we have just seen in Lemma
1 above that the assumption €, > 1/2 in White (2001, Lemma 5.1) was superfluous
and so we can omit it in Proposition 2 as well. Also Part (b) has been restated; it is
an immediate consequence of White (2001, Equation (5.3)).

6. Theorem 2

Our next goal is to establish Theorem 2, assuming Theorem 1. We begin by taking
a closer look at the effective potential Vi discussed briefly at the beginning of §2.
We consider V; to be specific or rather Ot =V, — V,J*%(—D,/x). Then Q% is an
operator of the form (5.1) with symbol &, (1 + 17) + t; where, for (x, £) € R*,

htf (x, &) = 17(%, (e, 2)(&1/K)7(=E1 /%)
+ iF(b(x, &) = D7(x) + R)[ (e, (&1/ 1) 1 (=1 /)]
+ 700+ R)PT(x, O = F a0y (&1 /57—, /50)
hyty (x, &) = iFb,(x, Ol = 7(x1 + R)IH (oo, -2 (&1/5)7(=E1 /0)]
15 (x, &) = iF(by(x, &) = DI = 7(x; + R)I[Z (o2 (&1/%,)71(=E1 /1))
+[1 =720+ R)IPT (6. O = 7o) (&1 /87— &1 /%)

| F
~ = m
K

for any R, > 0. (R, will be specified below.) Here #* is the symbol of Proposition 3.1
and %, _, was defined in (3.7) and p* was defined in (2.4). If x> 0 is suitably
small then 7 and 7J are the symbols of bounded operators on L?(IR") which we
denote V;" and V;"; V" will be the (bounded) operator with symbol 7 and so V;\ =
V,J*7(=D,/x) + h, (V] + V;') + V5. As for V;, similar reasoning applies. We define
V7, for k=1,2,3 by complex conjugation V, u = V;'u for any u in F(R") say.
Then we have

Vi = VJF2(FDy /1) + b (Vi + V5) + Vi (6.1)
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The logic for this breakdown of Vi will become apparent in the next section but
briefly it is this: Vi* and V5= are bounded operators from which we have been able to
extract the exponential decay factor i, and moreover Vit is Hy-compact and || V|| =
o(1) as R, — oo. As for Vj, its symbol 7 is in %, and it is supported in the strip
{IN¢,| < x} and ||V;7|| is small provided R, and x are large enough.

Outline of the Proof of Theorem 2. We assume Theorem 1 and derive Theorem 2.
The derivation of (1.6) is well known in the case F = 0 (Isozaki and Kitada, 1985a,
Theorem 3.3) and in the case F # 0, the proof is similar (White, 2001, Theorem 1.1).
We shall show that each of the terms on the right side of (1.6) has a meromorphic
extension beginning with the term 7,(1)V;R(4 + i0)V,T,(%)*. Since V, = ", Vi we
will first show that Ty(4)(V,)*R(A + i0)V; T,(4)* has such an extension. We do this
in steps by replacing each of the occurrences of V;~ by one of the terms on the right
side of (6.1) and showing that that term can be continued. For instance

To(A) (Vi) h, RO+ i0)h, Vi Ty (2)*
= [Ty (V) e 1 I fle ™ R(A+ i0)e 1 | f[e "V, Ty(2)"]

where f is the operator of multiplication by f(x,) = hﬂ(xl)ez‘”"f and 0 < p; < /2
so that f is a bounded. Each of the bracketed factors on the right-hand side of
the above equation extend into the lower half of the complex plane as bounded
operators by Theorem 1 and Proposition 5.2. As a further instance, we consider

To(A) (V5 ) RO+ i0) Vi Ty (2)*
= [To(D)e™ " PUTF(D)(V5) R+ i0) V5] £ (D)) e PV Ty (4)*]

where v > 0 is arbitrary and f(&,) = "y, (&) where x > 0 is large enough
that the interval —x < ¢, < x contains the support of the symbol #7 (x, £) of V5" and
X[« 18 the characteristic function of that interval. Again each of the bracketed
factors has a meromorphic extension to the lower complex plane. To check this
observe that V;R(4 + i0)V; has such an extension because (V;)*R(4+ i0)V;" does,
by Theorem 1 and because V;” — Vit = e A for some bounded operator A by
(6.1). Also e™"PVT,(2)* extends to {|J4| < Fv} by Proposition 2. It is now a routine
matter to check the remaining cases and show that T,(1)(V;)*R(4 + i0)V; T, (2)* has
a meromorphic extension from €, to C as a bounded operator on L*(R"""). The
argument when either occurrence of V; is replaced by V; is similar.

