Solution to Review Problems for Midterm #1

Midterm I: Wednesday, September 22 in class

Topics: 1.1, 1.3 and 2.1-2.6 (except 2.3)

Office hours before the exam: Monday 11-1 and 4-6 p.m., Tuesday
1-2 pm and 4-6 pm at UH 2080B)

Topicsl Find the equation of the tangent line to y = f(z) at z = qa,
1. We need to find the slope of the tangent line by finding the limit
m = limy,_g w
2. Use the point slope formula to find the equation of the tangent line
thru (a, f(a)) with slope m:

y = fla) =m(x—a),

1. Let f(z) = —22% + 3z + 1. Find an equation of the tangent line to the
curve at P(1, f(1)).
Solution: To find the slope of the tangent line at = = 1, we need to
find the limit m = lim,_g w Since f(0) = —200? + 30+ 1, we
have f(1+h)=—-2(1+h)?+3(1+h)+1=-2(14+2h+h?)+3+3h+1=

SN——— —
—2—4h —2h?+4+3h=2—h—2h% f(1)=—-2+3+1=2and
——

fl+h)—f(1) =2—h—2h* -2 = —h —2h* = h(—1 —2h). So m =
limy, o LI — iy, M2 — i, 1 — 2h = —1. Now we have
the point P = (1, f(1)) = (1,2) and the slope of the tangent line m = —1.
By the point slope formula, we have the equation of the tangent line
y—2=-1(r—1) =—-zr+1landy = -2+ 1+2 = —z + 3. Hence the
equation of the tangent line to the curve at P(1, f(1)) isy = —x + 3.

2. Let f(z) = EQLH Find an equation of the tangent line to the curve at

Solution: To find the slope of the tangent line at x = 1, we need
to find the limit m = lim;,_, LU Since f(0) = s we have

_ 2 _ 2 _ 2 _ 2 _2_
F(L+h)= (I+h)2Z+1 — (1+2h+h2)+1 ~ 2+42h+h2 ° f(1) = 2+l 2 1 and

— 2 _ 2 24+2h+h2? _ 2—(2+2h+h?) _ 2.2 9p—h2 __
f+h)—f(1) = 242h+hZ 1= 242h+hZ 2121;}12 - 2+h2<1142r§i) — T2%2h+hZ
2;22};1222 - ;4(*;}21,;]]2 Som = limy, f(Hhi)zif(l) = limp, QHZHLZ = limpo (2T;h2;hlé))h -
. —2—h —_9_ .
limy, g (2(+22h+,32) = 520 = —1. Now we have the point P = (1, f(1)) =
(1,1) and the slope of the tangent line m = —1. By the point slope for-
mula, we have the equation of the tangent line y—1 = —1(z—1) = —z+1

and y = —x + 1+ 1 = —x + 2. Hence the equation of the tangent line to
the curve at P(1, f(1)) isy = —z + 2.
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3.

Topic2

Let f(r) = —=—. Find an equation of the tangent line to the curve at
ViiTs 9 g
P(1, f(1)).

Solution: To find the slope of the tangent line at x = 1, we need
to find the limit m = lim;,_, L= U " Since f(0) = 5= We have
_ 2 _ 2 _ 2 _ 2 _ 2 _

f(l * h) B V (1+h)2+3 N / (1+2h+h2)+3 T VAr2h+n? f(l) T V1243 T 2 T 1 and

_ 2 _ 2 VALShAR® _ 2—\/A2hth?
fF+h) = f(Q1) = Vi~ LT Vi T Vitehaw — Virshie - NOW We

rationalize the expression by multiplying J5 2t m to get

FA+h)—f(1)= 2—V/44+2h+h? 24+V442h+h% _ 22— (4+2h+h?)
VA+2h+h2 24442k +h2 (VA+2h+h?)(2+V4+2h+h2)
_ 4—4—2h—h?) _ —2h—h?)
T (VAF2hth?)(2+VA+2h+h2) T (VA+2h+h2)(2+V4A+2h+h3) "
—2h—h?)
0 (V4+2h+h2)(24\/4+2h+h2)
h

o [UENI0) iy

h(=2—h )
7 4+2h+h2() (22+ \/)4)+2h+h2)h (factoring out h from the top and the

= hmh_,g

— 1 (=2-h) _ o =2-0 _ -2 _ _1

bottom) = limy_o (VA+2h+th?)(2+VA+2hth2)  VA-(2+v4) 24 4" Now we

have the point P = (1, f(1)) = (1,1) and the slope of the tangent line
1

m = —3. By the point slope formula, we have the equation of the

tangentliney —1=—1(z—1)=—-iz+landy=—-lo+14+1=-242
Hence the equation of the tangent line to the curve at P(1, f(1)) is

y=—%+2.

