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PDE

Mao-Pei Tsui

University of Toledo



Plan of today’s talk

I A overview of the proof of Green’s
representation formula

I Green’s function

I Properties of Green’s function



Green’s representation formula

Green’s representation formula Let u ∈ C 2(Ω).
Then u(x) =∫
∂Ω(Φ(y − x)∂u

∂ν (y)− u(y)∂Φ(y−x)
∂ν )dS(y)−

∫
Ω Φ(y − x)4u(y)dy

Key points in the proof:
1. Apply Green’s second identity to Ω \ B(x , ε) to get∫
Ω\B(x ,ε) u(y)4Φ(y − x)− Φ(y − x)4u(y)dy =∫
∂(Ω\B(x ,ε))(u(y)∂Φ(y−x)

∂ν − Φ(y − x)∂u
∂ν (y))dS(y)

2. Use the fact that 4y Φ(y − x) = 0 (regard this as a function of
y) to get∫

Ω\B(x ,ε)−Φ(y − x)4u(y)dy =∫
∂(Ω\B(x ,ε))(u(y)∂Φ(y−x)

∂ν − Φ(y − x)∂u
∂ν (y))dS(y)



3. Note that ∂(Ω \ B(x , ε) = ∂Ω ∪ ∂B(x , ε). So we have∫
Ω\B(x ,ε)−Φ(y − x)4u(y)dy

=
∫
∂Ω(u(y)∂Φ(y−x)

∂ν − Φ(y − x)∂u
∂ν (y))dS(y)

+
∫
∂B(x ,ε)(u(y)∂Φ(y−x)

∂ν − Φ(y − x)∂u
∂ν (y))dS(y).

Note that the unit normal vector is the exterior normal vector with
respect to Ω ∪ ∂B(x , ε).

4. Show that
∫
∂B(x ,ε) u(y)∂Φ(y−x)

∂ν dS(y) =

∫
∂B(x,ε) u(y)dS(y)

nαnεn−1 and

|
∫
∂B(x ,ε) Φ(y − x)∂u

∂ν (y)dS(y)| ≤
{

Cε ln ε n = 2
Cε if n ≥ 3

In particular, limε→0

∫
∂B(x ,ε) u(y)∂Φ(y−x)

∂ν dS(y) = u(x)

and limε→0

∫
∂B(x ,ε) Φ(y − x)∂u

∂ν (y)dS(y) = 0



5. Now limε→0

∫
Ω\B(x ,ε)−Φ(y − x)4u(y)dy

=
∫
∂Ω(u(y)∂Φ(y−x)

∂ν − Φ(y − x)∂u
∂ν (y))dS(y)

+ limε→0

∫
∂B(x ,ε)(u(y)∂Φ(y−x)

∂ν − Φ(y − x)∂u
∂ν (y))dS(y) gives∫

Ω−Φ(y − x)4u(y)dy

=
∫
∂Ω(u(y)∂Φ(y−x)

∂ν − Φ(y − x)∂u
∂ν (y))dS(y) + u(x) which is

equivalent to Green’s representation formula.



Recall (Green’s representation formula) u(x) =∫
∂Ω(Φ(y − x)∂u

∂ν (y)− u(y)∂Φ(y−x)
∂ν )dS(y)−

∫
Ω Φ(y − x)4u(y)dy

Suppose u satisfies

{
−4u = f in Ω
u|∂Ω = g

By Green’s representation formula, we have u(x) =∫
∂Ω(Φ(y − x)∂u

∂ν (y)− g(y)∂Φ(y−x)
∂ν )dS(y) +

∫
Ω Φ(y − x)f (y)dy .

The drawback of this formula is that it involves the normal
derivative of u on the boundary (which is unknown).

So we must find someway to remove
∫
∂Ω(Φ(y − x)∂u

∂ν (y)dS(y).