It remains to check that T,(1)J*V,T,(4)* has an analytic extension. Since
V,=Y,VF and J =Y, JF)(FD,/x), we will actually show that the operator
To(A) (=D, /x)(JT)*V; Ty(A)* has an analytic extension; the other terms, where “—”
replaces “+,” can be treated similarly and so the result will follow. As in the
preceding paragraph we shall replace V;" by each of the terms on the right side of
(6.1) and show that each term extends. For example, we consider

To(D7 (=D, /K) (T VI 7 (=D /)Ty (2)*
= [To(D7 (=D, /x)(J )" e 1 ](f(x) VoRy (i)
x [(Hy — i)e "1 I 7(=D, /K) To(2)"]
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with f as above and 0 < 2y, < u, (p, as in the Hypotheses.) Each of the bracketed
factors has an analytic extension by Proposition 3. As a further instance we consider

Ty(D (=D /) (T )" V5 To(2)
= Ty(D7(=Dy /) (T )" V5 F(D)[e™ P Ty(2)"]

with f as above. Certainly e 1(PT,(1)* extends analytically by Proposition 5.1.
Therefore we wish to show that Ty(1)7(—D,/x)(JT)*V; also extends analytically.
To do this we recall that J* has symbol a* = a + a}} where a; € 9, and for some
>0, af/h, € B; see the example above. Correspondingly we can write

It =hJf + (6.2)

where J{" (resp. J) has symbol a//h, (resp. a}). Therefore we must check that
To(A)(J)*h, Vi + Ty (A7 (=D, /x)(J;)* V5 extends analytically. The first term does
by Proposition 5.2 Part (a). As for Ty(1)7(—D, /x)(J;)* V5 since the symbol 77 (x, &)
of V5" is compactly supported in the &, variable (and so decays exponentially fast
in &) we should be able to apply Proposition 5.2 Part (b) but first a variant of a
commutation argument which shows how the exponential decay “commutes to the
left” is needed and that is given by White (2001, Proposition 5.3). That result uses
the fact that V;" and J| have symbols in %,,. With this observation the reader can
now easily complete the check that T,(1)J*V,J*7(—D,/k)T,(1)* extends analytically
to all of € and this completes the Proof of Theorem 2. O

7. Theorem 1

In this section we prove Theorem 1. We begin by stating an analogue of
Theorem 1 for the continuation of the free resolvent R,(z) = (H, — z)~". It utilizes
the exponential weight function £, x(x;) of (5.4) in and also the operator i, x(—|D,|)
which is Fourier equivalent to multiplication by the function %, y(—[¢;|) which is
e Ma=Xf || > X + 1.

Proposition 4. Suppose that QF, for k = 1,2 are integral operators as in (5.1) with
symbols qi in B and for some ky >0, gt (x,&) =0 if £RE > K. Let p, v,k >0
and R > 0 be arbitrary. Define Py to be either Py = h, zQF or P, = h, (—|D,|) and
similarly define Py = h, zO5 or P, = h, (—|D,|) (a total of nine possibilities for the
pair (Py, P,)). Then, in any case, there exists m € N so that whenever | gi||,, < oo and
g5 ||,. < oo then PRy (z)P; has an analytic extension from C, (resp. C_) to {Iz >
—v} (resp. {Iz < v}) as a bounded operator on L*(R"). (If P, # h, (—|D,|) for k =1
and 2 both then the extension is to all of C.) Moreover the extensions are bounded in
operator norm uniformly for ||git|l,, < 1, g5 ||, < 1 and locally uniformly in z, Iz > —v

(resp. Iz < v). The extension is denoted PR,  (z)P; (resp. P\R, _(2)P}). Additionally