So m = limy,_,

Left continuity: To determine if a function is left continuous at = = «,
we need to find lim, .- f(x) and f(a). If lim,_.,- f(z) # f(a) then f is not
left continuous. If lim, .,- f(x) = f(a) then f is left continuous. Right

continuity at z = a: To determine if a function is right continuous
at = a, we need to find lim, .+ f(z) and f(a). If lim,_.+f(z) # f(a)
then f is not left continuous. If lim, .+f(z) = f(a) then f is left
continuous. Continuity at z = a:To determine if a function is t con-

tinuous at z = a, we need to find lim,_ .- f(x), lim,_.+f(x) and f(a).
If lim, .- f(x) # lim,_q+f(x) then f is not continuous. (either jump
or infinite discontinuity). If lim, .- f(z) = lim,_.+f(z) # f(a) then f
is not continuous. (This is called the removable discontinuity.) If
limg - f(x) = limy,_.+ f(x) = f(a) then f is continuous.
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4. A piecewise defined function is given by

—x -1, z<-1

flz)y=< 2*—1, —-1<z<?2
x+2, 2<«x
Determine if f is left continuous, right continuous or continuous at
r=-—-1lorx=2.
Solution: At x = —1, we have lim, , ;- f(z) =lim, , ;- —z—1=1-1=0,

lim, , 1+ f(z) =lim, , +2?—1=(-1)*-1=0and f(1) =1*-1=0. So
lim, ;- f(x) = lim, .+ f(x) = f(1). Hence f is left continuous, right
continuous and continuous at z = —1.

At r = 2, we have lim,_,- f(z) = lim,_o- 2> —1=4—1=3, lim,_o+ f(x) =
lim, o+ 24+2=2+2=4and f(2) =242 =4. So lim,_»- f(z) # f(2) and
f is not left continuous at = 2. Now lim, .o+ f(z) = f(2) and f is right
continuous z = 2.

But lim, »- f(z) =3 # 4 = lim, .+ f(z) and f has a jump discontinuity
atx = 2.

5. Classify the discontinuity of the following functions (removable, in-
finite, jump or oscillating discontinuity). Redefine the value of the
function if it’s removable.

(@) f(z) = =52
Solution: Note that 2 — 4z + 3 = (z — 1)(z — 3). The domain of f is
{z|z # 1 and x # 3}. So f is discontinuous at z = 1 and = = 3. At

_ : z—3 _1; z—3 _1; 1 _ 1 _
Tr = ]_, 11mm4,1— 22—dz13 hmxﬁl— m = hmxﬂl— ﬁ = 0= = — o0
and lim, .+ %0 == lim,_;+ ﬁ = 5 = 00. So f has an infinite
discontinuity at z = 1.
Atz = 3, lim,_3- 20— = lim,_3- ﬁ = 5 and lim,_3+ 22725 =
lim,, 3+ ﬁ = 1. So f has an removable discontinuity at z = 3.
We can define f(3) = ; to make f continuous at z = 3.
(b)
( v+1 -1
:L‘ p—
2 =1
1
flz) = x;; , —1<z<1
Vo —1
| 21 1<z
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Solution: The only points where f may not be continuous is z = —1
and x = 1.

Atz = —1, limxﬁ,l— f(l‘) = ling,,l— f;ill = limxﬂ,l— W% = ling,,l— ﬁ =
—3. lim, ¢ f(z) = lim,_+ 2+ = 0 and f(-1) = =% = 0. Hence
lim, ., - f(x) # f(—1) and f is not left continuous at + = —1 Now
lim, . i+ f(x) = f(—1) and f is right continuous at + = —1. Since
lim, , - f(z) = =3 # 0 =lim, ,_;+ f(z) and f has a jump discontinuity
at z = —1.

