Solution to Linear Algebra (Math 2890) Review Problems II
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5 6 7

1. Find the inverses of the following matrices if they exist.
7 o 1 -1 1
A:[_Zl 1],B: 1 1 1] and C =
1 0 0

Solution: (a) Since det(A) = —1, we have A~} = _il {
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So C' only has two pivot vectors and C' is not invertible.

. Describe the values of ¢ so that the following matrices are invertible

L2 31 é g é
1t t+1 0 —t 01
-t 0 -1 0
Solution:
(a)
11 2 o 11 2 ]
M=1|1t+1 3 |rg:=ro+(=r,rg:=rs+(=1)r |0 ¢t 1
1 ¢ t+1 0 t—1 t—l_
. — 1 1 2 o 1 1 2
g = 17“3ift—17é0,7’2<—>7“3 0 1 1|rg:=rg+(~t)r2 |0 1 1
N 0 ¢t 1 0 0 1—t]

Thus M is invertible if ¢ # 1.



0 1 t _
PR 0 1
A= 0 —t 0 1 interchange 1st and 2nd row, (—1)r; 0 s
-t 0 -1 0 S

L0 —t 0 10 —t

T4 T 0 —t 0 1 r3 T9 00 0
0 0 —1—-t 0 00 —1—¢
1 —1 0 1

<>

1 +t27“3, 1 +t2r477“3 T4 00
0 0

Thus A has four pivot vectors and A is invertible for all ¢. Note that
we have used the fact that 1+ ¢? # 0 in the computation.

3. (a) Show that the matrix A = [I 0} is invertible and find its inverse.

B I
1 000
(b) Use previous result to find the inverse of g é (1) 8
1 201

Solution: (a) Let C' = Then C' is the inverse of A if

X Y
z w)

s =t sowerne [ V1[0 (1]

Z wl|B 1] |01
X+BY Y] [I0 X+BY Y] [I 0
Z+BW W]~ |o 1| T |z+BW W}_[O 1}
— X+BY =1,Y =0,Z+BW =0
and W =1

= Y=0W=IX=]I-BY=1I-B-0=1
and Z = -BW =—-B-1=—-B.

I 0
-1 _
Hence A= = {—B [] )




1000
. 01 0 0f.
(b) From part (a), we have the inverse of 9 3 1 ol ®
1201
1 0 00
0O 1 00
-2 =3 1 0}
-1 -2 0 1
4. Find all values of @ and b so that the subspace of R* spanned by
0 b -2
{ (1) , —1a , ?) }is two-dimensional.
—1 1 0
0O b =2
. . . 1 1 2
Solution: Consider the matrix A =
0 —a O
-1 1 0
1 1 2
. T 0O b =2
interchange first row and second row 0 —a 0
-1 1 0
1 1 2
Tyi=T1+ 17Ty 0 0
0o 2 2
1 1 2
interchange second row and forth row 0 —a 0
0 b =2
1 1 2 1
divide second row by 2 |0 1 1| ryim st arara = ra— by |0
wide second row by 2 | | r3i=rabaryrai=ra—bry | g
0 b =2 0

Now the first and second vectors are pivot vectors. So rank(A) = 2 if
a=0and -2—-b=0.

Soa=0and b= -2
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1 3 0

5. Let B={|0 |,|2 |,]|0 [}. Youcan assume that B is a basis for
0 1 2
R3
1
(a) Which vector x has the coordinate vector [x]p = |—1
2
1 30 1 30 1 1-3+0
Let A= [0 2 0|.Sozx=Alz]p= |0 2 0| [-1 | =[0—-240
01 2 01 2 2 0—-1+4
-2 2
—2 | (b) Find the -coordinate vector of y = | —2].
3 3
2
Solution. We have to solve Ax = | =2].
3
1 3 0] 2 11 3 0 2 1 3 0] 2
02 0|2 |Ln 010—1]?;Tr3 010 -1
0123 01 2] 3 00 2] 4
13 0]2 ~___[ro00]5
ir3 1001 0| =1 |=3ra+m |01 0f-1
00 1|2 (00 1] 2
)
So [y]p = | -1
2
6. Let
11320
M=11 2 51
1 3 7 2

Find bases for Col(M) and Nul(M), and then state the dimensions of

these subspaces
1

—~——

1 30 11
Solution: 2 5 1|rg:=—ri+mry,r3:=—r94+1r3 |0 1
37 2 0 2
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—1

01
12 1
00 0
1
] : |:2 ]}isabasis
3
for C'ol(A) and dim(Col(A)) = 2. ]

The solution to Mx =01is x1 +x3 — x4 = 0 and x9 + 223 + 24 = 0. So

—_—

r3 = —2r9 + 13

—_——

ry = —2ro + 173

S O =
O = =
SN W
S = O

So the first two vectors are pivot vectors and {

—x3 + T4 -1 1
—21’3 — T4 —2 —1 .
xr = =13 + x4 . Hence the basis for Nul(M)
T3 1 0
Ty 0 1
—1 1
is { _1 : _01 } and dim(Nul(M)) = 2.
0 1

. Determine which sets in the following are bases for R? or R?. Justify
your answer

(a) _21 } : {_24 } . Solution: Since {_24 } = -2 [_21 }, the set
-1 2 : : :
{{ 5 } |y ]} is dependent. It is not a basis.
[—1 1 2
(b) | 2 .11 |, |0 |.Yes. This set forms a basis since they are
|1 0 0
independent and span R3.
—1 1
(c) | 2 |1
1 1
This is not a basis since it doesn’t span R3.
(d) _21 } : [_11 } . This set forms a basis since they are independent
and épan R3
—1 1 2 2
(e) | 2 11 |,10 |,]1 |. This is not a basis since it is de-
1 0 0 3




pendent.