PR, . (2)P; = P|Ry(2)P5 + 2niP, T(2)" Ty (2) P5
(resp. PlRo,f(Z)PEK = P\Ry(2)P; — 2miP,T((2)" Ty(2)P3)

for Iz <0 (resp. Iz > 0). If one further supposes that Qf is bounded as a mapping
from the domain D(H,) of H, (with the graph norm) to itself then, in the cases that
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Py = h, zOF, PR, (z)P; and P\R,_(z)P; are bounded from L*(R") to D(H,) and
H,P\R, , (2)P;. Also HyP\R, _(z)P;) is bounded, as an operator on L*(R"), uniformly
for gl < 1, 15\, < 1 and locally uniformly in z.

This is (White, 2001, Proposition 6.1) except the hypothesis €, > 1/2 was
needed there because that result relied on White (2001, Proposition 5.2). In view of
Proposition 5.2 above, €, > 0 suffices.

We shall now express the resolvent R(z) in terms of Ry(z) in preparation
for the proof of Theorem 1. We will use a two Hilbert space version of the
resolvent identity. Before stating the identity we recall from (6.2) that J* = h,J;" +
JI. Correspondingly we have J~ = h,J; +J; where Ji and J are most simply
defined by complex conjugation J; u = J;u and J,;u = J;u for any uin#(IR"). The
decomposition J* = h,Ji* 4+ J7 is not unique and we can further specify that || J;*] is
small because, if not then replace the symbol a}/h, of J{™ by (1 — %(x, + R,))ar /h,
for suitably large R, and since (x; + R,)a} belongs to %, it can be incorporated
into the symbols a7; of J;. Here we are using the decay of a; /h, as x; — —oo which
may require adjusting ¢ > 0. How small should ||J;*|| be? So small that A and A are
invertible where

A=Y J*FD,/x) T and A=Y JEI(FD,/x) ()"
+ +

Therefore if ||Jif|| is small enough then we can assure that |A—1| <2r and
|[A—1|| <2r and r> 0 is the constant of (5.8). Recall that r> 0 is a small
parameter, and precisely how small will be specified in the proof of Theorem 1
below. For now we specify r < 1/2 so that A and A are invertible on L*(R").

The resolvent identity convenient here is

R(2)A = Y [J*7(FD,) — R)VEIR(2)7(FD, /) (JE)* (7.1)

We shall want to solve this equation for R(z) and so it would be natural to multiply
by A~ but for technical reasons it will be better to multiply by A~'. We have
AAT =1 =3, h, JF7(FD,/x)(J5)*A™". Define further the operator

B(z) = AA™ + 3 [h, V5 + VEIR () 7(FD, /1) (JE) A

where V5, Vi* were introduced in the expansion (6.1) for V;=. The operator valued
function B(z) is analytic and invertible at least if |Jz| is large enough. In equation
(7.1) we collect terms involving R(z) and apply A~'B(z)~! on the right to get

R@)[1+K(@)] = YT UFD1 /%) Ry(2)7(FD1 /6)(J) " A™' B(2)™! (7.2)

+

where

K(2) = Y[V I*U(FD1 /%) + b, Vi IRy (2)7(FDy /1) (J5) A B(2) ™!

and this is the starting point of the proof of Theorem 1.
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Proof of Theorem 1. The idea behind the proof of Theorem 1 is quite simple. We
consider e *1/2R(z)e "1/, to be specific and we must show it has a meromorphic
extension across the real axis. Equivalently we shall show &,,R(z)h,,, has such
an extension. In equation (7.2) we multiply on the left and right by 4,,, and then
we show that the right hand side the resultant equation extends analytically across
the real axis using Proposition 7.1. The left-hand side becomes h,,R(z)h,,[1+
(1/h,;,)K(z)h,,] and so if we show that (1/h,,)K(z)h,/ is an analytic compact
operator valued function then Theorem 1 follows by applying the “analytic
Fredholm” theorem (Kato, 1980, Theorem VIL.1.9) or Reed and Simon (1980,
Theorem VI.14) which says that if K(z) is an analytic, compact operator valued
function defined on a connected domain and if (1+ K (z))7" exists for some z then
(1+ K(z))~" is meromorphic. The obstacle to completing this proof is that &, does
not commute with the two operators A~! and B(z)~' so that Theorem 7.1 is not
immediately applicable. Because of this we shall need an auxiliary result which is
akin to a commutation result for 4,z and h,,(—|D,|) with, not A~!, but powers of
1— A. Of course A™' =37 (1 — A)* (Neumann series).