For fixed x ∈ Ω, define a corrector function φx = φx(y) a function

of y solving

{
4yφ

x(y) = 0 in Ω
φx(y) = Φ(y − x) when y ∈ ∂Ω

Note that Φ(y − x) is a smooth function in y when y ∈ ∂Ω and
x ∈ Ω.
By Green’s second identity∫

Ω
u(y)4φx(y)− φx(y)4u(y)dy

=

∫
∂Ω

(u(y)
∂φx(y)

∂ν
− φx(y)

∂u

∂ν
(y))dS(y)

Using 4yφ
x(y) = 0 and φx(y) = Φ(y − x)text when y ∈ ∂Ω, we

have

−
∫

Ω
φx(y)4u(y)dy

=

∫
∂Ω

(u(y)
∂φx(y)

∂ν
− Φ(y − x)

∂u

∂ν
(y))dS(y)



Combining u(x) =∫
∂Ω(Φ(y − x)∂u

∂ν (y)− u(y)∂Φ(y−x)
∂ν )dS(y)−

∫
Ω Φ(y − x)∆u(y)dy

and

0 =

∫
∂Ω

(u(y)
∂φx(y)

∂ν
− Φ(y − x)

∂u

∂ν
(y))dS(y)

+

∫
Ω
φx(y)4u(y)dy ,

we have u(x) =∫
∂Ω(u(y)∂(φx (y)−Φ(y−x))

∂ν )dS(y) +
∫

Ω(φx(y)− Φ(y − x))4u(y)dy

Definition: Green’s function for the region Ω is

G (x , y) = Φ(y − x)− φx(y), (x , y ∈ Ω, x 6= y)

where φx = φx(y) solves

{
4yφ

x(y) = 0 in Ω
φx(y) = Φ(y − x) when y ∈ ∂Ω

Note that 4yG (x , y) = 4(Φ(y − z)− φx(y)) = 0 if y 6= x and
G (x , y) = 0 if y ∈ ∂Ω.



Thus we have proved the following theorem.
Theorem (Representation formula using Green’s
functionu(x) = −

∫
∂Ω u(y)∂G

∂ν (x , y))dS(y)−
∫

Ω G (x , y)∆u(y)dy

Remark:
1. If −∆u = f and u|∂Ω = g then

u(x) = −
∫
∂Ω

g(y)
∂G

∂ν
(x , y))dS(y) +

∫
Ω

G (x , y)f (y)dy .

2. If ∆u = 0 and u|∂Ω = g then

u(x) = −
∫
∂Ω

g(y)
∂G

∂ν
(x , y))dS(y).



Now we want to look at an important property of Green’s function.
Theorem (Symmetry of Green’s function For all x , y ∈ Ω,
x 6= y , we have

G (x , y) = G (y , x)

Proof: Fix x , y ∈ Ω, x 6= y .
Write v(z) = G (x , z) and w(z) = G (y , z). Then v and w are
smooth and harmonic in Ω \ {x , y}.
Note that 4zv = 4zw = 0 and v = w = 0 on ∂Ω.
Choose ε > 0 small enough so that B(x , ε) ∩ B(y , ε) = ∅,
B(x , ε) ⊂ Ω and B(y , ε) ⊂ Ω.

Now use Green’s second identity in Ω \ (B(x , ε) ∪ B(y , ε)). We
have 0 =

∫
Ω\(B(x ,ε)∪B(y ,ε))(v(z)4zw︸ ︷︷ ︸

=0

−w(z)4zv︸︷︷︸
=0

)dz

=
∫
∂(Ω\(B(x ,ε)∪B(y ,ε)))(v(z)∂w

∂ν (z)− w(z)∂v
∂ν (z))dS(z)

=
∫
∂Ω v(z)︸︷︷︸

=0

∂w
∂ν (z)− w(z)︸ ︷︷ ︸

=0

∂v
∂ν (z))dS(z)

+
∫
∂(B(x ,ε)(v(z)∂w

∂ν (z)− w(z)∂v
∂ν (z))dS(z)

+
∫
∂(B(y ,ε)(v(z)∂w

∂ν (z)− w(z)∂v
∂ν (z))dS(z)



Thus we have
∫
∂B(x ,ε)(v(z)∂w

∂ν (z)− w(z)∂v
∂ν (z))dS(z)

+
∫
∂B(y ,ε)(v(z)∂w

∂ν (z)− w(z)∂v
∂ν (z))dS(z) = 0.