. Diagonalize the following matrices if possible.

2 11 2 11
A=11 2 1|,B=1(0 2 1
11 2 0 01
Solution.
2—A 1 1
a. 1. A—- )\ = 1 2—A 1

1 1 2—A
Sodet(A—A) = 2= AP +14+1-2-XN)-2-XN)—-2-)) =
(4—4X+ M) (2=N)+2—6+3\ =8—8XA+2\2 — 4\ +4X2 — X3 — 443
= —A34+6A2 -9\ +4 = —(A—1)%(A—4). So the characteristic equation
is —(A—1)2(\ — 4) = 0.
2. Solving the characteristic equation —(A—1)*(A—4) = 0, we get that
the eigenvalues are A =1 and A = 4.

3. When A =1, we have

2—-1 1 1 111 o
A— X = 1 2—1 1 = 1 11 —r1+7Tre,—ry+1r3 =
1 1 2-1 111
1 11
000
0 00
The solution of (A — 1)z =0is 1 + 23+ x3 = 0 and x; = —z3 — x3 So
I To — X3 1 —1
NU”(A—])I{ Ty | = T = X9 1 + 23 0 }
T3 T3 0 1
1 -1
The basis for the eigenspace corresponding to eigenvalue 1is { |1| , | 0 |}
0 1
4. When A = 4, we have
2—4 1 1 -2 1 1
A=) = 1 2-4 1 =11 —2 1
1 1 — 1 —
1

—_——

interchange 1st row and 2nd row = 1



- 1 -2 1 o 1 -2 1
2T1+T2,—T1+T3: 0 -3 3 T2/3,7‘2+T3: 0 1 —1
0 3 -3 0 0 O
_ [to -1
2T2+7‘1: 01 -1

The solution of (A —4l)x = 0is ;1 —x3 = 0 and 22 — 23 = 0 So

I3 1
T3 1
1
The basis for the eigenspace corresponding to eigenvalue 4 is { | 1|}
1
1 -1 1
So A is diagonalizable with A = PDP~! where P= |1 0 1| and
0 1 1
100
D=0 10
[0 0 4]
2 1 1]
B=10 2 1
0 0 1
2—A 1 1
1. B=-\ = 0 2—-Xx 1

0 0 1—A
So det(B — M) = (2 — A)?(1 — \) and the eigenvalues of B are A\ = 2
and A = 1.

2. When A\ = 2, we have

2—2 1 1 01 1

B -\ = 0 2-2 1 =10 0 1

0 0 1-2 00 —1
o 010
ro:=ro+rg,r:=r1+rg=10 0 1].
0 00



The solution of (B —2I)x =0is x9 = 0 and 23 = 0 So Null(B —2I) =

T 1
{10] =2, |0].
0 0
1
The basis for the eigenspace corresponding to eigenvalue 2 is { | 0] .
0
3. When A =1, we have
2—1 1 1 1 11
B -\ = 0o 2-1 1 =10 1 1
0 0 1-1 000

—_——

1
roi=r1—1r9= |0
0

o = O
oS = O

The solution of (B—1)x = 0is xy = 0 and zy+x3 = 0 So Null(B—1I) =
0

0
{ —X3| = X3 —1].
T3 1
0
The basis for the eigenspace corresponding to eigenvalue 1 is {|—1
1

So B has only two independent eigenvectors and B is not diagonzaliz-
able.

9. Let A be the matrix
A -3 —4
-4 3|
(a) Find the eigenvalues and a basis of eigenvectors for A.

(b) Diagonalize the matrix A if possible.

(c) Find the matrix exponential e?.

Solution.
-3-X -4

[

So det(A—AI) = (=3 = \)(3—\) =16 = A2 — 25 = (A — 5)(A +5)

So the characteristic equation is (A — 5)(A+5) = 0.



2. Solving the characteristic equation (A — 5)(A 4+ 5) = 0, we get
that the eigenvalues are A =5 and A = —5.

3. When A = 5, we have

—3-5 —4 8 —4] —8 —4
A—AI_{ . 3_5}_{_4 2}_ﬁp+4@_{0 O}

The solution of (A — 5l)x = 0 is —8x; — 4z = 0, ie. and
xg = —2x1 So Null(A—1) = {[ml] = { o 1 =1 [_12} }.