Lemma 2. Suppose Qf and Q5 are operators (5.1) with symbols gi and g5 in %,
with gif(x, &) =0 if £RE, < K, for some real constant x, and for k = 1, 2. Suppose
¢eN, and Rk, p,v>0 and R,k,1/u are sufficiently large. Define T* = (Q5)*
(1 —A)Q5h,, (—|D,|) (resp. T* = (Q7)*(1 — A)'h, ). Then there exist O, 3 < k <
6! with symbols gif in B, such that gf(x, &) =0 if £RE, < Kk, and operators S,
k > 2 bounded on L*(R") so that

Ti = hv,ic(_|D1 |)S§: + Z(lec‘:)*hp,RSl:(E

k>3

Moreover there is C > 0 (not depending on qit, g5 or €) so that ||gi|,, < Cllgill,. for
k>3 and all m € N, and there is my € N (again not depending on g or g5 or £) so
that ||Si|| < CH'rt g5, for all 2 < k < 64! (resp. IS, < C*'rt) where r> 0 is
the constant (5.8). Finally, the order of “L” is immaterial: the statement remains true

The motivation for this lemma is that it allows “commuting to the left” the
exponential decay represented by the operators &, and A, (—|D,|). Leaving aside
the proof of the lemma until §8 we shall show how it implies Theorem 1.

The first thing to note is that the lemma implies a certain extension of
Proposition 1 which can be stated as follows. Let 05, and QF be two operators as
in (5.1) with symbols g5, ¢ € %,, which are supported in a region £0¢; < K, for
some k, > 0. Let P, g; u,v,x >0 and R > 0 be as in Proposition 1. Then, there is
m € N, so that, if ||g{],, <1 for k =1, 2, 3 then

1' PlRO(Z)(ng)*A_lh,u,R
2. P1R0(Z)(Q2i)*A71Q3ihv,x(_|D1|)
3. PlRo(Z)(Qj)*AJQ3ihv,x(_|D1|)

extend from C, (resp. C_) to {Jz > —v} (resp. {Jz < v}) as operators bounded
uniformly for |gi|,, <1, k =1,2,3 and locally uniformly in z. (We can assume
v=o0 in case 1.) To verify this one expands A™' =3, ((1—A)" and applies
Lemma 2 to every summand. The ¢th summand becomes at most 6! terms after
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the application of Lemma 2. To each of these 6! terms, Proposition 4 applies to
show that each term extends in z across the real axis. Moreover, if z is restricted
to a compact subset of {Jz > —v} (resp. {Jz > —v}) then the extension is bounded
in operator norm by C'r¢|q,|,,I121l..Ilgll,, for some constants C > 0 and m € N
not depending on £. It follows that, if » in (5.8) is chosen so that r < 1/6C then the
extensions form a uniformly convergent series and so the sum is analytic and is the
required extension. (The choice of » will depend on the compact subset of C > z.)

It now follows that (1 — B(z))h,z and (1 — B(z))Q5h, . (—|D,|) have analytic
extensions across the real axis. Indeed each of the operators

L. PiRy(2)(Q5)* A" (1 — B(2)) h,
2. PiRy(2)(03)* A7 (1 = B(2))* Q5 h, . (—|Dy )
3. PiRy(2)(Q3)*A™'(1 = B(2)) Q5 h,  (—| D))

also has such an extension at least in the case ¢ = 1, for recall that AAT 1=
> h JEZ(FD, /K)(JE)* A7 .. (See the discussion after equation 7.1.) The same is
true for general £ € N, by analogous reasoning. Next we would like to conclude
that, if one replaces (1 — B(z))* by B(z)~! in the above three expressions then the
new expression also have analytic continuations. This follows by summing over ¢
because B(z)™' = Y,.,(1 — B(z))". The series is summable provided that ||J;[|, |V, ||,
and ||V;]|| are chosen small enough (by choosing R, R, > 0 and x > 0 large enough
in their definitions) and provided that z is restricted to a compact subset of C.