This implies that
∫
∂B(x ,ε)(w(z)∂v

∂ν (z)− v(z)∂w
∂ν (z))dS(z)

=
∫
∂B(y ,ε)(v(z)∂w

∂ν (z)− w(z)∂v
∂ν (z))dS(z). Recall that v is smooth

at Ω \ {x} and w is smooth at Ω \ {y}.

∫
∂B(x ,ε)(w(z)∂v

∂ν (z)− v(z)∂w
∂ν (z))dS(z)

=
∫
∂B(x ,ε)(G (y , z)∂G(x ,z)

∂ν − G (x , z)︸ ︷︷ ︸ ∂G(y ,z)
∂ν )dS(z)

=
∫
∂B(x ,ε) G (y , z)︸ ︷︷ ︸

smooth near x

∂
∂ν ( Φ(z − x)︸ ︷︷ ︸

singular when z= x

− φx(z)︸ ︷︷ ︸
smooth near x

)dS(z)

−
∫
∂B(x ,ε)(Φ(z − x)︸ ︷︷ ︸

=Cε2−n

− φy (x)︸ ︷︷ ︸
smooth function

) ∂
∂ν (Φ(z − y)− φy (z)︸ ︷︷ ︸

smooth near x

))dS(z).



Note that Area(∂B(x , ε)) = Cεn−1. So we have
limε→0

∫
∂B(x ,ε)(w(z)∂v

∂ν (z)− v(z)∂w
∂ν (z))dS(z)

= limε→0

∫
∂B(x ,ε) G (y , z)︸ ︷︷ ︸

smooth near x

∂
∂νΦ(z − x)dS(z)

Recall that∫
∂B(x ,ε) u(z) ∂

∂νΦ(z − x)dS(z) = 1
nαnεn−1

∫
∂B(x ,ε) u(z)dS(z) where

u is smooth in B(x , ε).
(This is proved in the proof of Green’s representation formula.)

Hence we have
limε→0

∫
∂B(x ,ε) G (y , z)︸ ︷︷ ︸

smooth near x

∂
∂νΦ(z − x)dS(z) = G (y , x). So

limε→0

∫
∂B(x ,ε)(w(z)∂v

∂ν (z)− v(z)∂w
∂ν (z))dS(z) = G (y , x).

Similarly,
limε→0

∫
∂B(y ,ε)(v(z)∂w

∂ν (z)− w(z)∂v
∂ν (z))dS(z) = G (x , y).

Thus we have G (x , y) = G (y , x).
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Theorem 1 p263 (Gagliardo-Nirenberg-Sobolev inequality)
Assume 1 ≤ p < n. There exists a constant C, depending only on p and n,
such that

||u||
L

np
n−p (Rn) ≤ C||Du||Lp(Rn)

for all u ∈ C1
0 (Rn).

Remark: From the proof, we my choose C(n, p) = p(n−1)
n−p . But this may not

be the best constant.
Proof:

1. First, we prove the case p = 1. We want to show that

||u||
L

n
n−1 (Rn)

≤ C||Du||L1(Rn)

for all u ∈ C1
0 (Rn). Since u has compact support, we have for each 1 ≤ i ≤ n

and x ∈ Rn

u(x) =
∫ xi

−∞
uxi(x1, · · · , xi−1, yi, xi+1, · · · , xn)dyi

and

|u(x)| ≤
∫ xi

−∞
|uxi(x1, · · · , xi−1, yi, xi+1, · · · , xn)|dyi

≤
∫ xi

−∞
|Du(x1, · · · , xi−1, yi, xi+1, · · · , xn)|dyi

≤
∫ ∞
−∞
|Du(x1, · · · , xi−1, yi, xi+1, · · · , xn)|dyi︸ ︷︷ ︸

independent of xi

.