Atz =1, lim, ;- f(x) =lim, ;- xTH = % = }l, lim, 1+ f(x) = lim,_,;+ % =
, (VE—1)(/a+1)

_ . _ . _ . _ 1
= e e = et ooy = M1t Grtverm = 3
and f(1) = Y = 1. Since lim, .- f(z) = lim,_._;+ f(z) = f(1) and f

has is left continuous, right continuous and continuous at = = 1.

6. A piecewise defined function is given by
r—1, xz<-1
flzy=S ax+b, —-1<z<l1

2, 1<z

(a) Find the graph of y = f(z) over the interval (—oo,—1) U [1,00).

(b) Determine the value of ¢« and b so that f is continuous every-
where. Also explain your answer geometrically.

Solution: The only possible discontinuity are at x = —1 and = = 1.
We first compute lim, , - f(z) = lim,_, -2z —1 = -1 -1 = =2,
lim, . 1+ f(z) = lim, . y+ax +b = —a+ b and f(—1) = —a + b To
make f continuous at x = —1, we must have lim, . ;- f(z) =

lim, . 1+ f(x) = f(—1). This gives —a + b= —2.

Next we compute lim, .- f(z) = lim, ;- ax+b = a+Db, lim, .1+ f(x) =
lim,_,;+2*> = 1 and f(1) = 1 To make f continuous at z = 1, we
must have lim, ;- f(z) = lim, .1+ f(z) = f(1). This gives a + b = 1.
Now we have two equations —a +b = -2 and a + b = 1. From
—a+b=-2,wegetb=—-2+a. Pluggingb=-2+atoa+b=1,
we get a+ (—2+a) =1,2¢c =3 and a = 3. Use b = -2+ a to get
b=-2+4+3 = -1 Thus a= 32 and b = —1 will make f continuous
everywhere.
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Topic 3: Vertical asymptote and horizontal asymptote. To find vertical asymp-
tote, we first find its domain. Let a be a point not in the domain. We
find lim, .- f(z) and lim, .= f(x). If lim, .- f(z) = oo, lim, .- f(z) =
—00, lim, .+ f(xz) = oo or lim, ..+ f(z) = oo then x = a is a vertical
asymptote.

To find horizontal asymptote, we find lim, ., f(z) and lim, ., f(z). If
lim, ., f(z) = bthen y = b is a horizontal asymptote. If lim, ., f(z) = ¢
then then y = ¢ is a horizontal asymptote.

1 negative number 1 __ positive number

— — — _ +.0o =0"- 0.0 = 0Ot
o = negative number. _ o) 1 positive number _ o, (F.0- =07, 0~-0" = 0.
L =L =0,0000=—00—00 = 00, 00-—00 = —00, (—00)% P = —c0,
- : it b : ti b
P = php—ntp , 11ma:—>oo gpositive number  — o hma:—>oo ghegative number  — ()
hmx—>—oo :L,posztwe and even integer __ 0, hma:—>—oo xposztwe and odd integer __ — 0.

Given a rational function R(z). Suppose we rearrange the order of

the power in the top and the bottom so it’s in decreasing order, i.e
- ana:"+an_1z"’1+-~~+a1x+ao _ z—x342 _ —z34z42

R(x) T bma™Fby_1x™m 1 brz+by For example, R(l‘) T x—bx3+46x% T 6zt—bad+x”

ana"+an_12" "'+ +arz+ag z"(antan—12~ - Farz" " l4agz™")

b @ by 12 It biatby llmx_d:ool"m(bm-i-bmfﬂ*l+"~+51I*m+1+b0$7m) -
n—m

lima}—d:oo
lim, o g—;l’
7. Determine the following limits

: r—1
(@) lim, 1 %5

: s z—1 _ r—1 — 1 1 _ _
Solution:lim,_,; g = lim,_,; D) = lim, ., — =—1.
: r—4 : r—4 : r—4
(b) lim, o+ 275 5, im0 255 5, lime o 575, 5

Solution: Plugging in the expression, we get 2. So we need
to factor the bottom to analyze its behavior. lim, o+ s S

) ) ) z2—51+6
1 T S — — =< —

lim,_ o+ ey — 1~ o = OO

: x—4 _ 1 z—4 _ =2 _ =2 _ __

limg o 225 0 = e o~ =iy = 701 = of = — 00

: r—4 : r—4 : r—4
Now we kIl.OW that hmx_,2+ 225216 7é llmx_af 22— 5246" So hmx_)g 22 5216
doesn’t exist.