We are now ready to show that h,,R(z)h,, has a meromorphic extension.
Multiply on the left and right of equation (7.2) by £,,,:

h,u/ZR(Z)huﬂ[l + (l/hy/2)K(Z)hu/2]
= Z h,t/zji;((:FDl/K)Ro(z)j((:FDl/K) (J;)*A_IB(Z)_IhH/z
+

We have just seen that the right side of the above equation has an analytic extension
across the real axis and so does (1/h,,,)K(z)h,,,. (We recall u/2 < u,.) Next we
show (1/h,,,)K(z)h,, is compact. Certainly V;* is compact because its symbol
1 (x, &) — 0 along with its derivatives as |(x, )| — oco. Also V,R,(i) is compact by
the Hypotheses so that V,(H,, — i)~! is compact since the domains of H, and H,, are
the same. Therefore we wish to show that

Jif((:FD1/K)R0(Z))~{(:FD1/K)(J;)*Ail B(ZY1 hu/2

is bounded from L*(R") to D(H,) and by Proposition 4 it suffices to check
that J*3(¥D,/x) is a bounded operator on D(H,). That follows because
H,J*7(¥D,/x) — J*7(¥D,/x)H, is bounded on L*(R") (by Proposition 2). It now
follows that h,,R(z)h,,, has a meromorphic extension by the analytic Fredholm
theorem as indicated in the opening paragraph of this proof. Since the extension
exists for some p > 0 it exists far all u > 0.

The second case we consider is that of 4,R(z)V;". In equation (7.2) we multiply
on the left by %, and right by V;":

h,R(z) Vs
= —h,R()K)V; + Y h,J*1(FD,/k)Ry(2)7(FD,/x)(J5)*A™ B(z) V5"
+
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The sum on the right-hand side has an analytic extension because Vit =
Vith, (—|D,|) for k > 0 large enough and arbitrary v > 0 (because the symbol #;
is supported in the strip —x < &, < k. The first term on the right-hand side has
an extension by the first case already established. Therefore (V;")*R(z)h, has a
meromorphic extension. This, in turn, implies that (V*)*R(z)%, has a meromorphic
extension because (1/h,)(V* — V%) is bounded.

The proof that (V;")*R(z)h, has a meromorphic extension is similar but requires
an additional argument: we multiply (7.2) on the left by (V;5)* and the right by
h,,. When checking that the right-hand side of the resultant equation has an
analytic extension we should recall (6.2): J* = hHJli + JE. The expression involving
(Vi)*Jy, = h, (=|D|)(V5)*J, can be seen to extend if we apply White (2001,
Proposition 5.3b) (which requires the analyticity of the symbol of J,).

It can be shown that (V;)*R(z)V; and (Vi)*R(z)Vi have meromorphic
extensions by the same arguments as in the previous two cases. We can interchange
V* and V; in any of the five cases because (1/h,)(V* — V5°) is bounded. The five
cases together imply Theorem 1 except that Lemma 2 has yet to be verified. O

8. Lemma 7.2

In this section we give a proof of Lemma 7.2 and thereby complete the proof of
Theorem 1. Of interest in the proof is that the analyticity plays a key role allowing
a change of path of integration to obtain the necessary estimates.

Proof of Lemma 7.2. Let us express 1— A =3_%(FD,/x)*> — At as a pseudo-
differential operator. We recall that A* = JZ%(FD,/k)*(JE)* and repeat the
computation (5.6) in the present setting (replace J* there by J¥). We find that A* —
7(FD,/K)* is a pseudo-differential operator with symbol ¥ say where /% is given
by equation (5.7) if one replaces Y there by Y% and a* by a%. Then we have
1-A= -, y&(X,D,, X)) and Y& € B, and |y3(X, D,, X')| < 3r where r> 0
was defined in (5.8) by an argument given near (7.1).