(1)

Consequently,

|u(x)|
1

n−1 ≤ (
∫ ∞
−∞
|Du(x1, · · · , xi−1, yi, xi+1, · · · , xn)|dyi)

1
n−1

and

|u(x)|
n
n−1 ≤

n∏
i=1

(
∫ ∞
−∞
|Du(x1, · · · , xi−1, yi, xi+1, · · · , xn)|dyi︸ ︷︷ ︸

independent of xi

)
1

n−1

1



2. To illustrate the main ideas, we discuss the case when n = 3. So we
have

|u(x)|
3
2 ≤ (

∫ ∞
−∞
|Du(y1, x2, x3)|dy1)

1
2 (

∫ ∞
−∞
|Du(x1, y2, x3)|dy2)

1
2 (

∫ ∞
−∞
|Du(x1, x2, y3)|dy3)

1
2

and

∫ ∞
−∞
|u(x)|

3
2dx1

≤
∫ ∞
−∞

(
∫ ∞
−∞
|Du(y1, x2, x3)|dy1)

1
2︸ ︷︷ ︸

independent of x1

(
∫ ∞
−∞
|Du(x1, y2, x3)|dy2)

1
2 (

∫ ∞
−∞
|Du(x1, x2, y3)|dy3)

1
2dx1

= (
∫ ∞
−∞
|Du(y1, x2, x3)|dy1)

1
2

∫ ∞
−∞

(
∫ ∞
−∞
|Du(x1, y2, x3)|dy2)

1
2 (

∫ ∞
−∞
|Du(x1, x2, y3)|dy3)

1
2dx1︸ ︷︷ ︸

apply holder inequality w.r.t. x1

∫
|fg|dx1≤(

∫
f2dx1)

1
2 (

∫
g2dx1)

1
2

≤ (
∫ ∞
−∞
|Du(y1, x2, x3)|dy1)

1
2

(
∫ ∞
−∞

(
∫ ∞
−∞
|Du(x1, y2, x3)|dy2)dx1)

1
2︸ ︷︷ ︸

independent of x2

(
∫ ∞
−∞

(
∫ ∞
−∞
|Du(x1, x2, y3)|dy3)dx1)

1
2

(2)

∫ ∞
−∞

∫ ∞
−∞
|u(x)|

3
2dx1dx2

≤ (
∫ ∞
−∞

(
∫ ∞
−∞
|Du(x1, y2, x3)|dy2)dx1)

1
2∫ ∞

−∞
(
∫ ∞
−∞
|Du(y1, x2, x3)|dy1)

1
2 (

∫ ∞
−∞

(
∫ ∞
−∞
|Du(x1, x2, y3)|dy3)dx1)

1
2︸ ︷︷ ︸

apply holder inequality w.r.t. x2

dx2

≤ (
∫ ∞
−∞

(
∫ ∞
−∞
|Du(x1, y2, x3)|dy2)dx1)

1
2

(
∫ ∞
−∞

(
∫ ∞
−∞
|Du(y1, x2, x3)|dy1)dx2)

1
2 (

∫ ∞
−∞

(
∫ ∞
−∞

(
∫ ∞
−∞
|Du(x1, x2, y3)|dy3)dx1)dx2)

1
2

= ||Du||
1
2

L1(R3)
(
∫ ∞
−∞

(
∫ ∞
−∞
|Du(x1, y2, x3)|dy2)dx1)

1
2 (

∫ ∞
−∞

(
∫ ∞
−∞
|Du(y1, x2, x3)|dy1)dx2)

1
2

(3)

2



Integrating w.r.t x3, we have∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞
|u(x)|

3
2dx1dx2dx3

≤ ||Du||
1
2

L1(R3)

∫ ∞
−∞

(
∫ ∞
−∞

(
∫ ∞
−∞
|Du(x1, y2, x3)|dy2)dx1)

1
2 (

∫ ∞
−∞

(
∫ ∞
−∞
|Du(y1, x2, x3)|dy1)dx2)

1
2dx3

≤ ||Du||
1
2

L1(R3)
(
∫ ∞
−∞

(
∫ ∞
−∞

(
∫ ∞
−∞
|Du(x1, y2, x3)|dy2)dx1)dx3)

1
2

(
∫ ∞
−∞

(
∫ ∞
−∞

(
∫ ∞
−∞
|Du(y1, x2, x3)|dy1)dx2)dx3)

1
2

= ||Du||
3
2

L1(R3)
.