) —2£L‘1
The basis for the eigenspace corresponding to eigenvalue 5 is { _12 }

4. When A\ = —5, we have

[-345 —4] [2 -4, —~— [2 —4
A—M_{_A 3+4_L4 A2m+@_k O}

The solution of (A + 51)x =0 is 2x; — 4xe = 0, i.e. and z1 = 225
. 1| 2.T2 . 2

So Null(A—1) = {[m] = {b} =Ty [J }.

The basis for the eigenspace corresponding to eigenvalue —5 is

€ 5
165 + éeiS _265 + 2 -5
= 5 5 5 5
|:—%€5 +2e5 2P+ ieh

-1 6 6
3 =8 3
10. Let A = . 2 6
1 -4 -3

(a) What is the column space of A?
(b) Describe the subspace col(A)" and find an basis for col(A)™".

10



(c) Use Gram-Schmidt process to find an orthogonal basis for the
column of the matrix A.

(d) Find an orthonormal basis for the column of the matrix A.
-1

8
(e) Find the orthogonal projection of y = onto the column

4
space of A and write y = 7+ z where § € col(A) and z € col(A)*.
Also find the shortest distance from y to Col(A).

Solution: (a) The column space is the subspace spanned by the

-1 6 6
3 -8 3
column vectors. So Col(A) = span{ Ll loal | 6 }.
1 —4 -3
(b) col(A)" = {z|z-y =0 for all y € col(A)}
x1 X —1 X1 6 X1 6
o To i) 3 . i) —8 o i) 3 .
_{33'3 | XT3 1 —07 T3 —2 _07 XT3 6 _0}
Ty T4 1 Ty —4 Ty -3
T
:{iQ |—$1+3$2+JI3+(L’4:0,6$1—8$2—21’3—4J}4:
3
L4
O, 611 + 31’2 + 61’3 — 31’4 = O}
-1 3 1 1 \0 1 3 1
Consider 6 —8 —2 671 + 79,611 + 13 0 10 4
6 3 6 0 21 12
o -1 3 1 1 0
—Zry+ry| 0 10 4 2 0
0 0 £ —6/5 0
o -1 3 0 4/3 |0
T3 —|—’I“2, %T’g —I—T’l O 10 O 10/3 O
0 0 % —6/5 10
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1
—%T2+T3 0 10 4 2

—_—

—Epp | 010 10/3
0 0 B —¢6/5
o 100 —1/3]0
—Tl,%rg,%rg 010 ]./3 0
001 —1/3]0

So xp — §x4 =0, 2o + %:m =0 and z3 — %x4 = 0. This implies
1

1o,
1 3
_ 1 _ _1 _ 1 _|m | | -2 _
that x1 = 24, ¥g = —314 , 13 = 324 and x = [m] = | | =
T4 3%4
X4
1 1 1
gl g1 §1
— = J_ _ — = 1 . .
x4 | 5 |. Hence col(A)* = span{ | ~5 |} and { | 75 | } is a basis
3 3 3
1 1 1
for col(A)
-1 6
3 _
Let wy = L w2 = ) and w3 =
1 —4 -3

Gram-Schmidt process is

w2 w3-v w3
3 -8 3
Sovy=| | |.Computews-vy=| || |=-360v-v=
1 —4 1
-1 -1 6 -1 3
3 3 -8 (—36) | 3 1
. =12 and vy = — = =
2 2 12 1 1
1 1 —4 1 ~1
3 3 1
Compute w3 vy = [ A 6, w3-vg = O A 30,
-3 1 -3 ~1
3 3
1 1
Vg * Vg = 1 1 =12 and
-1 -1

12



v w3V 6 3 30 I
U3_w3_vallv vjvjv 6 12 1 12 1 - 3
-3 1 -1 -1
-1 3 ~17
Hence { : 1 : ;1 } is an orthogonal basis for C'ol(A)
1 -1 —1
1 3 1
V2 vz vz
3 e 1
v v s 1 V2 V2 vz
I memmant =4 2] L || o |} anorthonor
vz vi2 vi2
mal basis for Col(A).
—1
©v=| "
e)y =
—6
-1
Since {v; = f ] , U3 = _31 } is an orthogonal
1 -1
basis for Col(A), y =y + = Where Y= rvt siut Shug €
-1 —1
Col(A) and z = y—g € Col(A)*. Compute y-v; = _86 : ? =
4 1
-1 -1
1424 —64+4=23, v, - v, = Sl 1494141 =12,
1 1
44 o3 - oo -
8 1 1 1
yoa=| ° || 1| = -348-6-4= 5= || |=
a4 L-1 L1 L1
941+141=12
F—19 17 -1 -1-
8 -1 -1 | =1
yus=| s | = 1-8—-18—4 = —29, v3-v3 = s | T
1 I R

L 41 L-1
1+14+9+1=12.

13



-1 -3 )
kS N e 31/4 B
Soy =1 LT | T 3 —23/4] and z =
19/4
1 | —1 -1
-1 —3/4 7 M —1/4
~_ |8 314 | _ | 1/4
Y=Y9=1 6| ~ | -23/a| = | -1/a|"
A 19/4 ] [ —3/4
The shortest distance from y to Col(A) = |ly — yl| = ||z|]] =

VIS4 + (1/4) + (1742 + (=3/4)* = \/12/16 = /3/4
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