: —2x2428+1 : —222 42641
(¢) lim, . o Eare o MMa oo —F

. .1 —92 2+ 6+1 IRT 26 —23;'74—1—1—1—;1:76 1 23 —23)744—1-}—1‘76) _
Solution: lim,_, S = lim,_ o 363((1_5I,2+6m,3)) = lim, . (§_5$72+6m73) =

lim, .., z° = co. Note that we have used the fact that lim, .., % =
1

. . 22242641 7. 20(—2z 4 4+142-6) . 23 (=20 4 +1+276)
Slmllarly’ hmx_’_oo xé’ETj;c—iﬁ - hmx_)_oo $3((1—5z*2+6x73)) B hmx_)_oo (§—5$’2+6$’3)) -

lim, . o 2% = (—00)? = —oo0.
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: —22542241 : —2254224+1
(d) hmx_’oo 4x—52+626 hmx_’_oo 4x—52+626

20 (=242~ 442 %)

Solution: lim, .. % = lim, oo 35555576

(factoring out z° from the top and the bottom) = lim, . % —
#-3.

Similarly, lim,_,_ % = lim, . Z?@ffgiiff;;) = lim, . % =

1

6*

: —220 42241 : —220 42241
(€) lim, oo 5 tmls » iMoo Foveorg

s —226422+41 _ 1; 20(—242442—6) (=24~ 4426
Solutlon lim, oo T3t0s e = lim, o = P e B lim, o e =t
o<>( 5) =0.

: —226+42241 _ 1: 28(=24+244+276) (=24 426
Similarly, hmgH 00 Tt Bef1g = lim, , o = T e B lim, @ e =
lim, =0.

00()

. 4
(ﬂ hm:v—>00 12 - 221}

: 1 2 :c4+1 1 z2(z241) 441 1 42
Solution: hmx_;ooar o im0 o — oy = oo 5555 — 2 2
a1l el ta?—(z41) A i s W T z2-1 _ q: z?2(1—-272)
P hmx*}oo 22y hmxﬁoo 2y hmxﬂoo 2251 hmx;,oo m =
: (1-272) _
lim, e D) — 1.

(g) hmx—»oo \/372 +1-— \/xQ -1

Solutior(l: h];n;z_,oo )\/x2 +1-va? — 1 = lim,_oo (V2?2 + 1% — 1)% =
241 z2-1 _ T +1 —z241

limg o0 VAL limg o0 VAT

=l o0 7o \/waf hmwoo A
= lim, o & “limg oo \/1+m*2+\/1—x*2 =0.

(h) lim, .o Va2 +1—+z -1

Solution:lim, o, V22 + 1—vx — 1 = lim, o (V22 + 1—Vz — 1)&2—1}—@% =
(502+1)—(:c—1) o 22 4+1—z+1

oo oy oy = oo iy vy
22 —z+2 22(1—z~'4+2272)

= limg o Ve itva—1 limg oo e(V1+e=2+Vz"1—272)
: 1—z~ 14222 . . 1—p—149,—2
= lim, .o e-z” 42077) limy, oo 2 limy, oo (Ao +2z 7) =00 -

(V1i+tz24+Vz—1-272) (V1+z= 24z T—2-2)

1=

8. Find the domain of the following functions and determine the vertical
and horizontal asymptotes of the graph of the following functions.
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(@) f(z) = 255
Solution: To find the domain, we factor 22 — 3z +2 = (z — 1)(z — 2).

