Chapter 6

Math 2890-001
Fall 2017 Name

Due Nov 06

1. (1 point) Let

and v =

o Utw
= =1

Find the inner product u - v. Show your work.

answer: w-v = Y2, upvp = (1)(7) + (3)(3) + (5)(4) + (0)(1) = 36.
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2. (1 point) Let

Find a unit vector in the direction of v. Show your work.

answer: Since ||v]|2 = v v = (6)? + (—4)2 + (=2)? + (5)? = 81, the unit

vector
6 0.6667
v —4 |1 —0.4444
YEERITE] —2 [ 9T F| 02220

5 0.5556
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3. (1 point) Let

5 3
4 —6
u = 3 and v = 4
6 2

Find the distance between u and v. Show and explain your computations.

2
answer: The distance is ||[u — v|| = V169 = 13, where u —v = 1(;

4
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4. (1 point) Let

1 5 7
UL = _g . Uy = :g and wus = g
-1 5 -3

Is the set {uy,us, uz} orthogonal? Why or why not? Show your compu-
tations.

answer: No, us - ug = —16 # 0.
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5. (1 point) Let

=~ o N

and let W be the span of

and

=
W = DN =

Project y onto W. Show and explain your computations.

answer: The projection is

w = A(AT A)"1(ATy)

11
12 3 6\ [ 3
o1 <615> (12)
1 3
11
12 -3
o1 ](3)
1 3
-1
o
1 2
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6. (1 point) Let

=~ o N

and let W be the span of

and

=
W = DN =

Find the point in W that is closest to y. Show and explain your compu-
tations.

answer: The closest point is the projection of y to W:

w=A(ATA)" (ATy)

11
12 3 6\ /[ 3
o1 (615> (12)
1 3
11
12 -3
o1 ](3)
1 3
-1
o
1 2
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7. (1 point) Let

=~ o N

and let W be the span of

and

=
W = DN =

Write y as a sum of a vector in W and a vector orthogonal to W. Show
and explain your computations.

answer: The projection is

w=A(ATA)" (ATy)

11
12 3 6\ /[ 3
o1 (615> (12)
1 3
11
12 -3
o1 ](3)
1 3
-1
o
1 2
-3

The vector orthogonal to W is

2 -1 3

0 1 -1
CEYTYE L e T 2T s

1 -3 4

2 — 3
We have y = (; —w4ov= ; + _51)

1 -3 4
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8. (1 point) Let

and b=

NN W

BR[O

Find the least squares solution to Ax = b. Show and explain your com-
putations.

answer: The normal equations AT Az = ATb

8 12\ [ 4
arel 19 19 J* =\ 13 )

and these have solution x = ( 71(; >
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9. (1 point) Let

and b=

b

I
— = = N
NN W
NN~ N

Find the least squares error in the least squares solution to Ax = b. Show
and explain your computations.

HINT: The least squares solution is x = < _? >

answer: The least squares error is || Az — b|| = v/59,
—6

since Ax — b =

= O O = =
|
NN~ N
Il
\
—_
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10. (1 point) Let

2/9 4y 11
| 59 6 (5 —11 | -1
Q= —afy 2o | R= 0 3 and b = 3
6/9 5/9 2
Use the QR factorization A = QR to find the least squares solution to

Az =b.

Show your work.

answer: The equation Rz = Q”b is ( (5) 71%2’ )x B ( 2 ) 7

and this has solution x = ( g )
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11. (1 point) Let
0 -1 6
-1 4 -9
A=| =3 9 —12
1 -3 3
1 -2 0
Find the QR factorization of A.
Show and explain your computations.
answer:
0 —-1/V3 1/V3 0 —0.5774  0.5774
—1/V/12  1/V3 0 —0.2887  0.5774 0
Q=1 -3/Vi2 0 0| = —0.866 0 0
1/V12 0 —1/V3 0.2887 0 —0.5774
V12 1/V/3 143 0.2887  0.5774  0.5774
and
12/V/12  —36/v/12  48/\/12 3.4641 —10.3923 13.8564
R= 0 3/vV3 —15/V/3 | = 0 1.7321 —8.6603
0 0  3/V3 0 0 1.7321
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12. (1 point) Use the QDR factorization

-2 0 8
-1 -2 -6
A= -2 -4 -7
1 0 —4
j _f _g 1/10 0 0 10 10 0
= 9 _9 1 0 1/10 0 0 10 40
1 1 0 0 0 1/5 0 0 5
D R
Q
10
to find the least squares solution to Ax = b where b = _18
—15

answer: Since QT A = QTQDR = R, we just need to solve the equation

Rz = Q"b.
10 10 O -50
This equation is 0 10 40 Jx= 20 |, and has solution x =
0 0 5 20
9
—14
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13. (1 point) Let

—2 4 —12

3 -2 -1

A= 0 2 =7
1 0 -1

—4 4 -10

Find the QDR factorization of A.

Show and explain your computations.

answer: Use Wedderburn rank reduction.

-2 2 0
3 1 -3
Q=| o2 1
11 1
-4 0 -2
1/30 0 0
D= 0 1/10 0
0 0 1/15
30 —30 60
R=|( 0 10 —40

0 0 15
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14. (1 point) Consider the data points (1,—3),(2,—6),(3,9), (4,1).

Find the equation y = 8y + S1x of the least-squares line that best fits the
given data points.

Show and explain your computations.

answer: I need to find the least squares solution of

11 -3
1 2 Bo\ | —6
1 3 B1) 9
1 4 1
. 4 10 Bo\ _ 1
The normal equations are < 10 30 ) ( ﬂ1> = < 16 >, and these have
solution Bo = —6:5 . The least squares line is
51 2.7

y=—65+2.7x
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15. (1 point) Consider the data points (1, —5),(2,—7),(3,—4), (4,5).

Find the equation y = By + 1z + faxz? of the least-squares quadratic that
best fits the given data points.

Show and explain your computations.

answer: I need to find the least squares solution of

1 1 1 -5
1 2 4 fo | -7
1 3 9 bl =1 4
1 4 16 B2 5
4 10 30 Bo —11
The normal equations are 10 30 100 G| = —11 |, and
30 100 354 5o 11
Bo 2.75
these have solution | 8y | = —10.45 |. The least squares curve is
5o 2.75

y = 2.75 — 10.45z + 2.75z°

Total for assignment: 15 points