The proof of Lemma 7.2 is by induction on £. It may seem that this is
unnecessary since (1 — A)* is itself just a pseudo-differential operator. However
the analytic properties of the symbol of 1 — A are not clearly reflected in the
symbol of the composite operator (1 — A)*. Let us indicate the basic ingredients of
the induction argument. One involves considering ¥, (X, D, X')h, x when ; € B;
W, = ¥ is the archetypical example.

We wish to show that (X, D, X")h, ; can be written in the form

lpl(X’ D)(7 X,)h;t,R = lpv,;c()(’ Dx’ X/) + h,u,RSM (x) (81)

where S is a bounded operator and ¥, (X, D, X") is the pseudo-differential
operator with symbol (x, &, x') = h, (—[& )Y (x, &, x') for some € %B,,. Moreover,
there are absolute constants C > 0 and m € N so that ||S| < C|y,]|,,. This is
analogous to a commutator computation: the exponential decay factor &, , on the
left side of (8.1) gives rise to two terms, one where the &, , multiplies on the left
and the other with exponential decay &, ,(—[¢,[) in &;. In both terms the decay
has “moved to the left.” Whatever is to the right of the exponential decay becomes
uninteresting and we need only record that it is a bounded operator, in this case S.

We now prove (8.1). Since ¢, = [(1 — h, z) + h, g, we see that it suffices to
verify (8.1) with y, replaced by (1 — h, ), because (X, D,, X') is itself bounded
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by the Calderén—Vaillancourt theorem (Calderén and Vaillancourt, 1972). Therefore
we may as well suppose that ,(x, &, x') is supported in the region where 1 —
h, g(x,) is, that is where x; < —R + 1. Suppose that u € #(IR") and that y, R, and
K, are positive parameters so that 1/u, R, k, are large. By a change of the path of
integration

1 (X, D, X)hy, g u(x)

= [[ ey (x, € — (&), 2y (3 () 3 d &

where ( is a smooth positive function which is 0 if |£;| < x; and is p if & > x; + 1.
Provided 1/u, k, are large enough, the path is indeed in the domain of analyticity
of Y, € %,,. Therefore,

1 (X, Do X'y ()
= [[ e[, (—la D (., € = (&), )

+ (1 = hy (= [E D)W (5, € = i X))y g (X u(¥)d X' dy

where v > 0 is arbitrary and x > 0 is so large that 1 — &, (—|&,|) # 0 implies {(¢)) =
w: x> K, + 2 suffices. This verifies (8.1) if we define

‘//(-x’ f’ .X/) = e‘:(él)(/vlixi)‘/jl(x’ é - lg(él)’ x/)h,u,R(‘x/l)'

so that ¥ € %B,. To check that S in (8.1) satisfies |S| < C|jy,]|,, for absolute
constants C > 0 and m € N we need only apply the Calder6n—Vaillancourt theorem
(Calderén and Vaillancourt, 1972). Later in the proof we apply (8.1) when y, = %
and we will be able to conclude ||S| < Cr.

Equation (8.1) is one ingredient of the induction argument; a second ingredient
is as follows. Suppose ¥/, ¥, € %B,,. Then for any v > 0 and all p, x, and R so that
1/u, k, R > 0 are large enough there exist symbols i, € %, and bounded operators
Si» 3 < k <7 so that

lljl(X’ Dx’ X/)lpZ,\',K(X/’ Dx” X//)
= Z lpk,v,x()(’ Dx’ X/)Sk + Z lpk(X’ Dx’ X/)h,u,RSk (82)

k=3,4,5 k=6,7

Moreover there exist constants C,,, C > 0 and m, € N not depending on y, ¥,
so that ||y, < C, ¥, for all m € Ny and |[IS;|| < C|y,],, for 3 <k <7.
Here the notation (X, D,,X’) refers to the pseudo-differential operators
with symbol (x, &, x') = h,  (—=[ D, (x, &, x'), for k=2,3,4,5. We observe that
hy (=& DY (x, & XMWy, (X', Dy, X7) is already of the same form as the first term
on the right side of (8.2) (with S; =, , (X', D, X")) and so it suffices to look for
an expansion like (8.2) when [1 — &, (—|& )], (x, &, x') replaces ¥, (x, &, x) there.
Thus we may assume that v, (x, &, x') = 0 if |&| < k — 1; we shall in fact assume
that ¥, (x, &, x') =0 if £, < x — 1 since the other case ¢, > —x + 1 is very similar.
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We suppose u € S (IR") and make a change of path of integration
lpl(X’ Dx’ X/)lpZ,v,K(X,’ Dx” X/,)M (.X)
= [[[[ e ey () i ey)
X Yo (x" — io(xy)ey, & X, (=8 Du(x")d x"d E'd x'd