So the domain is {z|z # 1 and z # 2}. Atz =1, lim,_;- %51 =
1 —1

z—1 _1; _ : z—1 1 T —
m = hmxﬂl— W = —1land llmx*)1+ 22312 hmxﬂl-‘r m =
lim, 1+ 15555 L — = —1. So lim, 21— = —1. Hence z = 1 is not a

3ac+2
vertical asymptote. In fact, has a removable discontinuity
atx =1.
_ : z—1 z—1 1 _
At z = 2,.llmx—>2* $2_13$+2 . (x_%)(x_g) l(z 2) 1—
—oo and hmxﬂy IQfB;erQ = hmxﬂy m = 11mZH2+ @2 — = 5F — .
Hence = = 2 is a vertical asymptote.

r—1 z(1—z 1)
22 —3z+2 z2(1-3z—142z-2)

= Tim, o 2 lim, % = 0-1 = 0. Similarly, lim,__., %2 =
ﬂu_fz_l),hm SN lui—m_l),

213z 122-2) Ma——o0 71 3;-152:-2)

= lim, o 1 lim, o % =0-1=0. Hence y = 0 is a hori-
zontal asymptote.

(b) f(z) = fog;+6
To find the domain, we factor 22 — 5z + 6 = (z — 2)(z — 3). So

the domain is {z|z 7é 2 andr # 3}. At x = 2, hmx_a S =

hmxﬂl -

23+2

= lim,_,o- = lim,_,

1(1—z 1)

limg o z(1-3z—142z—2)

lim, o

lim,_,o- = g)(i 5 = ( = 01+ = oo and lim,_,5+ m = lim,_,o+ % ==
m == =— Hence r = 2 is a vertical asymptote.

At z = 3, lim,_3- % = lim,_,3- # == % = 0% = —oo0 and

limg g+ 2 = lim, 3+ Ty == o = &= = oo. Hence z = 3 is

a vertical asymptote.

limg oo %575 = lime o x(lf(5190+xti-lgx—) limg o0 %

= limy e Llim, o == = 01 = 0. Similarly, lim, . 2% =

. 1 .
limg oo o limg oo

asymptote.

(C) f(.’[‘) - m2gf)5_xl+6
To find the domain, we factor z? — 5z + 6 = (z — 2)(z — 3). So

the domai? 1is {x|x 77& 2 ancj v # 3} Atz =2, lim, o Pk =

z3—1

(175(;+i2v*2) =0-1=0. Hence y = 0 is a horizontal

: T _ _ _ : z3—1 _1; _
lim,_,o- e H oD o =X and lim, o+ 55 = lim, o+ ey — =
7 7 o . .
oD —o- = Hence = = 2 is a vertical asymptote.
_ : z3-1 1 x3-1 2 _ 26 __
Atz =3, lim, 3- 555 5 = lim, 3~ e ——T0- o0 = X and
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: 31 _ 1 3-1 __ 26 __ 26 __ _ 9

hmx_,3+ m = hquy (m_xg)m == 1oF — o — 0. Hence z = 3 is

a vertical asymptote.

. r3—1 1 3;3(1—3;73) . aj(l—mig)

limy oo 25506 = Mo o0 516,77 [Ma— 0 75,1657

1 . (1—:5*1) _ 1 .. . 231 o

=lim, ., - xlim, ,_ T Tr6 = —® 1 = —o0. Similarly, lim, . i
(1—z—1) Sl

limg, oo 2 limy, oo ( = 0o. Hence y = doesn’t have

(T—5z 1 460-2)
a horizontal asymptote.

(d) /(z) = =5
To find the domain, we factor 2> — 52 + 6 = (z — 2)(z — 3). So

the domain is {z|zx # 2 and x # 3}. At z = 2, lim, .»- %ﬁﬁ =

@23

; —a?+1  __ -3 _ =3 _ _ ; —a24+1  _ 7 —a241
lim, o~ o5ty == 7o = o = —o0 and limg o+ g = lim, or o= =
-3 _ =3 _ o . .
T T o = Hence z = 2 is a vertical asymptote.
_ : 241 s —z24+1 -8 _ -8 _
At z = 3, lim,_,3- T = lim,_,3- e —— 1o — o = ® and
: —2241  _ 7; —2241  __ -8 _ -8 _ _ _
lim, 3+ 756 = lim, 3+ 23 —— Tof — of — —°- Hence z =3
is a vertical asymptote.
: —2241 7 a?(—14a=?) g 1(—1ta—?)
lim, 0 75575 = Mo 22(1-52-1162-2) limg o (1—pz-1162-2)
- _ i : —2241 I(=14a?)
= —1. Similarly, lim,_. e = limy 567 = 1. Hence

y = —1 is a horizontal asymptote.



