6.4 Gram-Schmidt Process

In this section, we will learn a process for constructing an orthogonal
(orthonormal) basis for subspace W of R". Recall that given am orthogonal

set {ul,ug, -+ ,up}. Then we can normalize it to get an orthonormal set
{Hmll’ Tuall> " I\Upl\} . .

First, let us recall that if {u,ug,--- ,u,} is an orthogonal set. Then
Y — %ul — LUy — e — i L1, is orthogonal to Span{uy, us, - - ,u,}.

Let start with two vectors W = Span{uy,us} and {uy,us} is a basis for
W. How can we construct an orthogonal basis out of {uy, us}?

First, let v1 = u;. Let vy = uy — ijgivl. By orthogonal projection
theorem, we know that vy is orthogonal to v1. Then {vy,vo} is an orthogonal
basis for W and and {Hvll\’ s II} is an orthonormal basis for subspace W.

Now let us look at the case of three vectors W = Span{us,us,vs3} and
{uy,ug,us} is a basis for W.
Stepl. Let v; = uy.
Step 2. Let vy = ug — Zf ;’i V1.
Now {v,v5} is is an orthogonal set.
Step 3. Let vs = u3 — Projspan{v v} (Us) = us — Zf ;’1 — Zi Z; V.
Then {vy,ve,v3} is an orthogonal basis for W and {Ilvl\l’ Toel] IIvsH} is an
orthonormal basis for subspace W.

In general, given a subspace W = Span{ul, Ug,y -+ -, Uy} where {uy, ug, - -+ up}
is a basis for W. Then vl = Uy, Uy —

i1, Ug = ug — pEup — R

V11 V11 vgvg 27
.. — Up-V1 _ Upw _..._M ]
) Up = UpPmvn — 209 oo Up—1 gives us a orthogonal basis

{vi,v2,--+ ,v,}. The is called the Gram-Schmidt process.

Example 1 (a) Find an orthogonal basis and an orthonormal basis for the
column space of the following matriz.

-1 6 5 6
3 =8 =5 3
A=
1 -2 -1 6
1 -4 -3 -3
—10
(b) Find the distance between the point y = 4 and Col(A)
3



Solution: First, we find a basis for Col(A) by row reduction.

-1 6 5 6 1 -2 -1 6
3 -8 -5 3 3 -8 =5 3
A= ~ Ty <<—T3
1 -2 -1 6 -1 6 5 6
1 -4 -3 -3 1 -4 -3 -3
1 -2 -1 6
0 -2 -2 -—15
~ T9 227“2—37’1,7”3 I:T’3—|—T1,7’4 =Ty — T
0 4 4 12
0 -2 -2 -9
1 -2 -1 6 1 -2 -1 6
/1 0 -2 -2 -—15 0 1 1 3
~T3i=T ~ Ty T
T o o1 1 3 ’ "o —2 —2 —15
0 -2 -2 -9 0 -2 -2 -9
1 -2 -1 6
o 1 1 3
~ T3 =T34 219,y =Ty + 219
0o 0 0 -9
0O 0 0 -3
1 -2 -1 -7
5 0 1 1 -2
~ry =y =1y + 3r
P g 0 01
0O 0 0 0
So we know the first, second and the forth column of A is a basis for the
-1 6 6
3 -8 3
column space of A. Let u; = , Uy = ) and uz = 6
1 —4 -3
Then Col(A) = Span{uy, us, us}.
Now we can use the formula
U1 = Uz,



U9 * V1

Vg = Uy — (%1
V1 U1
and
Uz - Uz - V2
V3 = U3 — U1 — (%)
V1 - U1 Vg - U9y
to get an orthogonal basis.
-1
3
Let vi = u; =
1
1
6 —1
-8
Uy = UQ_Zf:;ji/Ul. Compute us-v; = 5 =—06—24—2—4=-36
—4 1
and
-1 -1
3 3
VU = . =1+1+9+1=12.
1 1
1 1
6 —1 6 —1
U2-V1 —8 —36 —8 3
So vy = Uy — 2y = L — (ﬁ) = L +3 X —
—4 1 —4 1
6—3 3
—8+9 1
243 | | 1
—4+3 -1
= s =t —



3 3
Compute ug - v, = 6 . ) =—6+9+6—-3=06,
-3 1
vy - v; = 12 (We have already computed it earlier),
[ 6 [ 3
3 1
Us - Vg = : :18+3+6+3:30,
6 1
3] | 1
[ 3 [ 3
1 1
Vg * Uy = . :9+1+1+1:12
1 1
I




So

ug - vy u3 - vy
Us = Uy = T U=
[ 6 T —1 3
3 6 3 30 1
e | 121 12[ 1
3 ] 1 .
[ 6 T -1 3
3 1 3 5 1
e | 21| 21
| -3 ] 1 —1 (0.1)
el b
| s-1-
6-1-3
| -3-1+32
R
—1
| s
[ —1 ]
—1 [ 3 -1
Hence {v; = ’ Vg = 1 ,Ug = ! } is an orthogonal basis
1 1 1

for Col(A). We can find that |jvi|| = or-v1 = V12 = 2V3, |Jvaf| =
VU2 03 = V12 = 2v/3 and ||vs|| = /03 - 13 = V12 = 2/3.

—1 3 ~1
Hence {2 = -1 L T N I B }is an
ol = 23 | ¢ | Tl T 2B | [Tl T 2v3
1 —1 —1



orthonormal basis for Col(A).
2 To find dist(y, Col(A)), we need to compute Projca)(y) first. Since
{v1,v9,v3} is an orthogonal basis, we have

. 0 B ) -
Projeaay(y) = 2ty + 22y ¢ L0,
U1+ U1 Vo + Uy V3 - U3
-1
—10
7 3
Compute y - v; = al ) =104+21 -44+3 =30, y-ve =
3
1
1
—10 ~10
4 ) =-30+7-4-3=-30and y-v3 = al ; =
3 3
1 1

10-7—-12—-3 = —12. We also have = v;-v; = 12, v9-v9 = 12 and v3-v3 = 12.
Thus

Projcoa(y)

:y‘vlv1+ y‘U2U2+ y‘U3U3
U1 - U1 Vg - U2 VU3 - U3
-1 3 —1
30| 3 L =30 1 L 12 -1
12| 1 12 | 1 12 | 3
1 —1 -1
—1 -1
’ (0.2)
5 3 5 1 -1
201 2| 1 3
1 —1 —1
-9
6
| -3
6



—10
. 7 6 1 .
So y—Projcoa)(y) = Wl el P . and dist(y, Col(A)) =
3

|y = Projcocay(y)|| = v12.