where @ is a smooth nonnegative function which is w(x;) =0 if x;, > —R’ but is
the constant w(x,) = v if x;, < —R’ — 1. Provided R’ is large enough the path is in
the domain of analyticity of ,, ¥, € %,,. (Each of the four iterated integrals exists
absolutely provided that the integration is carried out in the prescribed order dx” —
d¢ — dx' — d¢.) Introduce into the integrand 1 = h, zx(x') + (1 — h, (x")) where
R > R’ + 2. The term corresponding to &, , can be expressed as y¢(X, D,, X')h, zSs
(as in (8.2)). The other term containing 1 — h, x(x') is supported where w(x;) =
v by the choice of R and we have ¢ ¢~ (—|&|) < C,e™"“™ when & >
k — 1. Since y, is supported in the region ¢ > x — 1 this other term is of the
form y, , (X, D,, X')S, and this establishes (8.2). We observe that in the case that
W, (x, & x') is supported on the region &, < —k + 1 then the path of integration
should be x" + w(x})i as opposed to x' — w(x})i.

The statement (8.2) remains valid if Q5 replaces ¥,(X’, D,,, X”") where Q5 is as
in the statement of Lemma 7.2. More precisely, if y, € B, then for any v > 0 and
all p, x, and R so that 1/u, k, R > 0 are large enough there exist symbols ¢, € %,
and bounded operators S,, 3 < k < 7 so that

lpl (X’ Dx’ X,)Q;hv,;\‘(_|Dl |)

= 3 Y, D XS, + Y (X, Dy, Xy 1S, (8.3)
k=3,4,5 k=6,7

Moreover there exist constants C,,, C > 0 and m, € N not depending on v, g5 so
that ||y, |l,, < C,Ilv,l, for all m € N, and ||S,| < Cligs I, for 3 <k <7. Indeed
the proof of (8.3) is almost identical to (8.2). A similar statement is valid if Q5 and
g5 are replaced by Q; and g5 respectively.

The final ingredient needed for the induction argument is this: if , € %, then
for any v > 0 and all y, x, and R so that 1/u, k, R > 0 are large enough there exist
operators QF (as in (5.1)) with symbols ¢ € %,; such that gif (x, &) = 0if £R¢, <
and bounded operators gi, 8 <k <10 so that

(Qli)*lplv,ic(xv Dx’ X/) = hv,;c(_|D] |)S§t + Z (Qki)*hu,RSl?: (84)
£=9,10
Moreover there exist constants C,,, C > 0 and m, € N not depending on ,, gi© so
that [lgZll, < C,llgzll, for all me Ny and [[SE[ < C|[yll,, for 8 <k < 10. The
proof of this statement is much the same as that of (8.3).

We now indicate how the expansion for 7% = (QF)*(1 — A)‘ Q5 h, . (—|D,|) can
be derived from (8.1)—(8.4). This can be formalized by induction on £. We have
already seen that A —1 is a pseudo-differential operator with symbol ¥} +y, in
%,,. We apply (8.3) to (1 — A)Q5h, .(—|D,|) which gives two terms with decay given
by h, x(x;) and three terms with &, (—|D,[). To the former (8.1) applies and to the
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latter (8.2) applies. One continues to apply (8.1) or (8.2), whichever is applicable,
to each of the terms generated. This process moves the exponential decay factors
h, x(x)), and h, (—|D,|) to the left of (1 — A)* and at that stage (8.4) will apply to
about half the terms and the result is the expansion claimed for T*. The number
of terms is at most 67! approximately. (Significantly the number of terms does
not grow faster than Ca® for some absolute constants C > 0 and a > 1). The final
statement of Lemma 7.2 is established similarly. |
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