(4)

Thus we have
||u||

3
2

L
3
2 (R3)

≤ ||Du||
3
2

L1(R3)
.

This implies
||u||

L
3
2 (R3)

≤ ||Du||L1(R3).

3. For the general case, we start with

|u(x)|
n
n−1 ≤

n∏
i=1

(
∫ ∞
−∞
|Du(x1, · · · , xi−1, yi, xi+1, · · · , xn)|dyi︸ ︷︷ ︸

independent of xi

)
1

n−1 .

∫ ∞
−∞
|u(x)|

n
n−1dx1

≤
∫ ∞
−∞

(
∫ ∞
−∞
|Du(y1, x2, · · ·xn)|dy1)

1
n−1︸ ︷︷ ︸

independent of x1

n∏
i=2

(
∫ ∞
−∞
|Du(x1, · · · , xi−1, yi, xi+1, · · · , xn)|dyi︸ ︷︷ ︸

independent of xi

)
1

n−1dx1

= (
∫ ∞
−∞
|Du(y1, x2, · · ·xn)|dy1)

1
n−1

∫ ∞
−∞

n∏
i=2

(
∫ ∞
−∞
|Du(x1, · · · , xi−1, yi, xi+1, · · · , xn)|dyi)

1
n−1dx1︸ ︷︷ ︸

apply holder inequality w.r.t. x1

∫
|f2···fn|dx1≤

∏n
i=2(

∫
fn−1
i dx1)

1
n−1

≤ (
∫ ∞
−∞
|Du(y1, x2, · · ·xn)|dy1)

1
n−1

n∏
i=2

(
∫ ∞
−∞

∫ ∞
−∞
|Du(x1, · · · , xi−1, yi, xi+1, · · · , xn)|dyidx1)

1
n−1

(5)

3



Repeating this process, we get∫
Rn
|u(x)|

n
n−1dx ≤ (

∫
Rn
|Du|dx)

n
n−1 .

Thus
||u||

n
n−1

L
n
n−1 (Rn)

≤ ||Du||
n
n−1

L1(Rn)
.

This implies
‖|u||

L
n
n−1 (Rn)

≤ ||Du||L1(Rn). (6)

4. Now we consider the case 1 < p < n. Let v := |u|γ = (u2)
γ
2 where

γ > 1 is to be determined. Then vxi = γ
2 (u2)

γ
2
−1(2uuxi) = γ(u2)

γ
2
−1(uuxi)

and |Dv| = γ|u|γ−1|Du|. We apply estimate 6 to v := |u|γ to get

(
∫
Rn
|v(x)|

n
n−1dx)

n−1
n ≤ (

∫
Rn
|Dv|dx).

Thus we have

(
∫
Rn
|u(x)|

γn
n−1dx)

n−1
n

≤ γ

∫
Rn
|u|γ−1|Du|dx

≤ γ(
∫
Rn
|u|(γ−1) p

p−1dx)
p−1
p (

∫
Rn
|Du|pdx)

1
p

(7)

Choose γ so that γn
n−1 = (γ − 1) p

p−1 , i.e 1
γ = 1− n(p−1)

p(n−1) and γ = p(n−1)
n−p > 1

(since 1 < p < n). Now we have γn
n−1 = (γ−1) p

p−1 =
p(n−1)
n−p n

n−1 = np
n−p . Hence 7

can be rewritten as (
∫
Rn |u(x)|

np
n−pdx)

n−1
n ≤ p(n−1)

n−p (
∫
Rn |u|

np
n−pdx)

p−1
p (

∫
Rn |Du|

pdx)
1
p .

Note that n−1
n −

p−1
p = n−p

np . Thus we have (
∫
Rn |u(x)|

np
n−pdx)

n−p
np ≤ p(n−1)

n−p (
∫
Rn |Du|

pdx)
1
p

which is
||u||

L
np
n−p (Rn) ≤

p(n− 1)
n− p

||Du||Lp(Rn).

4
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